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Abstract

This work presents a study of Liu-Storey (LS) nonlinear conjugate gradient
(CG) methods to solve vector optimization problems. Three variants of the
LS-CG method originally designed to solve single-objective problems are ex-
tended to the vector setting. The first algorithm restricts the LS conjugate
parameter to be nonnegative and use a sufficiently accurate line search satis-
fying the (vector) standard Wolfe conditions. The second algorithm combines
a modification in the LS conjugate parameter with a line search satisfying
the (vector) strong Wolfe conditions. The third algorithm consists of a com-
bination of the LS conjugate parameter with a new Armijo-type line search
(to be proposed here for the vector setting). Global convergence results and
numerical experiments are presented.

Keywords: Vector optimization, conjugate gradient methods, global
convergence, Pareto efficiency

1. Introduction

Let us first consider the single-objective problem

Minimize f(x), x ∈ Rn, (1)
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where f : Rn → R is continuously differentiable. One of the most important
methods to solve (1), belonging the class of the nonlinear conjugate gradi-
ent (CG) algorithms, is the Liu-Storey (LS) CG method proposed in [36].
Formally, the method generates a sequence {xk} given by

xk+1 = xk + αkd
k, k ≥ 0,

where the step size αk > 0 is obtained by a line search procedure and the
search direction dk is defined by

dk :=

{
−∇f(xk), if k = 0
−∇f(xk) + βkd

k−1, if k ≥ 1,
(2)

with

βk = βLS
k := −〈∇f(xk),∇f(xk)−∇f(xk−1)〉

〈∇f(xk−1), dk−1〉
, (3)

where 〈·, ·〉 denotes the usual inner product. Different choices for the conju-
gate parameter βk in (2) result in other CG methods. Although too many to
name, some notable choices would include: Fletcher-Reeves (FR) [17]; Con-
jugate Descent (CD) [16]; Dai-Yuan (DY) [13]; Polak-Ribière-Polyak (PRP)
[45]; Hestenes-Stiefel (HS) [30].

A distinguish feature of the FR, CD, and DY algorithms is that if a line
search satisfying the Wolfe conditions is used, then the corresponding search
directions satisfy the so-called sufficient descent condition, i.e,

〈∇f(xk), dk〉 ≤ −c‖∇f(xk)‖2, ∀k ≥ 0,

where c is a positive constant and ‖·‖ denotes the Euclidian norm. However,
this is not the case for the PRP, HS, and LS algorithms, that is, these algo-
rithms do not necessarily generate descent directions even when Wolfe line
searches are employed. Even more, as shown in [46], the PRP, HS, and LS
methods using exact line searches can cycle without approaching a solution of
(1). In [23], by assuming that the search directions yield descent, the authors
established the convergence of the CG method with βk := max{βPRP

k , 0},
βk := max{βHS

k , 0}, and βk := max{βLS
k , 0}. It is noteworthy that the de-

scent property can be obtained by performing a sufficiently accurate line
search; see [23, Section 4] for a careful discussion of this issue. On the
other hand, some modifications in the PRP, HS, and LS parameters have
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been proposed in order to build methods that automatically satisfy the de-
scent property when a usual inexact line search is employed; see, for example,
[44, 29, 35]. The algorithms obtained in [29] and [35] use the Wolfe line search
conditions and are called Hager-Zhang (HZ-CG) and modified Liu-Storey, re-
spectively. We also mentioned that a LS-CG method with an Armijo-type
line search satisfying the sufficient descent condition was proposed in [52].

Consider now the unconstrained vector problem

MinimizeK F (x), x ∈ Rn, (4)

where F : Rn → Rm is a continuously differentiable function, K ⊂ Rm is
a closed, convex, and pointed cone with nonempty interior and the partial
order in Rm induced by K (resp. int(K)), �K (resp. ≺K), is defined by

u �K v ⇔ v − u ∈ K (resp. u ≺K v ⇔ v − u ∈ int(K)).

In vector optimization, we seek to find a K-Pareto optimum or K-efficient
point of F , i.e., a point x∗ ∈ Rn such that there is no x ∈ Rn with
F (x) 6= F (x∗) and F (x) �K F (x∗). When K = Rm

+ , (4) corresponds to
the multiobjective optimization problem.

Recently, some conjugate gradient methods of the scalar case were ex-
tended to the vector setting. The first work in this line was [40], which ex-
tended the FR, CD, DY, PRP, and HS conjugate gradient algorithms. Later,
[25] proposed a HZ-CG method for vector optimization problems, whereas
[20] studied a CG method for unconstrained quadratic multiobjective prob-
lems. Following this research topic, the aim of the present work is to propose
and analyze some Liu-Storey conjugate gradient algorithms for solving (4).
Basically, we extend the methods considered in [36, 35, 52] to the vector con-
text. The first algorithm restricts the LS conjugate parameter to be nonneg-
ative and use a line search satisfying the (vector) standard Wolfe conditions.
Under the assumption that the directions yield descent, the global conver-
gence of the method is established. We note that the descent property for this
particular algorithm can be achieved by performing a sufficiently accurate line
search. In the second algorithm, by considering a modification in the LS con-
jugate parameter, the search directions automatically yield descent regardless
of the line search used. The global convergence of the algorithm is provided
assuming that the step sizes satisfy the (vector) strong Wolfe conditions. Fi-
nally, the third algorithm consists of a combination of the LS parameter with
a new Armijo-type line search (to be proposed here for the vector setting).
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The search directions of the latter algorithm also satisfy the descent condi-
tion and its global convergence is proven. From the applicability viewpoint,
we test our algorithms on a set of problems taken from the multiobjective
optimization literature and comparisons with the PRP [40] and the steepest
descent [19] methods are provided. It is worth mentioning that in the last two
decades, the extension of methods of single-objective to vector optimization
has been the subject of intense research. Some works on the subject can be
found in [1, 19, 3, 9, 18, 21, 22, 26, 27, 28, 38, 48, 54, 5, 6, 7, 8, 10, 11, 2, 24].

This work is organized as follows. Section 2 presents some notation and
preliminary results. In section 3, we describe the three proposed LS-CG
methods and present their convergence results, whose proofs are postponed
to the Appendix. Numerical results are presented in section 4 and some final
remarks are given in section 5.

Notation. If K = {k1, k2, . . .} ⊆ N (kj+1 > kj, ∀j ∈ N), we denote K⊂
∞
N.

The signum function is denoted by sgn(·), i.e, given a real number x, then
sgn(x) = −1, 0 or 1 if x < 0, x = 0 or x > 0, respectively. The cardinality
of a set Ω is denoted by |Ω|. If S ⊂ Rm, then the conic hull and the convex
hull of S are denoted by cone(S) and conv(S), respectively.

2. Preliminaries

This sections summarizes some definitions, notation, and basic results
used in this paper. More details about the main tools for vector optimization
can be found, for example, in [39, 19, 28, 26, 40].

Let K∗ be the positive polar cone of K defined as

K∗ :=
{
w ∈ Rm | 〈w, z〉 ≥ 0,∀z ∈ K

}
.

Using the fact that K is closed and convex, we have K = K∗∗,

−K =
{
z ∈ Rm | 〈z, w〉 ≤ 0,∀w ∈ K∗

}
and

−int(K) =
{
z ∈ Rm | 〈z, w〉 < 0,∀w ∈ K∗ \ {0}

}
.

Let C ⊂ K∗ \ {0} be a compact set such that

K∗ = cone(conv(C)).

4



Assuming that K is polyhedral, we can choose C as the finite set of extremal
rays of K∗. In particular, when K = Rm

+ (multiobjective optimization case),
since K∗ = K, C can be taken as the canonical basis of Rm.

It is said that x ∈ Rn is a K-critical Pareto or stationary for F iff

−int(K) ∩ Image(JF (x)) = ∅,

where JF (x) is the Jacobian of F at x and Image(A) is the image of a linear
operator A. Note that if x ∈ Rn is not K-critical, then there exists a K-
descent direction v for F at x. Here, we say that v is a K-descent direction
for F at x if there exists ε > 0 such that F (x+ tv) ≺K F (x) for all 0 < t < ε;
see [39].

In view of the compactness of C, define ϕ : Rm → R by

ϕ(z) := sup
{
〈z, w〉 | w ∈ C

}
.

Thus, we have the following characterizations of −K and −int(K):

−K =
{
z ∈ Rm | ϕ(z) ≤ 0

}
and − int(K) =

{
z ∈ Rm | ϕ(z) < 0

}
.

We next present some properties of the function ϕ.

Lemma 1. ([28, Lemma 3.1])

a) For every z and z′ ∈ Rm, we have ϕ(z + z′) ≤ ϕ(z) +ϕ(z′). Moreover,
if z �K z′ (resp. z ≺K z′) then ϕ(z) ≤ ϕ(z′) (resp. ϕ(z) < ϕ(z′)).

b) ϕ is 1-Lipschitz continuous and positive homogeneous.

Now define the mapping D : Rn × Rn → R as

D(x, d) := ϕ(JF (x)d) = sup
{
〈JF (x)d, w〉 | w ∈ C

}
.

Note that, if D(x, d) < 0 (resp. D(x, d) ≥ 0 for all d), then d is a K-descent
direction for F at x (resp. x is K-critical point for F ). It is said that a
direction d ∈ Rn satisfies the sufficient descent condition at x ∈ Rn iff

D(x, d) ≤ cD(x, dSD(x)), (5)

for some c > 0. Below, we highlight some other properties of the function D.
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Lemma 2. (a) Let x, z, d ∈ Rn and α ≥ 0, then D(x, z + αd) ≤ D(x, z) +
αD(x, d).

(b) The mapping (x, d) 7→ D(x, d) is continuous.

(c) Let x, z, d ∈ Rn, then |D(x, d) − D(z, d)| ≤ ‖JF (x) − JF (z)‖‖d‖. As
a consequence, if JF is L-Lipschitz continuous, then D(·, d) is L‖d‖-
Lipschitz continuous.

Proof. Item (a) is a direct consequence of the definition of D. For item
(b), see [28]. Item (c) follows directly from Lemma 1 and the definition of
D. �

The steepest direction dSD : Rn → Rn is defined by

dSD(x) := arg min

{
D(x, d) +

‖d‖2

2
| d ∈ Rn

}
(6)

and the optimal value of the subproblem in (6) is denoted by

θ(x) := D(x, dSD(x)) +
‖dSD(x)‖2

2
. (7)

We trivially obtain that dSD(x) exists and is unique, since D(x, ·) is a real
closed convex function. Note that, when F : Rn → R, K = R+, and C =
{1} (single-objective case), it follows that D(x, d) = 〈∇F (x), d〉, dSD(x) =
−∇F (x), and θ(x) = −‖∇F (x)‖2/2. Now, if K = Rm

+ and C is the canonical
basis of Rm (multiobjective optimization case), dSD(x) can be computed by
solving the following convex quadratic problem:

Minimize t+
1

2
‖d‖2

subject to [JF (x)d]i ≤ t, i = 1, . . . ,m,

see [19]. The following lemma shows that dSD(x) and θ(x) can be used to
characterize stationary points of (4).

Lemma 3. ([28, Lemma 3.3])

a) If x is K-critical point for F , we have dSD(x) = 0 and θ(x) = 0.
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b) If x is not K-critical, then dSD(x) 6= 0, θ(x) < 0, D(x, dSD(x)) <
−‖dSD(x)‖2/2 < 0. In particular, dSD(x) is a K-descent direction for
F at x.

c) The functions dSD(·) and θ(·) are continuous.

Let d ∈ Rn be a K-descent direction for F at x and consider the task of
finding a step size α > 0 from x along d. As an extension of the scalar case,
we say that α > 0 is obtained satisfying an exact line search whenever

D(x+ αd, d) = 0.

Consider now e ∈ K such that for every w ∈ C

0 < 〈w, e〉 ≤ 1. (8)

We say that α > 0 satisfies the standard Wolfe conditions if

F (x+ αd) �K F (x) + ραD(x, d)e,
D(x+ αd, d) ≥ σD(x, d),

where 0 < ρ < σ < 1 are given constants. In turn, it is said that α > 0 is
obtained satisfying the strong Wolfe conditions when

F (x+ αd) �K F (x) + ραD(x, d)e,∣∣D(x+ αd, d)
∣∣ ≤ σ

∣∣D(x, d)
∣∣ .

It is easy to see that e ∈ K as in (8) always exists. In particular, we can take
e = [1, . . . , 1]T ∈ Rm in the multiobjective optimization case.

3. Liu-Storey methods for vector optimization

In this section, we propose and analyze three Liu-Storey conjugate gradi-
ent (LS-CG) methods to solve (4). We first discuss extensions of the classic
and modified LS-CG methods considered in [36, 35] and their global conver-
gence results. We then dedicate to a study of a vector version of the LS-CG
method with a Armijo-type line search proposed in [52]. From now on, we
assume the following hypotheses.
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(H) The cone K is polyhedral and C is the finite set of normalized extremal
rays of K∗ (which, in particular, implies that ‖w‖ = 1 for all w ∈ C).
In addition, the level set L := {x | F (x) �K F (x0)} is bounded, where
x0 ∈ Rn is the given starting point, and JF is L-Lipschitz continuous
on an open set containing L (i.e., there exists an open set N ⊃ L such
that, for all x, y ∈ N , it holds that ‖JF (x)− JF (y)‖ ≤ L‖x− y‖).

We begin by proposing an extension of the classic LS-CG algorithm in-
troduced in [36]. Here, the LS conjugate parameter is restricted to be non-
negative.

Algorithm 1. Nonnegative Liu-Storey CG method.

Step 0. Let 0 < ρ < σ < 1, e ∈ K as in (8), and x0 ∈ Rn be given. Initialize
k ← 0.

Step 1. Compute dSD(xk) and θ(xk) as in (6) and (7), respectively. If
θ(xk) = 0, then STOP.

Step 2. Define

dk =

{
dSD(xk), if k = 0
dSD(xk) + βkd

k−1, if k ≥ 1,
(9)

where

βk := max

{
βLS
k :=

−D(xk, dSD(xk)) +D(xk−1, dSD(xk))

−D(xk−1, dk−1)
, 0

}
(10)

Step 3. Compute αk > 0 such that

F (xk + αkd
k) �K F (xk) + ραkD(xk, dk)e,

D(xk + αkd
k, dk) ≥ σD(xk, dk).

Step 4. Set xk+1 := xk + αkd
k, k ← k + 1, and go to Step 1.

Remark 1. (i) If Algorithm 1 stops at iteration k, then Lemma 3 implies
that xk is K-critical. (ii) βLS

k in Step 2 of Algorithm 1 is a direct extension
of the classic LS conjugate parameter. Indeed, if m = 1, K = R+, and
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C = {1}, we trivially have that βLS
k in (10) corresponds to (3). (iii) In Step

3, it is required that the step size αk satisfies the standard Wolfe conditions.
If dk is a K-descent direction of F at xk, under assumption (H), it is possible
to guarantee the existence of positive step sizes satisfying such conditions,
see [40, Proposition 3.2]. (iv) In the convergence analysis of Algorithm 1,
we will require that dk satisfies the sufficient descent condition (5). As in
the single-objective optimization, this property is not automatically fulfilled
by Algorithm 1, but can be obtained if a sufficiently accurate line search is
used. Let us briefly discuss this issue. Since βk in (10) is non-negative, by
the definition of dk and Lemma 2(a), it follows that

D(xk, dk) ≤ D(xk, dSD(xk)) + βkD(xk, dk−1).

Remember that exact line search means that D(xk, dk−1) = 0. Therefore,
performing a sufficiently accurate line search it is possible to guarantee that
the last term in the above inequality is not too large in order to obtain the
desired descent property, see [40, 41]. Thus, using inductive arguments, it
is possible to show that Algorithm 1 with appropriate line searches is well
defined.

We now present the convergence result of Algorithm 1, whose proof is
given in Appendix A.1.

Theorem 4. Consider Algorithm 1 with a sufficiently accurate line search
such that dk satisfies the sufficient descent condition (5) at xk for every k.
Let {(xk, dk)} be an infinite sequence generated by Algorithm 1. Then,

lim inf
k→∞

‖dSD(xk)‖ = 0.

As already mentioned, the Nonnegative LS-CG method does not auto-
matically generates descent directions. In the scalar case, in order to obtain
such desired property, a modified LS-CG method was introduced and ana-
lyzed in [35]. In the next algorithm, we propose an extension/adaptation
of this method for vector optimization, in particular, generating K-descent
directions regardless of the line search used. This property is especially in-
teresting in the vector case because it can lead to significant computational
savings. Indeed, when a trial step size α is calculated in Step 3 of Algorithm 1
but the associated direction at xk +αdk does not satisfy the sufficient descent
condition, the computation of dSD(xk + αdk) is wasted and the algorithm
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continues performing a more accurate line search. The modified LS-CG is
formally defined as follows.

Algorithm 2. Modified Liu-Storey CG method

Step 0. Let 0 < ρ < σ < 1, t > 1/2, η > 0, e ∈ K as in (8), and x0 ∈ Rn be
given. Initialize k ← 0.

Step 1. Compute dSD(xk) and θ(xk) as in (6) and (7), respectively. If
θ(xk) = 0, then STOP.

Step 2. Define dk as in (9) with

βk := max

{
βMLS
k := βLS

k − t
‖JF (xk)− JF (xk−1)‖2D(xk, dk−1)

D2(xk−1, dk−1)
, ηk

}
,

(11)
where βLS

k is as in (10) and

ηk :=
−1

‖dk−1‖min{η, ‖dSD(xk−1)‖}
.

If D(xk, dk) > [1 − 1/(2t)]D(xk, dSD(xk)), then dk := dSD(xk) and
βk := 0.

Step 3. Compute αk > 0 such that

F (xk + αkd
k) �K F (xk) + ραkD(xk, dk)e,∣∣∣D(xk + αkd

k, dk)
∣∣∣ ≤ σ

∣∣∣D(xk, dk)
∣∣∣ .

Step 4. Set xk+1 := xk + αkd
k, k ← k + 1, and go to Step 1.

We claim that the search direction dk generated by Algorithm 2 satisfies,
for all k ≥ 0, the sufficient descent condition

D(xk, dk) ≤
(

1− 1

2t

)
D(xk, dSD(xk)). (12)
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Suppose that this statement holds for dk−1 (which is trivially true for d0). If
βk in (11) is nonnegative, then βk = βMLS

k and, by Lemma 2(a), we obtain

D(xk, dk) ≤ D(xk, dSD(xk)) + βMLS
k D(xk, dk−1)

≤ D(xk, dSD(xk)) +
D(xk−1, dSD(xk))−D(xk, dSD(xk))

−D(xk−1, dk−1)
D(xk, dk−1)− Tk,

(13)

where

Tk := t
Λ2

kD2(xk, dk−1)

D2(xk−1, dk−1)
and Λk := ‖JF (xk)− JF (xk−1)‖.

It follows from (13) and Lemma 2(c) that

D(xk, dk) ≤ D(xk, dSD(xk)) +
|D(xk, dk−1)|‖dSD(xk)‖Λk

−D(xk−1, dk−1)
− Tk.

Thus,

D(xk, dk) ≤ D(xk, dSD(xk)) +
|D(xk−1, dk−1)||D(xk, dk−1)|‖dSD(xk)‖Λk

D2(xk−1, dk−1)
− Tk.

Taking a := |D(xk−1, dk−1)|‖dSD(xk)‖/
√

2t and b :=
√

2tΛkD(xk, dk−1), and
using that ab ≤ a2/2 + b2/2, we have

D(xk, dk) ≤ D(xk, dSD(xk))

+
1

D2(xk−1, dk−1)

[
‖dSD(xk)‖2D2(xk−1, dk−1)

4t
+ tΛ2

kD2(xk, dk−1)

]
− Tk.

Therefore, by the definition of Tk and Lemma 3(b), it follows that

D(xk, dk) ≤ D(xk, dSD(xk)) +
1

4t
‖dSD(xk)‖2 ≤

(
1− 1

2t

)
D(xk, dSD(xk)),

as desired. Now, if βk in (11) is negative and dk as in (9) does not satisfy (12),
we redefine dk to be the steepest descent direction, which trivially satisfies
the required descent property, proving our claim. The strategy of redefining
dk is supported by the following fact: if βk in (11) is negative, even employing
an exact line search, the descent condition for dk as in (9) may not hold. This
case is illustrated in the following example.
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Example 1. Consider the multiobjective problem (4) with: K = R2
+, C

equal to the canonical basis of R2, and F : R2 −→ R given by

F1(x) :=
x21 + x22

2
and F2(x) :=

(x1 − 1)2 − (x2 − 1)2

2
.

Define t = 0.51, η = 0.1, σ = 0.1, ρ = 10−4, and e = (1, 1)T . Choose
x0 = (1, 1)T . Solving (6) and (7), we obtain dSD(x0) = (−0.6, 0.2)T and
θ(x0) = 0.2. Hence, d0 = (−0.6, 0.2)T and α0 = 1 satisfies the exact line
search condition, i.e., D(x0+α0d

0, d0) = 0. So, x1 = x0+d0 = (0.4, 1.2)T , for
which dSD(x1) = (−34, 10)T/785 and θ(x1) = 628/785. Using D(x1, d0) = 0,
we obtain

β1 = max

{
βMLS
1 = −18.4

314
, η1 = − 500√

10

}
= −18.4

314
,

and hence d1 := dSD(x1) + β1d
0 = (−6.4, 0.8)T/785. Since D(x1, d1) =

2.08/785 > 0, we conclude that d1 fails to be a K-descent direction for F at
x1.

Under Assumption (H), since (12) holds for all k, we obtain from [40,
Proposition 3.2] that the line search in Step 3 is well-defined and, as a
consequence, Algorithm 2 is also well-defined. Although the strong Wolfe
conditions required in Step 3 are not used to show the well-definedness of
Algorithm 2, they will be important to ensure convergence. Next theorem
presents the convergence result related to Algorithm 2, whose proof is given
in Appendix A.2.

Theorem 5. Suppose that Algorithm 2 generates an infinite sequence {(xk, dk)}.
Then,

lim inf
k→∞

‖dSD(xk)‖ = 0.

The remaining part of this section is dedicated to propose a vector version
of the LS-CG method with an Armijo-type line search proposed in [52]. The
potential advantage of this approach is the ease of implementation of the line
search, where a simple backtracking procedure can be considered. In [52],
in order to get the sufficient descent condition in the scalar minimization,
a modification in the classical Armijo condition was proposed in which, for
each iteration, the initial trial step size depend on an estimate Lk of the
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Lipschitz constant L of the gradient of the objective function. We refer the
reader to [50, 51] for some estimation techniques for the Lipschitz constant
in the scalar case. Now, taking into account the following estimate of the
Lipschitz constant L of the Jacobian of F :

L ∼=
|D(xk, dSD(xk))−D(xk−1, dSD(xk))|

‖sk−1‖
,

where sk−1 := xk − xk−1, we consider, for each k, the following estimate Lk

of L:

Lk = max

Lk−1,min

(
|D(xk, dSD(xk))−D(xk−1, dSD(xk))|

‖sk−1‖
, M̄

) , (14)

where L0 and M̄ are given positive constants such that L0 < M̄ . We observe
that (14) extends to the vector case a Lipschitz estimate considered in [52].

Algorithm 3. Liu-Storey CG method with Armijo-type line search

Step 0. Let ρ ∈ (0, 1), µ ∈ (0, 1), c ∈ (0, 1), L0 > 0, M̄ > 0, e ∈ K as
in (8), and x0 ∈ Rn be given. Compute dSD(x0) as in (6) and define
d0 := dSD(x0). Initialize k ← 0.

Step 1. Compute θ(xk) as in (7). If θ(xk) = 0, then STOP.

Step 2. Define τk := − (1−c)
Lk

D(xk,dk)
‖dk‖2 , where Lk is as in (14) . Let αk be the

largest value in {τk, τkµ, τkµ2, ...} such that

F (x+) �K F (xk) + αkρD(xk, dk)e, (15)

D(x+, d(x+)) ≤ cD(x+, dSD(x+)), (16)

where x+ := xk + αkd
k and

d(x+) := dSD(x+) +

(
−D(x+, dSD(x+)) +D(xk, dSD(x+))

−D(xk, dk)

)
dk. (17)

Step 3. Define xk+1 := x+, dSD(xk+1) := dSD(x+), and dk+1 := d(x+). Set
k ← k + 1, and go to Step 1.
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Remark 2. Note that τk is inversely proportional to Lk. Thus, large values
of Lk can produce small step sizes causing slow convergence. This is undesir-
able behavior of this type of approach even when Lk = L for large values of
L. Therefore, in order not to deteriorate the performance of the method, it
is important to obtain estimations Lk of L such that they are not so greater
than L.

We now present the global convergence result related to Algorithm 3,
whose proof is given in Appendix A.3.

Theorem 6. Suppose that Algorithm 3 generates an infinite sequence {(xk, dk)}.
Then, every limit point of {xk} is a K-critical Pareto point of F .

Note that the convergence result for Algorithm 3 given above is stronger
than those for Algorithms 1 and 2 presented in their respective convergence
theorems. Indeed, Theorems 4 and 5 only imply the existence of a K-critical
Pareto limit point of the sequences generated by Algorithms 1 and 2.

4. Numerical experiments

This section reports the numerical experiments carried out to verify the
practical behavior of the proposed algorithms. This will be done by com-
paring the performance of the LS-CG algorithms with the steepest descent
(SD) and the PRP-CG methods introduced in [19] and [40], respectively.
Algorithms 1, 2, and 3 are identified as Nonnegative LS, Modified LS, and
Armijo LS methods, respectively. We also consider a version of Algorithm 3
where the conjugate parameter in (17) (the term in parentheses) is taken as

max

{
−D(x+, dSD(x+)) +D(xk, dSD(x+))

−D(xk, dk)
, 0

}
.

This method is identified as Armijo LS+. We mention that, by following the
proofs in Appendix A.3, it can be proven that Theorem 6 also holds for this
LS variant.

We implemented the algorithms in Fortran 90. For computing the steep-
est decent direction dSD(x) and the optimal value θ(x) in (6) and (7), respec-
tively, we used the software Algencan [4]. Regarding the line searches, for
computing a step size satisfying the Wolfe conditions, we used the algorithm
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proposed in [41]. In turn, the Armijo-type scheme considered in Algorithm 3
was implemented as a simple backtracking procedure. Basically, we first get
a point satisfying (15) and then we check if (16) holds. We used the following
algorithmic parameters: ρ = 10−4, σ = 10−1, t = 0.75, η = 10−2, c = 10−2,
µ = 0.75, L0 = 10−2, and M̄ = 104. The norm of a matrix A ∈ Mm×n (see
(11)) was computed as

‖A‖∞,2 := max
x 6=0

‖A‖∞
‖x‖

= max
i=1,...,m

‖Ai,·‖ = max
i=1,...,m

 n∑
j=1

A2
i,j

1/2

.

Since Lemma 3 implies that x ∈ Rn is a K-critical Pareto point of F iff
θ(x) = 0, we stopped the algorithms at xk reporting convergence when∣∣∣θ(xk)

∣∣∣ ≤ 5× eps1/2,

where eps = 2−52 ≈ 2.22× 10−16.
The test problems were chosen from the multiobjective optimization lit-

erature. Table 1 describes the informations for each test problem, where first
and second columns contain the name of the problem and the reference where
it can be found. Third and fourth columns contain the number of variables
and the number of objectives of the corresponding problem, respectively.
The starting points were generated belonging to a box {x ∈ Rn | ` ≤ x ≤ u}
whose bounds ` and u are informed in the last two columns. We empha-
size that the boxes reported in Table 1 were used only to define the starting
points, but were not considered by the algorithms themselves.

Due to numerical reasons, we considered a scaled version of problem (4)
given by

MinimizeK
(
γ1F1(x), . . . , γmFm(x)

)
, x ∈ Rn, (18)

where the scaling factors are computed as γj := 1/max{1, ‖∇Fj(x
0)‖∞},

j = 1, . . . ,m, where x0 ∈ Rn is the given starting point. It is important to
mention that problems (4) and (18) are equivalent, in the sense that they have
the same K-critical Pareto points. The numerical comparisons will be shown
using performance profiles graphics [15], which we briefly explain here for the
sake of completeness. Let S be the set of solvers, P be the set of problems,
and tp,s > 0 be the performance (for example, number of iterations) of the
solver s ∈ S on the problem p ∈ P . Here, lower values of tp,s mean better
performances. Define the performance ratio rp,s := tp,s/min{tp,s | s ∈ S}
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Problem Reference n m `T uT

AP1 [1] 2 3 (−10,−10) (10, 10)

AP2 [1] 1 2 −100 100

AP3 [1] 2 2 (−100,−100) (100, 100)

AP4 [1] 3 3 (−10,−10,−10) (10, 10, 10)

DD1 [14] 5 2 (−20, . . . ,−20) (20, . . . , 20)

DGO1 [32] 1 2 −10 13

Far1 [32] 2 2 (−1,−1) (1, 1)

5 3 (−2, . . . ,−2) (2, . . . , 2)

FDS [18] 50 3 (−2, . . . ,−2) (2, . . . , 2)

100 3 (−2, . . . ,−2) (2, . . . , 2)

200 3 (−2, . . . ,−2) (2, . . . , 2)

FF1 [32] 2 2 (−1,−1) (1, 1)

Hil1 [31] 2 2 (0, 0) (1, 1)

2 2 (−100, . . . ,−100) (100, . . . , 100)

JOS1 [33] 50 2 (−100, . . . ,−100) (100, . . . , 100)

100 2 (−100, . . . ,−100) (100, . . . , 100)

200 2 (−100, . . . ,−100) (100, . . . , 100)

KW2 [34] 2 2 (−3,−3) (3, 3)

Lov1 [37] 2 2 (−10,−10) (10, 10)

Lov3 [37] 2 2 (−20,−20) (20, 20)

Lov4 [37] 2 2 (−20,−20) (20, 20)

Lov5 [37] 3 2 (−2,−2,−2) (2, 2, 2)

4 5 (−25,−5,−5,−1) (25, 5, 5, 1)

MGH16 [43] 4 20 (−25,−5,−5,−1) (25, 5, 5, 1)

4 50 (−25,−5,−5,−1) (25, 5, 5, 1)

MGH26 [43] 4 4 (−1,−1,−1 − 1) (1, 1, 1, 1)

MGH33 [43] 10 10 (−1, . . . ,−1) (1, . . . , 1)

MLF2 [32] 2 2 (−100,−100) (100, 100)

MMR1 [42] 2 2 (0.1, 0) (1, 1)

MOP2 [32] 2 2 (−1,−1) (1, 1)

MOP3 [32] 2 2 (−π,−π) (π, π)

MOP5 [32] 2 3 (−1,−1) (1, 1)

MOP7 [32] 2 3 (−400,−400) (400, 400)

PNR [47] 2 2 (−2,−2) (2, 2)

QV1 [32] 10 2 (−5, . . . ,−5) (5, . . . , 5)

SK1 [32] 1 2 −100 100

SK2 [32] 4 2 (−10,−10,−10,−10) (10, 10, 10, 10)

SLCDT1 [49] 2 2 (−1.5,−1.5) (1.5, 1.5)

SLCDT2 [49] 10 3 (−1, . . . ,−1) (1, . . . , 1)

SP1 [32] 2 2 (−100,−100) (100, 100)

SSFYY2 [32] 1 2 −100 100

Toi4 [53] 4 2 (−2,−2,−2,−2) (5, 5, 5, 5)

Toi8 [53] 3 3 (−1,−1,−1,−1) (1, 1, 1, 1)

4 4 (−1,−1,−1,−1) (1, 1, 1, 1)

Toi9 [53] 50 50 (−1,−1,−1,−1) (1, 1, 1, 1)

100 100 (−1,−1,−1,−1) (1, 1, 1, 1)

4 3 (−2,−2,−2,−2) (2, 2, 2, 2)

Toi10 [53] 10 9 (−2,−2,−2,−2) (2, 2, 2, 2)

30 29 (−2,−2,−2,−2) (2, 2, 2, 2)

VU1 [32] 2 2 (−3,−3) (3, 3)

Table 1: Test problems.

and the cumulative distribution function ρs : [1,∞) → [0, 1] by ρs(τ) :=
(1/|P|)

∣∣{p ∈ P | rp,s ≤ τ}
∣∣. The performance profile is obtained by plotting,

for all s ∈ S, the graph of ρs. Note that ρs(1) corresponds to the fraction
of problems for which solver s was the most efficient over all the considered
algorithms. In turn, the robustness related to a solver s can be accessed on
the extreme right of the graph of ρs.

In multiobjective optimization, we are especially interested in estimating
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the Pareto frontier of a given problem. For this, a strategy is often applied:
we run the algorithm at hand from several different starting points and collect
the efficient points found. In view of this application, for each problem in
Table 1, we considered 300 random initial points belonging to the respective
boxes. Each instance was considered an independent problem and was solved
by all the considered solvers. Figure 1 shows the results comparing the
algorithms using as the performance measurement: (a) number of iterations;
(b) number of functions evaluations; (c) number of gradient evaluations; (d)
number of steepest descent direction evaluations.
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SD
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(c) Gradient evaluations (d) SD evaluations

Figure 1: Performance profiles considering 300 initial points for each test problem us-
ing as the performance measurement: (a) number of iterations; (b) number of functions
evaluations; (c) number of gradient evaluations; (d) number of steepest descent direction
evaluations.

As can be seen in Figure 1, the Nonnegative LS and the PRP methods
performed almost identically. Regarding the number of iterations, they were
the most efficient algorithms followed by the Modified LS, the SD, and the
Armijo LS algorithms. With respect to the number of function evaluations,
although the SD algorithm was slightly the most efficient, it was quickly out-
performed by the CG methods (except the Armijo LS algorithms). In term
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of gradient evaluations, the Armijo LS+ was the most efficient algorithm.
Such behavior is justified by the fact that it generally requires a moderate
amount of iterations and the implementation of its backtracking procedure
does not use new derivative information until a trial step size satisfying (15)
is obtained. Considering the number of steepest descent direction evalua-
tions, the most efficient method was the Modified LS algorithm. This can
be explained because the Modified LS algorithm automatically generates de-
scent directions, performing only one steepest descent direction evaluation
per iteration. This suggests that the Modified LS algorithm is an attrac-
tive alternative for large scale problems for which the computational cost is
mainly associated with solving the subproblem (6). Finally, according to the
theoretical results, the methods found stationary points in all runs.

Next, by using the so-called Purity and (Γ and ∆) Spread metrics, we
compare the algorithms with respect to their ability to properly generate
Pareto frontiers. We refer the reader to [12] for a meticulous explanation of
these metrics. Let PFp,s be an approximation to the Pareto front obtained
by solver s for problem p. Here, PFp,s was obtained by running a particular
solver s from the same 300 starting points considered in the first part of the
experiments and then removing the dominated points (given x, y ∈ Rn, it
is said that x dominates y if F (y) − F (x) ∈ Rm

+\{0}). Now, let PFp be an
approximation to the Pareto front obtained by first considering ∪s∈SPFp,s

and then removing the dominated points.

• Purity metric: The Purity metric measures the number of nondomi-
nated points belonging to PFp that a solver is able to compute. Given
a problem p and a solver s, it is defined by the ratio

t̄p,s :=
∣∣PFp,s ∩ PFp

∣∣ / ∣∣PFp

∣∣ .
To analyze the Purity metric using the performance profile, we set
tp,s := 1/t̄p,s and, thus, lower values of tp,s indicate better performances.
If t̄p,s = 0, then we define tp,s := ∞. As recommended in [12], for the
Purity metric, we compared the algorithms in pairs.

• Spread metrics: A Spread metric seeks to measure the capacity of a
given solver to find well-distributed points along the Pareto frontier.
Given a problem p and a solver s, consider that PFp,s ∩ PFp is formed
by x1, . . . , xN and assume that these points are conveniently sorted by
each objective function j such that Fj(xi) ≤ Fj(xi+1), i = 1, ..., N . Let
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x0 and xN+1 be the the points corresponding to the lowest and highest
values, respectively, of Fj obtained from PFp. The metrics Γ and ∆
are defined by

Γp,s := max
j∈{1,...,m}

max
i∈{0,...,N}

δi,j

and

∆p,s := max
j∈{1,...,m}

(
δ0,j + δN,j +

∑N
i=1 |δi,j − δ̄j|

δ0,j + δN,j + (N − 1)δ̄j

)
,

where δi,j :=
∣∣Fj(xi+1)− Fj(xi)

∣∣ and δ̄j, j = 1, . . . ,m, is the average
of the distances δi,j, i = 1, ..., N . In the performance profile, we set
tp,s := Γp,s or tp,s := ∆p,s, depending on the chosen metric.

The performance profiles related to the Purity metric are shown in Fig-
ure 2 comparing the algorithms in pairs. In the Armijo LS class, we only
consider the Armijo LS+ since it outperformed the Armijo LS in the plots
of Figure 1. As we can see, the LS methods slightly outperformed the SD
method. On the other hand, no significant difference was noted among the
CGs methods.
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Figure 2: Purity metric performance profiles.

Figure 3 contains the performance profiles of the Γ and ∆ Spread metrics.
Again, no significant difference among the considered algorithms is noticed
for these metrics.
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Figure 3: Spread metric performance profiles: (a) Γ metric; (b) ∆ metric.
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5. Final remarks

This paper proposed and analyzed three variants of Liu-Storey (LS) non-
linear conjugate gradient (CG) methods for vector optimization. These vari-
ants are nontrivial extensions of LS-CG methods of the scalar case to the
vector setting. The global convergences of the new methods were discussed in
this general context. Numerical experiments on a set of test problems showed
that the LS methods are competitive with the well-known PRP method in
terms of numerical efficiency, as well as to obtain a good representation of
Pareto frontiers.
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[40] L. R. Lucambio Pérez and L. F. Prudente. Nonlinear conjugate gradient
methods for vector optimization. SIAM J. Optim., 28(3):2690–2720,
2018.
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Appendix A. Proofs of Theorems 4, 5, and 6

Assume that {xk} is a sequence generated by one of the proposed algo-
rithms. Since F (xk) �K F (x0) for all k, we obtain {xk} ⊂ L. Thus, taking
into account assumption (H), we conclude that {xk} is bounded. So, it fol-
lows from Lemma 3(c) and the continuity of JF that there exist γ̄ > 0 and
c̄ > 0 such that

‖dSD(xk)‖ ≤ γ̄, ‖JF (xk)‖ ≤ c̄, ∀k ≥ 0. (A.1)

Moreover, by the definition of D, for every k ≥ 0, it turns out that

0 > D(xk, dSD(xk)) ≥ 〈JF (xk)dSD(xk), w〉 ≥ −‖JF (xk)‖‖dSD(xk)‖ ≥ −c̄γ̄,
(A.2)

because ‖w‖ = 1.

Appendix A.1. Proof of Theorem 4

In the single-objective case, the global convergence of the (non-negative)
PRP, HS and LS conjugate gradient methods were obtained by means of the
so-called Property (∗) introduced in [23]; see also [44]. This property was
extended to the vector setting in [40]. We will use Property (∗), which is
formally stated below, to prove the convergence of Algorithm 1.

Property (∗) Consider a CG method and assume that there exist γ and γ̄
such that

0 < γ ≤ ‖dSD(xk)‖ ≤ γ̄, ∀k ≥ 0. (A.3)

Property (∗) holds if there exist constants b > 1 and λ > 0 such that

|βk| ≤ b,

and

‖sk−1‖ ≤ λ⇒ |βk| ≤
1

2b
,

for all k ≥ 1, where sk−1 := xk − xk−1.
The next result shows that, under mild assumptions, a (vector) CG

method that has Property (∗) is globally convergent. Since its proof is similar
to [40, Theorem 5.10], it is omitted here.
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Theorem 7. Consider a CG method with the following characteristics: (i)
βk ≥ 0 for all k; (ii) dk satisfies the sufficient descent condition (5) at xk for
all k; (iii) αk satisfies the standard Wolfe conditions for all k; (iv) Property
(∗) holds. Then,

lim inf
k→∞

‖dSD(xk)‖ = 0.

We are now ready to prove Theorem 4.

Proof of Theorem 4. In view of Theorem 7, it suffices to show that Al-
gorithm 1 has Property (∗). As observed in [44, pp.174], in order to show that
a CG method has Property (∗), it is suffices to prove that, under assumption
(A.3), there is a positive constant M such that

|βk| ≤M‖sk−1‖, ∀k ≥ 1. (A.4)

Assume that (A.3) holds. Then, by Lemma 3(b) and (A.2), it follows that

γ2

2
≤ −D(xk, dSD(xk)) ≤ c̄γ̄, ∀k ≥ 0. (A.5)

By (H), Lemma 2(d) and (A.3), we obtain, for all k ≥ 1,∣∣∣−D(xk, dSD(xk)) +D(xk−1, dSD(xk))
∣∣∣ ≤ L‖dSD(xk)‖‖xk−xk−1‖ = Lγ̄‖sk−1‖.

(A.6)
Since (xk, dk) satisfies the sufficient descent condition (5), it follows from
(A.6) and the first inequality in (A.5) that∣∣∣βLS

k

∣∣∣ ≤ | − D(xk, dSD(xk)) +D(xk−1, dSD(xk))|
−D(xk−1, dk−1)

≤ Lγ̄‖sk−1‖
−cD(xk−1, dSD(xk−1))

≤ 2Lγ̄

cγ2
‖sk−1‖, ∀k ≥ 1.

By defining M = 2Lγ̄/cγ2, we conclude that (A.4) holds. Therefore, Algo-
rithm 1 has Property (∗), completing the proof. �

Appendix A.2. Proof of Theorem 5

Let us first establish some estimates on the parameter βk of Algorithm 2
which will help us in the convergence analysis.
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Lemma 8. Consider that Algorithm 2 generates an infinite sequence {(xk, dk)}.
Assume that there exists γ > 0 such that ‖dSD(xk)‖ ≥ γ, for all k ≥ 0. Then,
there exists M > 0 such that

ηk ≤ βk, |βk| ≤M‖sk−1‖, ∀k ≥ 1.

Proof. The first inequality follows from the definition of βk in (11). Now,
as in Appendix A.1, taking into account (A.1) and (A.2), we obtain that
(A.3) and (A.5) hold for all k ≥ 0. Also, by (A.1), we have

Λk := ‖JF (xk)− JF (xk−1)‖ ≤ 2c̄, ∀k ≥ 1.

Therefore, from the definition of βk, Lemma 2(d), the last inequality, and
the fact that JF is Lipschitz continuous, we have

|βk| ≤ |βMLS
k | ≤ |D(xk−1, dSD(xk))−D(xk, dSD(xk)|

−D(xk−1, dk−1)
+ tΛ2

k

|D(xk, dk−1)|
D2(xk−1, dk−1)

≤ L‖dSD(xk)‖‖sk−1‖
−D(xk−1, dk−1)

+ t
2c̄L‖sk−1‖|D(xk, dk−1)|
D2(xk−1, dk−1)

, ∀k ≥ 1.

Thus, using the strong Wolfe conditions at Step 3 of Algorithm 2 and the
sufficient descent conditions (12) with c := 1− 1/(2t), it follows that

|βk| ≤
L‖dSD(xk)‖‖sk−1‖
−D(xk−1, dk−1)

+ t
2c̄L‖sk−1‖σ
−D(xk−1, dk−1)

≤ L‖dSD(xk)‖‖sk−1‖
−cD(xk−1, dSD(xk−1))

+ t
2c̄L‖sk−1‖σ

−cD(xk−1, dSD(xk−1))
, ∀k ≥ 1.

Hence, from (A.3) and (A.5), we obtain

|βk| ≤ ‖sk−1‖
(

2
Lγ̄ + 2tc̄σL

cγ2

)
, ∀k ≥ 1.

By defining M := 2(Lγ̄+ 2tc̄σL)/cγ2, we obtain the second inequality of the
lemma. �

The next result will be useful to establish the convergence of Algorithm 2.

Lemma 9. Consider that Algorithm 2 generates an infinite sequence {(xk, dk)}.
Assume that there exists γ > 0 such that ‖dSD(xk)‖ ≥ γ, for all k ≥ 0. Then,
dk 6= 0 for all k ≥ 0, and

∞∑
k=1

1

‖dk‖2
<∞,

∞∑
k=1

‖uk − uk−1‖2 <∞, where uk :=
dk

‖dk‖
.
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Proof. Using Lemma 8, the proof follows similarly to the one presented in
[25, Lemma 6] . �

Proof of Theorem 5. Using Lemmas 8 and 9, the proof follows by con-
tradiction similarly to the one presented in [25, Theorem 2]. �

Appendix A.3. Proof of Theorem 6

In order to prove Theorem 6, we first present some technical results.

Lemma 10. Assume that d ∈ Rn is a K-descent direction for F at x. Let
ρ ∈ (0, 1), c ∈ (0, 1), and e ∈ K as in (8) be given. Then, there exists ᾱ > 0
such that, for all α ∈ (0, ᾱ),

F (x+ αd) �K F (x) + αρD(x, d)e, (A.7)

D(x+ αd, d(x+ αd)) ≤ cD(x+ αd, dSD(x+ αd)), (A.8)

where

d(x+αd) :=dSD(x+αd)+

(
−D(x+ αd, dSD(x+ αd)) +D(x, dSD(x+ αd))

−D(x, d)

)
d.

Proof. Since D(x, d) < 0, it is easy to see that there exists α′ > 0 such
that (A.7) holds for all α ∈ (0, α′); see, for example, [41, Lemma 1]. Now,
define φ, ψ : R+ −→ R by

φ(α) := D(x+ αd, d(x+ αd)) and ψ(α) := cD(x+ αd, dSD(x+ αd)).

Note that φ(0) < ψ(0). Thus, by continuity arguments, there exists α′′ > 0
such that φ(α) ≤ ψ(α) for all α ∈ (0, α′′), i.e., (A.8) holds for all α ∈ (0, α′′).
Therefore, by taking ᾱ := min(α′, α′′), we conclude that (A.7) and (A.8) hold
for all α ∈ (0, ᾱ). �

Lemma 11. Algorithm 3 is well-defined.

Proof. By using induction on k, the proof follows straightforwardly from
Lemma 10. �

Lemma 12. There holds:

‖dk‖ ≤
(

1 +
L(1− c)
L0

)
‖dSD(xk)‖, ∀k ≥ 0. (A.9)
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Proof. For k = 0, we have d0 = dSD(x0) and hence (A.9) is trivially sat-
isfied. For k ≥ 1, since Lk−1 ≥ L0, it follows from the definition of αk−1 in
Step 2 of Algorithm 3 that

αk−1 ≤ −
(1− c)
Lk−1

D(xk−1, dk−1)

‖dk−1‖2
≤ −(1− c)

L0

D(xk−1, dk−1)

‖dk−1‖2
, (A.10)

because D(xk−1, dk−1) < 0. Now, by the definition of dk, assumption (H),
Lemma 2(d), and the fact that xk − xk−1 = αk−1d

k−1, we have

‖dk‖ ≤ ‖dSD(xk)‖+
| − D(xk, dSD(xk)) +D(xk−1, dSD(xk))|

−D(xk−1, dk−1)
‖dk−1‖

≤ ‖dSD(xk)‖+
L‖dSD(xk)‖‖xk − xk−1‖
−D(xk−1, dk−1)

‖dk−1‖

= ‖dSD(xk)‖

(
1 +

Lαk−1‖dk−1‖2

−D(xk−1, dk−1)

)
,

which, combined with (A.10), yields the desired inequality (A.9). �

Lemma 13. There exists τmin > 0 such that τk > τmin for all k ≥ 0.

Proof. First, note that Lk ≤ M̄ for every k ≥ 0. Thus, from the definition
of τk, (16), and Lemma 3(b), we have

τk = −(1− c)
Lk

D(xk, dk)

‖dk‖2
≥ −c(1− c)

M̄

D(xk, dSD(xk))

‖dk‖2
>
c(1− c)

2M̄

‖dSD(xk)‖2

‖dk‖2
.

Then, using (A.9), it follows that

τk >
c(1− c)

2M̄

(
1 +

L(1− c)
L0

)−2
.

By defining τmin as the right hand side of the above inequality, the proof is
concluded. �

We are now able to prove Theorem 6.
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Proof of Theorem 6. Let x∗ be a limit point of the sequence {xk}. Thus,
there exists K := {k0, k1, k2, ...}⊂

∞
N such that limk∈K x

k = x∗. Hence, by

continuity of F , we have

lim
k∈K

F (xk) = F (x∗).

Noting that (8) implies ϕ(−e) < 0, by (15) and Lemma 1, we obtain, for all
k ≥ 0,

ϕ(F (xk+1)) ≤ ϕ(F (xk)) + ραkϕ(D(xk, dk)e) = ϕ(F (xk))−D(xk, dk)ραkϕ(−e)
≤ ϕ(F (xk)),

which, in particular, implies that {ϕ(F (xk))} is a nonincreasing sequence.
Therefore, since kj+1 ≥ kj + 1, we have

ϕ(F (xkj+1)) ≤ ϕ(F (xkj+1)) ≤ ϕ(F (xkj))−D(xkj , dkj)ραkjϕ(−e) ≤ ϕ(F (xkj)),

for all j ≥ 0. Then, by using continuity arguments, we have

lim
j→∞

αkjD(xkj , dkj) = 0.

As a consequence, there exists K1⊂
∞
K such that: (i) limk∈K1 D(xk, dk) = 0;

or (ii) limk∈K1 αk = 0.
Case (i): By (16) and Lemma 3(b), it follows that

D(xk, dk) ≤ cD(xk, dSD(xk)) ≤ − c
2
‖dSD(xk)‖2 ≤ 0.

Thus, taking limits for k ∈ K1, we conclude that limk∈K1 dSD(xk) = 0. Then,
dSD(x∗) = 0 and, hence, x∗ is a K-critical Pareto point of F .
Case (ii): Assume, without loss of generality, that αk < τmin for all k ∈ K1,
where τmin > 0 is given as in Lemma 13. Thus, by Step 2 of the algorithm
and Lemma 13, defining ᾱk := αk/µ for each k ∈ K1, it turns out that:

F (x̄k) �K F (xk) + ᾱkρD(xk, dk)e, (A.11)

or
D(x̄k, d(x̄k)) > cD(x̄k, dSD(x̄k)), (A.12)
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where x̄k := xk + ᾱkd
k. Assume that (A.11) holds infinitely many times, say

for K2⊂
∞
K1. Then, for all k ∈ K2, there exists wk ∈ C such that

〈F (x̄k)− F (xk), wk〉 > ᾱkρD(xk, dk)〈e, wk〉 ≥ ᾱkρD(xk, dk), (A.13)

where the last inequality follows from (8). By the mean value theorem, there
exists εk ∈ (0, 1) such that

F (x̄k)− F (xk) = ᾱkJF (xk + εkᾱkd
k)dk. (A.14)

So, combining (A.13) and (A.14), and using the definition ofD(·, ·), we obtain

ρD(xk, dk) < 〈JF (xk + εkᾱkd
k)dk, wk〉 ≤ D(xk + εkᾱkd

k, dk), (A.15)

for all k ∈ K2. It follows from Lemma 12 and (A.1) that {dk} is bounded and,
as a consequence, there exist K3⊂

∞
K2 and d∗ ∈ Rn such that limk∈K3 d

k = d∗.

Moreover, by the definition of ᾱk, we obtain limk∈K3 ᾱk = 0. Therefore,
taking limits in (A.15) for k ∈ K3 and using Lemma 2(b), we get

ρD(x∗, d∗) ≤ D(x∗, d∗).

Hence, since ρ < 1 and D(xk, dk) < 0 for all k, we obtain D(x∗, d∗) = 0.
Now, by (16) and Lemma 3(b), we have

D(xk, dk) ≤ cD(xk, dSD(xk)) ≤ − c
2
‖dSD(xk)‖2 ≤ 0.

Therefore, taking limits in the above inequality for k ∈ K3, we conclude that
dSD(x∗) = 0, proving that x∗ is a K-critical Pareto point of F .

Assume now, without loss of generality, that (A.12) holds and (A.11)
is not true for all k ∈ K1. Thus, {x̄k}k∈K1 ⊂ L, which implies, by using
continuity arguments, that there exists c̄ > 0 such that

‖JF (x̄k)‖ ≤ c̄, ∀k ∈ K1. (A.16)

Define χ := sgn
(
−D(x̄k, dSD(x̄k)) +D(xk, dSD(x̄k))

)
. From the definitions

of x̄k and d(x̄k), and Lemma 2, we have

D(x̄k, d(x̄k)) ≤ D(x̄k, dSD(x̄k))

+
| − D(x̄k, dSD(x̄k)) +D(xk, dSD(x̄k))|

−D(xk, dk)
D(x̄k, χdk)

≤ D(x̄k, dSD(x̄k)) +
L‖dSD(x̄k)‖‖x̄k − xk‖

−D(xk, dk)
|D(x̄k, χdk)|

≤ D(x̄k, dSD(x̄k)) +
Lᾱk‖dSD(x̄k)‖‖dk‖
−D(xk, dk)

|D(x̄k, χdk)|. (A.17)
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Therefore, combining (A.12) and (A.17), we obtain

−(1− c)D(x̄k, dSD(x̄k)) <
Lᾱk‖dSD(x̄k)‖‖dk‖
−D(xk, dk)

|D(x̄k, χdk)|,∀k ∈ K1. (A.18)

By the definition of D(·, ·), there exists w̄k ∈ C such that

|D(x̄k, χdk)| = |〈JF (x̄k)(χdk), w̄k〉| ≤ ‖JF (x̄k)‖‖dk‖ ≤ c̄‖dk‖, (A.19)

where the inequalities is due to ‖w̄‖ = 1 and (A.16). By (A.18), (A.19) and
Lemma 3(b), we find

(1− c)‖dSD(x̄k)‖2

2
<
c̄Lᾱk‖dSD(x̄k)‖‖dk‖2

−D(xk, dk)
, ∀k ∈ K1,

or, equivalently,

ᾱk > −
(1− c)

2c̄L

D(xk, dk)

‖dk‖2
‖dSD(x̄k)‖, ∀k ∈ K1.

Hence, from the definition of ᾱk and (16), we obtain

αk > −
µ(1− c)

2c̄L

cD(xk, dSD(xk))

‖dk‖2
‖dSD(x̄k)‖, ∀k ∈ K1,

which, combined with Lemmas 3(b) and 12, yields

αk >
µc(1− c)

4c̄L

‖dSD(xk)‖2

‖dk‖2
‖dSD(x̄k)‖

≥ µc(1− c)
4c̄L

(
1 +

L(1− c)
L0

)−2
‖dSD(x̄k)‖, (A.20)

for all k ∈ K1. From Lemma 12 and (A.1), it turns out that {dk} is bounded.
So, since limk∈K1 ᾱk = 0, it follows from the definition of x̄k that limk∈K1 x̄

k =
x∗. Therefore, taking limits in (A.20) for k ∈ K1, we conclude that dSD(x∗) =
0. Thus, x∗ is a K-critical Pareto point of F and the proof is complete. �
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