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Abstract. Considering a standard nonlinear programming problem, one may view a subset of
the equality constraints as an embedded Riemannian manifold. In this paper we investigate the
differences between the Euclidean and the Riemannian approach for this problem. It is well known
that the linear independence constraint qualification for both approaches are equivalent. However,
when considering recently introduced constant rank constraint qualifications, the Riemannian ap-
proach provides a weaker condition as the rank of the gradients must remain constant only inside the
manifold, while the Euclidean approach requires constant rank properties inside a full-dimensional
neighborhood of the ambient space. Therefore by employing a Riemannian augmented Lagrangian
method to a standard nonlinear programming problem we are able to obtain standard global conver-
gence to a Karush/Kuhn--Tucker point under a new weaker constant rank condition that considers
only lower-dimensional neighborhoods. In this way we illustrate how the Riemannian perspective
can provide new and stronger results to classical problems traditionally addressed through Euclidean
theory. We also investigate the two alternative augmented Lagrangian algorithms in a comprehensive
computational study, where we show some classes of problems where the Riemannian approach is
much more effective in attaining better quality solutions.

Key words. safeguarded augmented Lagrangian method, constrained nonlinear programming,
constraint qualifications, embedded submanifold
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1. Introduction. This paper advances the understanding of findings concern-
ing constraint qualifications and convergence properties inherent in an augmented
Lagrangian method designed for Riemannian manifolds, as initially outlined in [5]. It
aims to demonstrate how the theoretical framework based on Riemannian concepts
can introduce innovative perspectives and viable alternative solutions to problems tra-
ditionally addressed through Euclidean theory. Additionally, this study highlights the
capacity of modern Riemannian geometry concepts to enrich conventional Euclidean
theory, thereby refining theoretical paradigms within Euclidean space. To achieve this
objective, we introduce novel constraint qualifications and explore the applicability
of Riemannian augmented Lagrangian methods to a specific category of constrained
nonlinear programming problems characterized by both equality and inequality con-
straints, with the equality constraints further categorized into two distinct types.
The constrained optimization problem under consideration is formally defined as
follows:
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AN AL METHOD FOR NLP VIA RIEMANNIAN OPTIMIZATION 467

Minimize
q\in \BbbR n

f(q), subject to h(q) = 0, H(q) = 0, G(q)\leq 0,(1.1)

where the functions f : \BbbR n\rightarrow \BbbR , h := (h1, . . . , ht)
\top : \BbbR n\rightarrow \BbbR t, H := (H1, . . . ,Hs)

\top : \BbbR n

\rightarrow \BbbR s, and G := (G1, . . . ,Gm)\top : \BbbR n \rightarrow \BbbR m are continuously differentiable. A stan-
dard approach to solving problem (1.1) is through the augmented Lagrangian al-
gorithm, which involves the iterative unconstrained minimization of the standard
Powell--Hestenes--Rockafellar augmented Lagrangian function given by

L\rho (q, \eta ,\lambda ,\mu ) := f(q) +
\rho 

2

\Bigl( \bigm\| \bigm\| \bigm\| h(q) + \eta 

\rho 

\bigm\| \bigm\| \bigm\| 2
2
+
\bigm\| \bigm\| \bigm\| H(q) +

\lambda 

\rho 

\bigm\| \bigm\| \bigm\| 2
2
+
\bigm\| \bigm\| \bigm\| \Bigl[ G(q) +

\mu 

\rho 

\Bigr] 
+

\bigm\| \bigm\| \bigm\| 2
2

\Bigr) 
,(1.2)

where \rho > 0 is a fixed penalty parameter, and safeguarded Lagrange multipliers
\eta := (\eta 1, . . . , \eta t)\in \BbbR t, \lambda := (\lambda 1, . . . , \lambda s)\in \BbbR s, and \mu := (\mu 1, . . . , \mu m)\in \BbbR m

+ are estimated
in each (outer) iteration. Here [u]+ stands for the projection of u\in \BbbR m onto the non-
negative orthant \BbbR m

+ . An alternative approach to addressing constrained optimization
problems in the format (1.1), previously utilized in [4, 19], involves considering the
so-called lower-level constraints:

\BbbM := \{ q \in \BbbR n | h(q) = 0\} .(1.3)

Then, a constrained augmented Lagrangian method is employed to solve the prob-
lem, which involves iteratively minimizing the partial Powell--Hestenes--Rockafellar
augmented Lagrangian function

\BbbL \rho (q,\lambda ,\mu ) := f(q) +
\rho 

2

\Bigl( \bigm\| \bigm\| \bigm\| H(q) +
\lambda 

\rho 

\bigm\| \bigm\| \bigm\| 2
2
+
\bigm\| \bigm\| \bigm\| \Bigl[ G(q) +

\mu 

\rho 

\Bigr] 
+

\bigm\| \bigm\| \bigm\| 2
2

\Bigr) 
,(1.4)

subject to the lower-level set \BbbM . The idea behind this division arises from the strate-
gic advantage that augmented Lagrangian methods offer in solving nonlinear pro-
gramming problems. By partitioning the equality constraints, a level of flexibility
is introduced, allowing for the prioritization of constraints based on their relevance
to the current problem or the ease with which they can be managed. Consequently,
this approach within the augmented Lagrangian framework enables the incorporation
of certain constraints directly into the objective functional via penalty terms, while
other constraints are inherently enforced by restricting the optimization domain to a
lower-level set, ensuring their satisfaction without requiring penalization. As a result,
subproblems are formulated as minimizing \BbbL \rho (\cdot , \eta ,\mu ) subject to \BbbM . For instance, if
the goal is to maintain feasibility for a set \BbbM , these subproblems can be addressed
using methods that keep the (inner) iterates in \BbbM . In this manner, the sequence
generated by these constrained augmented Lagrangian methods remains feasible with
respect to \BbbM . Additionally, a notable aspect of this approach applies to scenarios
where the objective function and/or constraints are defined solely at points belonging
to \BbbM , rendering the equality constraint h(q) = 0 ineligible for penalization.

Understanding optimality conditions and constraint qualifications is crucial in the
study of nonlinear programing problems. The Karush/Kuhn--Tucker (KKT) condi-
tions play a pivotal role in identifying optimal solutions, while constraint qualifications
ensure that these solutions satisfy the KKT conditions. Over time, modern nonlinear
programming theory has witnessed the evolution of KKT conditions and the emer-
gence of new constraint qualifications. This evolution has significantly broadened
the theoretical framework of nonlinear optimization, allowing the application of aug-
mented Lagrangian methods across a wide range of problem classes. Notably, con-
straint qualifications such as the constant rank constraint qualification (CRCQ) [37],
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468 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

constant positive linear dependence condition (CPLD) [47], relaxed CRCQ (RCRCQ)
[45], relaxed CPLD (RCPLD) [10], constant rank of the subspace component (CRSC)
[9] and quasinormality constraint qualification (QN) [35], have been introduced to
enhance the understanding and application of optimization techniques. Moreover,
the introduction of sequential optimality conditions, such as the approximate KKT
(AKKT) [7] and positive AKKT (PAKKT) [6] conditions, has provided additional
flexibility by relaxing the KKT conditions without assuming a constraint qualifica-
tion. These developments represent important advancements in the field and are
essential for advancing the state-of-the-art in nonlinear programming research. For
example, within the framework of safeguarded augmented Lagrangian methods, their
strength lies in their ability to generate PAKKT sequences for constrained nonlinear
programming problems. Under any of the aforementioned constraint qualifications,
this ensures that all limit points of such sequences adhere to the KKT conditions, a
topic extensively explored in the literature (see, for instance, [6, 8, 9]). We use the
adjective strict to distinguish the constraint qualifications with the aforementioned
sequential property; see [11].

To address nonlinear optimization problems in the format (1.1), we introduce
new strict constraint qualifications termed lower strict constraint qualifications (lower-
SCQs) to take into account the lower-level approach of considering augmented
Lagrangian subproblems constrained to the lower-level set \BbbM . These constraint qual-
ifications serve as less restrictive counterparts to CRCQ, CPLD, RCRCQ, RCPLD,
CRSC, and QN. In this new scenario, it is no longer guaranteed that the limit points
of the sequence generated by classic augmented Lagrangian methods satisfy the KKT
conditions. Therefore, by considering the equality constraints (1.3) as a Riemannian
manifold, we employ tools from Riemannian geometry to establish a connection be-
tween the lower-SCQs and their Riemannian counterparts recently introduced in [5],
referred to as Riemannian strict constraint qualifications (Riemannian SCQs). Fur-
thermore, by introducing the concept of lower-AKKT and lower-PAKKT for prob-
lem (1.1), which serve as counterparts to AKKT and PAKKT, respectively, we show
that the Riemannian adaptation of the classic safeguarded augmented Lagrangian al-
gorithm, an intrinsic algorithm presented in [55], is able to produce lower-PAKKT
sequences that are feasible for \BbbM . Moreover, under any lower-SCQ we show that
all limit points of this sequence satisfy the KKT conditions for problem (1.1). Ad-
ditionally, as we establish a link between these lower-SCQs and the Riemannian-
SCQs, we highlight the effectiveness of the theory within Riemannian manifolds.
This effectiveness offers valuable support for the convergence analysis of algorithms
in nonlinear programming, especially when compared to those formulated in Euclid-
ean spaces. In particular, the equivalence between lower-SCQs and Riemannian
SCQs not only provides deeper theoretical insights but also creates new possibil-
ities for developing algorithms in Euclidean settings that benefit from the weaker
assumptions and structural features of the Riemannian framework, thereby expand-
ing their applicability. Our numerical experiments further illustrate these practical
advantages. Moreover, our contributions broaden both the theoretical foundations
and practical scope of augmented Lagrangian methods by offering effective strategies
for handling lower-level constraints. As previously noted, the augmented Lagrangian
method incorporating general lower-level constraints was introduced in [4], where
the software ALGENCAN was designed to handle box constraints. Our work can
be viewed as a natural continuation of these ideas, establishing the theoretical ba-
sis necessary to support modern implementations of augmented Lagrangian methods
in more general constrained optimization problems. This underscores that there are
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AN AL METHOD FOR NLP VIA RIEMANNIAN OPTIMIZATION 469

various subtle aspects concerning constraint qualifications in Riemannian settings that
would be overlooked if the problem were solely addressed with the existing Euclidean
theory. In this sense, as mentioned earlier, this paper also serves as a complement
to aid in understanding the range of applications of the theory presented in [5]. It
is worth noting that many sets of the form (1.3) define a Riemannian manifold and
naturally arise in various applications. For further examples, see [2, 23]. Finally, we
note that augmented Lagrangian methods on Riemannian manifolds have attracted
growing interest in recent years (see [29, 52, 53, 57]), and a rigorous treatment of
strict constraint qualifications is likely to play a central role in this development.

The paper is structured as follows: Subsection 1.1 introduces terminology, nota-
tions, and basic results on Euclidean space and calculus on embedded submanifolds.
Section 2 revisits concepts and results in nonlinear optimization in Euclidean spaces
and Riemannian manifolds. Section 3 presents new SCQs for problem (1.1), includ-
ing lower-SCQs such as lower-CRCQ, lower-CPLD, lower-RCRCQ, lower-RCPLD,
lower-CRSC, and lower-QN. It also introduces the new sequential optimality con-
ditions lower-AKKT and lower-PAKKT. Section 4 establishes connections between
lower-SCQs and Riemannian-SCQs, demonstrating that under any lower-SCQ, limit
points of the constrained augmented Lagrangian algorithm satisfy the KKT condi-
tions for problem (1.1). Section 5 presents numerical experiments, and section 6 offers
concluding remarks.

1.1. Notations, terminology, and basics results. For a finite subset \scrK \subset 
\BbbN = \{ 1,2, . . .\} , we denote its cardinality by | \scrK | . We use \subset to denote inclusion and
this does not preclude the sets from being equal. The set of all m\times n matrices with
real entries is denoted by \BbbR m\times n. For M \in \BbbR m\times n, the matrix M\top \in \BbbR n\times m is the
transpose of M . Let \BbbR n \equiv \BbbR n\times 1 be the m-dimensional Euclidean space with the
norm denoted by \| \cdot \| 2. We denote the infinity norm in \BbbR m by \| \cdot \| \infty . The open
and closed balls of radius r > 0 in \BbbR m, centered at p, are, respectively, defined by
Br(p) := \{ q \in \BbbR m| \| p  - q\| 2 < r\} and Br[p] := \{ q \in \BbbR m | \| p  - q\| 2 \leq r\} . For all
p, q \in \BbbR m, min\{ p, q\} \in \BbbR m is the componentwise minimum of p and q. We denote by
[q]+ the Euclidean projection of q onto the nonnegative orthant \BbbR m

+ . The subspace
spanned by a set \scrC \subset Rm is denoted by Span(\scrC ). Given a differentiable function \varphi :=
(\varphi 1, . . . ,\varphi m)\top : \BbbR n\rightarrow \BbbR m, we denote by \varphi \prime (q) \in \BbbR n\times m the transpose of the Jacobian
matrix of \varphi at q, that is, \varphi \prime (q) = [\varphi \prime 

1(q) \varphi \prime 
2(q) ... \varphi \prime 

m(q) ], where each column \varphi \prime 
j(q)\in \BbbR n

is the Euclidean gradient of the scalar-valued function \varphi j . In the special case m= 1,
the vector \varphi \prime (q) \in \BbbR n itself denotes the Euclidean gradient of the scalar function \varphi .
Throughout this paper, whenever we write a set of vectors \{ u1, u2, . . . , um\} , it should
be understood as a multiset, meaning that repetitions of vectors are allowed. For a
given subspace V \subset \BbbR m, its orthogonal subspace is defined by V \bot := \{ z \in \BbbR m | v\top z =
0 \forall v \in V \} and the Euclidean projection operator onto V \bot is denoted by ProjV \bot .
Let C \subset \BbbR n be a given cone. The polar cone of C, denoted by C\circ , is defined as
C\circ := \{ v \in \BbbR n | v\top u\leq 0 \forall u\in C\} .

Definition 1.1. Let V = \{ v1, . . . , vs\} and W = \{ w1, . . . ,wm\} be two finite multi-
sets on \BbbR n. The multiset V \cup W is said to be positive-linearly dependent with respect to
W if there exist \alpha = (\alpha 1, . . . , \alpha s) \in \BbbR s and \beta = (\beta 1, . . . , \beta m) \in \BbbR m

+ such that (\alpha ,\beta ) \not = 0
and

\sum s
i=1\alpha ivi +

\sum m
j=1 \beta jwj = 0. Otherwise, V \cup W is said to be positive-linearly

independent with respect to W .

We now introduce two lemmas that are essential in section 4 to establish a con-
nection between the lower-SCQs and their Riemannian counterparts. The proofs are
straightforward from standard linear algebra arguments.
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470 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

Lemma 1.1. Let \scrC 1 = \{ u1, . . . , ut\} , \scrC 2 = \{ v1, . . . , vs\} , and \scrC 3 = \{ w1, . . . ,wm\} be
finite multisets of vectors in \BbbR n. Suppose that \scrC 1 is linearly independent, and let V :=
Span(\scrC 1) and V \bot its orthogonal complement. Define ProjV \bot \scrC 2 := \{ ProjV \bot vi | i =
1, . . . , s\} and ProjV \bot \scrC 2 := \{ ProjV \bot wj | j = 1, . . . ,m\} . Then, the following statements
are equivalent:

(i) The multiset (\scrC 1 \cup \scrC 2) \cup \scrC 3 is linearly independent (respectively, positive-
linearly independent with respect to \scrC 3).

(ii) The set ProjV \bot \scrC 2 \cup ProjV \bot \scrC 3 is linearly independent (respectively, positive-
linearly independent with respect to ProjV \bot \scrC 3).

Lemma 1.2. Let \scrC 1 := \{ v\ell \in \BbbR n | \ell = 1, . . . , t\} , \scrC 2 := \{ wj \in \BbbR n | j = 1, . . . ,m\} , \scrK \subset 
\{ 1, . . . ,m\} , and \scrC \scrK := \{ wj \in \BbbR n | j \in \scrK \} . Let V := Span(\scrC 1) and V \bot be its orthogonal
subspace. Define ProjV \bot \scrC \scrK := \{ ProjV \bot wj | j \in \scrK \} and ProjV \bot \scrC 2 := \{ ProjV \bot wj | 
j = 1, . . . ,m\} . Assume that \scrC 1 is linearly independent. Then, the following statements
are equivalent:

(i) The set \scrC 1 \cup \scrC \scrK is a basis of Span(\scrC 1 \cup \scrC 2).
(ii) ProjV \bot \scrC \scrK is a basis of Span(ProjV \bot \scrC 2).
Since h= (h1, . . . , ht)

\top : \BbbR n\rightarrow \BbbR t is continuously differentiable on \BbbR n, byassuming
that the set of gradients \{ h\prime 

\ell (q) | \ell = 1, . . . , t\} is linearly independent for all q \in \BbbR n, we
conclude that the set (1.3) is an embedded submanifold of \BbbR n of dimension n - t. The
open and closed balls of radius r > 0 in \BbbM , centered at p, are, respectively, defined by
\BbbB r(p) := \{ q \in \BbbM | d(p, q) < r\} and \BbbB r[p] := \{ q \in \BbbM | d(p, q) \leq r\} , where d(\cdot , \cdot ) is the
Riemannian distance associated with the induced metric from \BbbR n. The tangent plane
at q \in \BbbM is given by

Tq\BbbM :=
\bigl\{ 
v \in \BbbR n | h\prime (q)\top v= 0

\bigr\} 
=
\bigl\{ 
v \in \BbbR n | h\prime 

\ell (q)
\top v= 0, \ell = 1, . . . , t

\bigr\} 
.(1.5)

To simplify the notation we also denote the metric in Tq\BbbM by \| \cdot \| . It follows from
(1.5) that

Tq\BbbM :=Ker h\prime (q)\top , Tq\BbbM \bot = Im h\prime (q), \BbbR n = Tq\BbbM \oplus Tq\BbbM \bot .(1.6)

Therefore, (1.5) and the second equality in (1.6) imply that

Tq\BbbM \bot =

\Biggl\{ 
h\prime (q)\top \eta =

t\sum 
i=1

\eta \ell h
\prime 
\ell (q) | \eta = (\eta 1, . . . , \eta t)\in \BbbR t

\Biggr\} 
.(1.7)

For the sake of simplicity, for a given q \in \BbbM , let Projq : \BbbR 
n\rightarrow Tq\BbbM denote the projection

operator, which is given by

Projq v=
\Bigl( 
I  - h\prime (q)

\bigl( 
h\prime (q)\top h\prime (q)

\bigr)  - 1
h\prime (q)\top 

\Bigr) 
v;(1.8)

see, for example, [43, p. 377]. Hence, by using (1.8), the intrinsic gradient of a
differentiable function \varphi : \BbbM \rightarrow \BbbR is given by

grad\varphi (q) = Projq \varphi 
\prime (q).(1.9)

For a more detailed discussion on embedded submanifolds, see [23]. We will need the
following lemma, and we provide its proof for the sake of completeness.

Lemma 1.3. Let X1, . . . ,Xm be continuous vector fields on a Riemannian man-
ifold \BbbM . Let p \in \BbbM and assume that \{ X1(p), . . . ,Xm(p)\} are linearly independent
on Tp\BbbM . Then, there exists \epsilon > 0 such that \{ X1(q), . . . ,Xm(q)\} are also linearly
independent on Tq\BbbM , for all q \in \BbbB \epsilon (p).
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AN AL METHOD FOR NLP VIA RIEMANNIAN OPTIMIZATION 471

Proof. Suppose by contradiction that for every k \in \BbbN there exists a point pk \in 
\BbbB 1/k(p) at which the vectors X1(p

k), . . . ,Xm(pk) are linearly dependent. Then, for
each k there exist scalars \alpha k

1 , . . . , \alpha 
k
m, not all zero, such that

\sum m
i=1\alpha 

k
i Xi(p

k) = 0.
Without loss of generality, we may normalize these scalars so that

\sum m
i=1 | \alpha k

i | 2 = 1
for each k. Since the unit sphere in \BbbR m is compact, there exists a subsequence
(\alpha 

kj

1 , . . . , \alpha 
kj
m ) that converges to some vector (\alpha 1, . . . , \alpha m) with

\sum m
i=1 | \alpha i| 2 = 1. More-

over, as limj\rightarrow +\infty pkj = p and X1, . . . ,Xm are continuous, we have

0 = lim
j\rightarrow \infty 

m\sum 
i=1

\alpha 
kj

i Xi(p
kj ) =

m\sum 
i=1

\alpha iXi(p).

This implies that the nonzero vector (\alpha 1, . . . , \alpha m) is a nontrivial linear combination
of X1(p), . . . ,Xm(p) that vanishes, contradicting the linear independence of these
vectors at p. Therefore, there must exist some \epsilon > 0 such that for all q \in \BbbB \epsilon (p) the set
\{ X1(q), . . . ,Xm(q)\} is linearly independent on Tq\BbbM .

We conclude this section by noting that the subspace in Tq\BbbM spanned by a set
C \subset Tq\BbbM will also be denoted by Span(C).

2. Preliminaries. This section defines essential notations and concepts in
Euclidean and Riemannian geometry, reviews the basics for addressing the Euclidean
problem (1.1), and uses a submanifold concept to rewrite it as an intrinsic nonlinear
optimization problem, yielding new results.

2.1. Nonlinear optimization problems on Euclidean space. The feasible
set \Omega \subset \BbbR n of problem (1.1) and the set of indices of active inequality constraints at
p\in \Omega , denoted by \scrA (p), are defined, respectively, as follows:

\Omega := \{ q \in \BbbR n | h(q) = 0, H(q) = 0, G(q)\leq 0\} , \scrA (p) := \{ j \in \{ 1, . . . ,m\} | Gj(p) = 0\} .
(2.1)

It is easy to see that \Omega is closed, as h, H, and G are continuous functions. We say
that the KKT conditions are satisfied at p\in \Omega when there exist Lagrange multipliers
(\eta ,\lambda ,\mu )\in \BbbR t \times \BbbR s \times \BbbR m

+ such that the following two conditions hold:
(i) L\prime (p, \eta ,\lambda ,\mu ) = 0,
(ii) \mu j = 0 for all j /\in \scrA (p),

where L(\cdot , \eta , \lambda ,\mu ) : \BbbR n\rightarrow \BbbR is the Lagrangian function associated with problem (1.1),
defined by

L(q, \eta ,\lambda ,\mu ) := f(q) +

t\sum 
\ell =1

\eta \ell h\ell (q) +

s\sum 
i=1

\lambda iHi(q) +

m\sum 
j=1

\mu jGj(q),

and L\prime (q, \eta ,\lambda ,\mu ) is its gradient.1 For p \in \Omega , the linearized cone \scrL (p) associated with
\Omega at p is defined by

\scrL (p) :=
\bigl\{ 
v \in \BbbR n | h\ell (p)

\top v= 0, \ell = 1, . . . , t; H\prime 
i(p)

\top v= 0, i= 1, . . . , s; G\prime 
j(p)

\top v\leq 0, j \in \scrA (p)
\bigr\} 
,

and, by the definition of the polar cone, its polar \scrL (p)\circ is given by

\scrL (p)\circ =

\Biggl\{ 
v \in \BbbR n | v=

t\sum 
\ell =1

\eta \ell h
\prime 
\ell (p) +

s\sum 
i=1

\lambda iH
\prime 
i(p) +

m\sum 
j=1

\mu jG
\prime 
j(p), \mu j \geq 0, \eta \ell , \lambda i \in \BbbR 

\Biggr\} 
.

(2.2)

1Although the Lagrangian L is a function of four variables, to simplify the notation, we denote
by L\prime (q, \eta ,\lambda ,\mu ) the gradient with respect to the first variable.
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472 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

In the following, for the sake of conciseness, we introduce some notations. Define the
following two sets

\scrT := \{ 1, . . . , t\} , \scrS := \{ 1, . . . , s\} ,(2.3)

and consider \=\scrT \subset \scrT , \scrI \subset \scrS , and \scrJ \subset \scrA (p). For a given q \in \Omega , we define the following
multisets of vectors:

[h\prime 
\=\scrT ,H

\prime 
\scrI ,G

\prime 
\scrJ ](q) :=

\bigl( 
\{ h\prime 

\ell (q) | \ell \in \=\scrT \} \cup \{ H \prime 
i(q) | i\in \scrI \} 

\bigr) 
\cup \{ G\prime 

j(q) | j \in \scrJ \} .(2.4)

If one or two of the sets \=\scrT , \scrI , or \scrJ are empty, the corresponding terms will be
omitted from (2.4). For instance, for \=\scrT = \varnothing , the set in (2.4) will be denoted by
[H \prime 

\scrI ,G
\prime 
\scrJ ](q) := \{ H \prime 

i(q) | i\in \scrI \} \cup \{ G\prime 
j(q) | j \in \scrJ \} . In addition, for the sake of simplicity,

we set h\prime := h\prime 
\scrT and H \prime :=H \prime 

\scrS . Two constraint qualifications that will be used later
are stated below.

Definition 2.1. A point p\in \Omega is said to satisfy the linear independence constraint
qualification (LICQ) if the set [h\prime ,H \prime ,G\prime 

\scrA (p)](p) is linearly independent. It satisfies the
Mangasarian--Fromovitz constraint qualification (MFCQ) if the set [h\prime ,H \prime ,G\prime 

\scrA (p)](p)
is positive-linearly independent with respect to the multiset [G\prime 

\scrA (p)](p).

We end this section by recalling the (Euclidean) safeguarded augmented Lagrangian
algorithm for solving problem (1.1), which uses the standard Powell--Hestenes--
Rockafellar augmented Lagrangian function given in (1.2); see [4, 8, 21, 38].

Algorithm 2.1 Euclidean safeguarded augmented Lagrangian algorithm.

Step 0. Let p0 \in \BbbR n, \tau \in [0,1), \gamma > 1, \eta min < \eta max, \lambda min <\lambda max, \mu max > 0, and
\rho 1 > 0 be given. Also, take \=\eta 1 \in [\eta min, \eta max]

t, \=\lambda 1 \in [\lambda min, \lambda max]
s, and

\=\mu 1 \in [0, \lambda max]
m initial Lagrange multipliers estimates, and (\epsilon k)k\in \BbbN \subset \BbbR + a

sequence of tolerance parameters such that limk\rightarrow \infty \epsilon k = 0. Set k\leftarrow 1.
Step 1. (Solve the subproblem) Compute (if possible) pk \in \BbbR n such that\bigm\| \bigm\| L\prime 

\rho k
(pk, \=\eta k, \=\lambda k, \=\mu k)

\bigm\| \bigm\| 
\infty \leq \epsilon k.

If it is not possible, then stop the execution of the algorithm and declare
failure.

Step 2. (Estimate new multipliers) Compute

\eta k = \=\eta k + \rho kh(p
k), \lambda k = \=\lambda k + \rho kH(pk), \mu k =

\bigl[ 
\=\mu k + \rho kG(pk)

\bigr] 
+
.

Step 3. (Update the penalty parameter) Define \nu k := \mu k - \=\mu k

\rho k
. If k= 1 or

max
\Bigl\{ \bigm\| \bigm\| \bigm\| (h(pk),H(pk))

\bigm\| \bigm\| \bigm\| 
\infty 
,
\bigm\| \bigm\| \bigm\| \nu k\bigm\| \bigm\| \bigm\| 

\infty 

\Bigr\} 
\leq \tau max

\Bigl\{ \bigm\| \bigm\| \bigm\| (h(pk - 1),H(pk - 1))
\bigm\| \bigm\| \bigm\| 
\infty 
,
\bigm\| \bigm\| \bigm\| \nu k - 1

\bigm\| \bigm\| \bigm\| 
\infty 

\Bigr\} 
,

set \rho k+1 = \rho k. Otherwise, set \rho k+1 = \gamma \rho k.
Step 4. (Update safeguarded multipliers) Compute \=\eta k+1 \in [\eta min, \eta max]

t, \=\lambda k+1 \in 
[\lambda min, \lambda max]

s, and \=\mu k+1 \in [0, \mu max]
m.

Step 5. (Begin a new iteration) Set k\leftarrow k+ 1 and go to Step 1.
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AN AL METHOD FOR NLP VIA RIEMANNIAN OPTIMIZATION 473

In practice, Step 1 of the algorithm may fail if the subproblem minq\in \BbbR n L\rho k

\bigl( 
q, \eta k,

\lambda k, \mu k
\bigr) 
cannot be solved to the required tolerance \varepsilon k. This may occur due to nu-

merical issues such as divergence of the chosen optimization method, ill-conditioning,
limitations in the computational solver, or simply because the subproblem has no so-
lution. In practical implementations, we monitor whether the inner solver produces a
minimizer pk satisfying \| L\prime 

\rho k

\bigl( 
pk, \eta k, \lambda k, \mu k

\bigr) 
\| \infty \leq \varepsilon k. If no such pk is found within the

available computational budget, the algorithm declares failure. It is worth noting that
Step 1, as stated, may not always be directly implementable, which must be addressed
in practical implementations. However, to proceed with our theoretical analysis, we
assume that it is successful. Algorithm 2.1 is widely recognized for its ability to gen-
erate AKKT sequences (see [7, 20]). Under strict constraint qualifications such as
CRSC, or even weaker conditions, all limit points of such a sequence satisfy the KKT
conditions (see, for example, [9, 12]). In the subsequent section, we introduce new
strict constraint qualifications for problem (1.1). In this new scenario, it is no longer
guaranteed that the limit points of the sequence generated by Algorithm 2.1 satisfy
the KKT conditions. Therefore, we will employ tools from Riemannian geometry
to establish a connection between these new strict constraint qualifications and the
Riemannian strict constraint qualifications introduced in [5]. Consequently, the Rie-
mannian version of Algorithm 2.1, an intrinsic algorithm introduced in [55], generates
AKKT sequences for problem (1.1). Under these new strict constraint qualifications,
we will show that all its limit points satisfy the KKT conditions.

2.2. Nonlinear optimization problems on embedded submanifolds. In
this subsection, we revisit some intrinsic strict constraint qualifications introduced in
general Riemannian manifolds, focusing particularly on cases where the manifold is
an embedded submanifold of Euclidean space. Hereafter, we assume that

(H1) the set [h\prime ](p) is linearly independent, for all p\in \BbbR n.
The assumption (H1) ensures that the set defined by the equality constraints h(p) = 0
is an embedded submanifold of dimension n  - t of \BbbR n. This guarantees a constant
dimension for the tangent spaces associated with the submanifold, thus ensuring that
projection operators onto these tangent spaces are well-defined and continuous. This
assumption is central to our theoretical developments. Additionally, various sets of
the form (1.3) satisfying (H1) arise naturally in many practical applications; see, for
instance, [23] and [2] for further discussions and examples. It is worth noting that
(H1) only needs to be satisfied locally, specifically in a neighborhood of the KKT
point. Unless all gradients of the equality constraints vanish (i.e., unless the problem
is highly degenerate), one can select a maximally linearly independent set of gradients
at that point. The corresponding equality constraints then serve as coordinates for
h. By applying Lemma 1.3, the function h defined in this manner satisfies (H1) in a
neighborhood of the point under consideration. In this way, the specific submanifold
under consideration is as follows:

\BbbM := \{ q \in \BbbR n | h(q) = 0\} ,(2.5)

where h = (h1, . . . , ht) : \BbbR n \rightarrow \BbbR t is continuously differentiable on \BbbR n. We denote
by \langle \cdot , \cdot \rangle the metric in \BbbM induced from the Euclidean metric in \BbbR n, and by \| \cdot \| the
associated norm. Although a different metric could be used, we adopt this approach
for the sake of simplicity.

We use (2.5) to rewrite problem (1.1) in a more convenient form as an intrinsic
nonlinear optimization problem, stated equivalently as follows,
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474 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

minimize
q\in \BbbM 

f(q) subject to H(q) = 0, G(q)\leq 0,(2.6)

where f : \BbbM \rightarrow \BbbR , H = (H1, . . . ,Hs) : \BbbM \rightarrow \BbbR s, and G = (G1, . . . ,Gm) : \BbbM \rightarrow \BbbR m are
continuously differentiable on \BbbM . We denote the intrinsic feasible set with respect to
the submanifold \BbbM for problem (2.6) as \Omega \BbbM \subset \BbbM , and we denote the set of indices of
active inequality constraints at p\in \Omega \BbbM by \scrA \BbbM (p), given by

\Omega \BbbM := \{ q \in \BbbM | H(q) = 0, G(q)\leq 0\} , \scrA \BbbM (p) := \{ j \in \{ 1, . . . ,m\} | Gj(p) = 0\} .
(2.7)

Remark 1. Problems (1.1) and (2.6) are topologically identical and, in particular,
have the same solutions. Additionally, from (2.1) and (2.7), we have \Omega = \Omega \BbbM and
\scrA (p) = \scrA \BbbM (p). However, we emphasize that the functions f , H, and G in problem
(1.1) are conceptually different from those in problem (2.6), as they are now defined as
functions on the Riemannian manifold. Consequently, the gradients of the functions
f , Hi, and Gj are computed using formula (1.9), specifically gradf(q) = Projq f

\prime (q),
gradHi(q) = Projq H

\prime 
i(q), and gradGj(q) = Projq G

\prime 
j(q).

The intrinsic KKT conditions are deemed satisfied at p\in \Omega \BbbM if there exist corre-
sponding Lagrange multipliers (\lambda ,\mu ) \in \BbbR s \times \BbbR m

+ that fulfill the following two condi-
tions,

(i) grad\BbbL (p,\lambda ,\mu ) = 0,
(ii) \mu j = 0, for all j /\in \scrA \BbbM (p),

where \BbbL (\cdot , \lambda ,\mu ) : \BbbM \rightarrow \BbbR is the Lagrangian function associated with problem (2.6) and
is defined as follows,

\BbbL (q,\lambda ,\mu ) := f(q) +

s\sum 
i=1

\lambda iHi(q) +

m\sum 
j=1

\mu jGj(q),

and its intrinsic gradient,2 denoted by grad\BbbL (q,\lambda ,\mu )\in Tq\BbbM , is given by

grad\BbbL (q,\lambda ,\mu ) := gradf(q) +

s\sum 
i=1

\lambda i gradHi(q) +

m\sum 
j=1

\mu j gradGj(q).

Similarly to section 2.1, we introduce some notations for conciseness. Let \scrS as in
(2.3), and consider \scrI \subset \scrS and \scrJ \subset \scrA \BbbM (p). For a given q \in \Omega \BbbM , define the following
sets of vectors:

[gradH\scrI ,gradG\scrJ ](q) := \{ gradHi(q) | i\in \scrI \} \cup \{ gradGj(q) | j \in \scrJ \} .(2.8)

If one of the sets \scrI or \scrJ is empty, then the corresponding set will not appear in
(2.8). For instance, for \scrI = \varnothing , the set in (2.4) will be denoted by [gradG\scrJ ](q) :=
\{ gradGj(q) | j \in \scrJ \} . In addition, for the sake of simplicity, we set gradH := gradH\scrS .
Next, we recall two intrinsic constraint qualifications for problem (2.6), which were
introduced in [56] and [15], respectively.

Definition 2.2. A point p \in \Omega \BbbM is said to satisfy the LICQ if [gradH,grad
G\scrA \BbbM (p)](p) is linearly independent. It satisfies the MFCQ if [gradH,gradG\scrA \BbbM (p)](p)
is positive-linearly independent with respect to the multiset [gradG\scrA \BbbM (p)](p).

For the sake of convenience, we recall the following strict constraint qualifica-
tions which were originally introduced and studied on a general Riemannian manifold
in [5].

2Although the Lagrangian \BbbL is a function of three variables, to simplify the notation, we denote
by grad\BbbL (q,\lambda ,\mu ) the gradient with respect to the first variable.
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AN AL METHOD FOR NLP VIA RIEMANNIAN OPTIMIZATION 475

Definition 2.3. A point p\in \Omega \BbbM is said to satisfy the following:
(i) the CRCQ if for any \scrI \subset \scrS and \scrJ \subset \scrA \BbbM (p), whenever the set [gradH\scrI ,

gradG\scrJ ](p) is linearly dependent, there exists \epsilon > 0 such that [gradH\scrI ,grad
G\scrJ ](q) is linearly dependent for all q \in \BbbB \epsilon (p).

(ii) the CPLD if for any \scrI \subset \scrS and \scrJ \subset \scrA \BbbM (p), whenever the set [gradH\scrI ,grad
G\scrJ ](p) is positive-linearly dependent with respect to [gradG\scrJ (p)], there exists
\epsilon > 0 such that [gradH\scrI ,gradG\scrJ ](q) is linearly dependent for all q \in \BbbB \epsilon (p).

(iii) the RCRCQ if there exists \epsilon > 0 such that the following two conditions hold:
(a) the rank of [gradH](q) is constant for all q \in \BbbB \epsilon (p);
(b) let \scrK \subset \scrS such that [gradH\scrK ](p) is a basis for Span([gradH](p)). For all
\scrJ \subset \scrA \BbbM (p), if [gradH\scrK ,gradG\scrJ ](p) is linearly dependent, then [gradH\scrK ,
gradG\scrJ ](q) is linearly dependent for all q \in \BbbB \epsilon (p).

(iv) the RCPLD if there exists \epsilon > 0 such that the following two conditions hold:
(a) the rank of [gradH](q) is constant for all q \in \BbbB \epsilon (p);
(b) Let \scrK \subset \scrS such that [gradH\scrK ](p) is a basis for Span([gradH](p)). For all
\scrJ \subset \scrA \BbbM (p), if [gradH\scrK ,gradG\scrJ ](p) is positive-linearly dependent with
respect to [gradG\scrJ (p)], then [gradH\scrK ,gradG\scrJ ](q) is linearly dependent
for all q \in \BbbB \epsilon (p).

In Definition 2.3, the key condition is the local persistence of linear dependence or
positive linear dependence under small perturbations. It is important to emphasize
that while the local persistence of linear independence naturally holds under small
perturbations (as formally shown in Lemma 1.4), the same does not generally apply
to the local persistence of linear dependence or positive-linear dependence. Below we
recall an intrinsic version of the sequential optimality conditions, which are satis-
fied at a local minimizer of problem (2.6) in the absence of constraint qualifications.
Specifically, we consider the AKKT conditions, introduced in the general context
of Riemannian manifolds in [55], and the PAKKT conditions, proposed in [5]. Let
p \in \Omega \BbbM , (pk)k\in \BbbN \subset \BbbM , (\lambda k)k\in \BbbN \subset \BbbR s, (\mu k)k\in \BbbN \subset \BbbR m

+ , and consider the following
statements:

(i) limk\rightarrow \infty pk = p;
(ii) limk\rightarrow \infty grad\BbbL (pk, \lambda k, \mu k) = 0;
(iii) \mu k

j = 0 for all j /\in \scrA \BbbM (p) and sufficiently large k;
(iv) if \gamma k := \| (1, \lambda k, \mu k)\| \infty \rightarrow +\infty it holds that

lim
k\rightarrow \infty 

\bigm| \bigm| \lambda k
i

\bigm| \bigm| 
\gamma k

> 0 =\Rightarrow \lambda k
iHi(p

k)> 0 \forall k \in \BbbN 

and

lim
k\rightarrow \infty 

\mu k
j

\gamma k
> 0 =\Rightarrow \mu k

jGj(p
k)> 0 \forall k \in \BbbN .

It is worth noting that there is nothing special about the constant ``1"" in the expression
\gamma k := \| (1, \lambda k, \mu k)\| \infty ; this is simply a choice that ensures it is always strictly positive,
thereby preventing division by zero in algebraic manipulations involving it.

Definition 2.4. Assume that p \in \Omega \BbbM . If there exist sequences (pk)k\in \BbbN \subset \BbbM ,
(\lambda k)k\in \BbbN \subset \BbbR s, and (\mu k)k\in \BbbN \subset \BbbR m

+ such that
(1) conditions (i), (ii), and (iii) hold, then p \in \Omega \BbbM is called an AKKT point for

problem (2.6);
(2) conditions (i), (ii), (iii), and (iv) hold, then p\in \Omega \BbbM is called a PAKKT point

for problem (2.6).
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476 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

Note that PAKKT is a necessary optimality condition, as shown in [5] for general
Riemannian manifolds, not necessarily embedded submanifolds of \BbbR n. It is also worth
noting that, for embedded submanifolds of \BbbR n, this result follows directly from [17, 46].
Consequently, AKKT is also a necessary condition, as any point satisfying PAKKT
automatically fulfills AKKT.

Theorem 2.1. Let p \in \Omega \BbbM be a local minimizer for problem (2.6). Then p is a
PAKKT point.

Next, we recall two other constraint qualifications introduced for general Rie-
mannian manifolds in [5]. To facilitate our discussion, let us first establish the follow-
ing definition: For p \in \Omega \BbbM , we denote by \scrL \BbbM (p) the linearized cone associated with
\Omega \BbbM at p which is defined as

\scrL \BbbM (p) =
\bigl\{ 
v \in Tp\BbbM | \langle gradHi(p), v\rangle = 0, i= 1, . . . , s; \langle gradGj(p), v\rangle \leq 0 \forall j \in \scrA \BbbM (p)

\bigr\} 
,

and its polar is given by

\scrL \BbbM (p)
\circ =

\Biggl\{ 
v \in Tp\BbbM | v=

s\sum 
i=1

\lambda i gradHi(p) +

m\sum 
j=1

\mu j gradGj(p), \mu j \geq 0, \lambda i \in \BbbR 

\Biggr\} 
.

The linearized cone is fundamental in the study of constraint qualifications in
both Euclidean and Riemannian settings. Its relationship with the tangent cone, as
well as its theoretical foundations in the Riemannian context, is discussed in detail
in [15].

Definition 2.5. A point p\in \Omega \BbbM is said to satisfy the CRSC if there exists \epsilon > 0
such that for \scrJ  - 

\BbbM (p) = \{ j \in \scrA \BbbM (p)|  - gradGj(p) \in \scrL \BbbM (p)
\circ \} , the rank of the set

[gradH,gradG\scrJ  - (p)](q) remains constant for all q \in \BbbB \epsilon (p).

Next, we revisit the lower constraint qualification previously introduced for gen-
eral Riemannian manifolds in [5], which serves as the counterpart to its Euclidean
version first introduced in [35]; see also [16, 17, 46, 27].

Definition 2.6. A point p\in \Omega \BbbM satisfies the QN if there do not exist \lambda \in \BbbR s and
\mu \in \BbbR m

+ such that
(i)

\sum s
i=1 \lambda i gradHi(p) +

\sum 
j\in \scrA \BbbM (p) \mu j gradGj(p) = 0;

(ii) \mu j = 0 for all j /\in \scrA \BbbM (p) and (\lambda ,\mu ) \not = 0;
(iii) for all \epsilon > 0, there exists q \in \BbbB \epsilon (p) such that \lambda iHi(q) > 0 for all j \in \scrS with

\lambda i \not = 0 and \mu jGj(q)> 0 for all j \in \scrA \BbbM (p) with \mu j > 0.

In the following, we present an augmented Lagrangian algorithm to address prob-
lem (1.1) by refraining from penalizing the constraint set \{ q \in \BbbR n | h(q) = 0\} and
instead focusing on penalizing the constraint set \{ q \in \BbbR n | H(q) = 0, G(q) \leq 0\} .
For this purpose, we recall the intrinsic safeguarded augmented Lagrangian algorithm
introduced in [55], specifically designed for optimization on Riemannian manifolds.
This algorithm was initially designed to solve problem (2.6), which represents the
Riemannian version of problem (1.1). The formulation of the algorithm involves the
partial Powell--Hestenes--Rockafellar augmented Lagrangian function defined by (1.4).
The intrinsic safeguarded augmented Lagrangian algorithm is stated as follows.

In practice, Step 1 of Algorithm 2.2 can fail for similar reasons as described for
Algorithm 2.1, such as numerical difficulties or the absence of a feasible solution to the
subproblem. Although practical implementations must handle such potential failures,
for theoretical purposes, we assume that Step 1 is successfully completed. The capabil-
ity of Algorithm 2.2 to generate AKKT sequences for problem (2.6) was demonstrated
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AN AL METHOD FOR NLP VIA RIEMANNIAN OPTIMIZATION 477

Algorithm 2.2 Intrinsic safeguarded augmented Lagrangian algorithm.

Step 0. Let p0 \in \BbbM = \{ q \in \BbbR n | h(q) = 0\} , \tau \in [0 , 1), \gamma > 1, \lambda min <\lambda max, \mu max > 0,
and\rho 1 > 0 be given. Also, take \=\lambda 1 \in [\lambda min, \lambda max]

s and \=\mu 1 \in [0, \mu max]
m initial

Lagrange multipliers estimates, and (\epsilon k)k\in \BbbN \subset \BbbR + a sequence of tolerance
parameters such that limk\rightarrow \infty \epsilon k = 0. Set k\leftarrow 1.

Step 1. (Solve the subproblem) Compute (if possible) pk \in \BbbM such that\bigm\| \bigm\| grad\BbbL \rho k
(pk, \=\lambda k, \=\mu k)

\bigm\| \bigm\| \leq \epsilon k.(2.9)

If it is not possible, then stop the execution of the algorithm and declare
failure.

Step 2. (Estimate new multipliers) Compute

\lambda k = \=\lambda k + \rho kH(pk), \mu k =
\bigl[ 
\=\mu k + \rho kG(pk)

\bigr] 
+
.

Step 3. (Update the penalty parameter) Define \nu k = \mu k - \=\mu k

\rho k
. If k= 1 or

max
\bigl\{ \bigm\| \bigm\| H(pk)

\bigm\| \bigm\| 
\infty ,

\bigm\| \bigm\| \nu k\bigm\| \bigm\| \infty \bigr\} 
\leq \tau max

\bigl\{ \bigm\| \bigm\| H(pk - 1)
\bigm\| \bigm\| 
\infty ,

\bigm\| \bigm\| \nu k - 1
\bigm\| \bigm\| 
\infty 

\bigr\} 
,

set \rho k+1 = \rho k. Otherwise, set \rho k+1 = \gamma \rho k.
Step 4. (Update safeguarded multipliers) Compute \=\lambda k+1 \in [\lambda min , \lambda max]

s and
\=\mu k+1 \in [0 , \mu max]

m.
Step 5. (Begin a new iteration) Set k\leftarrow k+ 1 and go to Step 1.

in [55], while in [5] it was proven that it also produces PAKKT sequences. For the
reader's convenience and future reference, we revisit the main convergence results of
Algorithm 2.2 established in [5].

Theorem 2.2. Suppose that p\in \Omega \BbbM satisfies RCPLD or CRSC. If p is an AKKT
point, then p is a KKT point for problem (2.6).

Theorem 2.3. Let p \in \Omega \BbbM be a PAKKT point with associated primal sequence
(pk)k\in \BbbN and dual sequence (\lambda k, \mu k)k\in \BbbN . Assume that p satisfies QN. Then (\lambda k, \mu k)k\in \BbbN 
is a bounded sequence. In particular, p satisfies the KKT conditions for problem (2.6)
and any limit point of (\lambda k, \mu k)k\in \BbbN is a Lagrange multiplier associated with p.

Theorem 2.4. Assume that Algorithm 2.2 generates an infinite sequence (pk)k\in \BbbN 
with a feasible limit point p, say, limk\in K pk = p, where K \subset \BbbN is an infinity sunset.
Then, p is a PAKKT point with corresponding primal sequence (pk)k\in K and dual
sequence (\lambda k, \mu k)k\in K as generated by Algorithm 2.2. In particular, if RCPLD or
CRSC hold, p is a KKT point for problem (2.6). Alternatively, if QN holds, p is a
KKT point for problem (2.6) and (\lambda k, \mu k)k\in K is bounded with any of its limit points
being a Lagrange multiplier associated with p.

Note that Algorithm 2.2 tends to generate feasible limit points. This stems from
the fact that limit points are stationary to an infeasibility measure; see
[55, Theorem 3].

3. Lower SCQ. Let us now recall the Euclidean nonlinear programming prob-
lem (1.1). Inspired by the Riemannian approach, we will propose new weak constraint
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478 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

qualifications for problem (1.1). We will show that the new conditions are able to
provide standard global convergence results to a constrained augmented Lagrangian
method where a subset of linearly independent equality constraints are kept within
the subproblems. These are termed lower-level constraints, which inspire the name
of the conditions. Let us start by the extension of the sequential optimality condi-
tions AKKT and PAKKT, which will be generated by the constrained algorithm we
propose.

That is, in the absence of constraint qualifications, the following definition in-
troduces sequential optimality conditions, which will be shown to be fulfilled by a
local minimizer of problem (1.1). Consider the nonlinear programming problem (1.1)
under assumption (H1). Let p \in \Omega , (pk)k\in \BbbN \subset \{ q \in \BbbR n | h(q) = 0\} , (\eta k)k\in \BbbN \subset \BbbR t,
(\lambda k)k\in \BbbN \subset \BbbR s, (\mu k)k\in \BbbN \subset \BbbR m

+ , and consider the following statements:
(i) limk\rightarrow \infty pk = p;
(ii) limk\rightarrow \infty L\prime (pk, \eta k, \lambda k, \mu k) = 0;
(iii) \mu k

i = 0 for all j /\in \scrA (p) and sufficiently large k;
(iv) if \gamma k := \| (1, \lambda k, \mu k)\| \infty \rightarrow +\infty it holds that

lim
k\rightarrow \infty 

\bigm| \bigm| \lambda k
i

\bigm| \bigm| 
\gamma k

> 0 =\Rightarrow \lambda k
iHi(p

k)> 0 \forall k \in \BbbN 

and

lim
k\rightarrow \infty 

\mu k
\ell 

\gamma k
> 0 =\Rightarrow \mu k

\ell Gi(p
k)> 0 \forall k \in \BbbN .

Definition 3.1. Assume that p \in \Omega . If there exist sequences (pk)k\in \BbbN \subset \{ q \in \BbbR n | 
h(q) = 0\} , (\eta k)k\in \BbbN \subset \BbbR t, (\lambda k)k\in \BbbN \subset \BbbR s, and (\mu k)k\in \BbbN \subset \BbbR m

+ such that
(1) conditions (i), (ii), and (iii) hold, then p \in \Omega is called a lower-AKKT point

for problem (1.1);
(2) conditions (i), (ii), (iii), and (iv) hold, then p\in \Omega is called a lower-PAKKT

point for problem (1.1).

The difference with respect to the standard definition is that the sequence (xk)k\in \BbbN 
must be feasible with respect to the equality constraints that satisfy assumption (H1)
while the sign control (iv) is not required for these constraints; see [17, 46]. The
companion lower constraint qualifications are defined as follows.

Definition 3.2. Consider the nonlinear programming problem (1.1) under as-
sumption (H1). Let \Omega and \scrA (p), where p \in \Omega , be given by (2.1). The point p \in \Omega is
said to satisfy

(i) the lower-CRCQ, if for any \scrI \subset \scrS and \scrJ \subset \scrA (p), whenever the set [h\prime ,H \prime 
\scrI ,

G\prime 
\scrJ ](p) is linearly dependent, there exists \epsilon > 0 such that [h\prime ,H \prime 

\scrI ,G
\prime 
\scrJ ](q) is

linearly dependent for all q \in B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} .
(ii) the lower-CPLD, if for any \scrI \subset \scrS and \scrJ \subset \scrA (p), whenever the set [h\prime ,H \prime 

\scrI ,
G\prime 

\scrJ ](p) is positive-linearly dependent, there exists \epsilon > 0 such that [h\prime ,H \prime 
\scrI ,

G\prime 
\scrJ ](q) is linearly dependent for all q \in B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} .

(iii) the lower-RCRCQ if there exists \epsilon > 0 such that the following two conditions
hold:
(a) the rank of [h\prime ,H \prime ](q) is constant for all q \in B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} ;
(b) let \scrK \subset \scrS be such that [h\prime ,H \prime 

\scrK ](p) is a basis for Span([h\prime ,H \prime ](p)). For all
\scrJ \subset \scrA (p), if [h\prime ,H \prime 

\scrK ,G
\prime 
\scrJ ](p) is linearly dependent, then [h\prime ,H \prime 

\scrK ,G
\prime 
\scrJ ](q)

is linearly dependent for all q \in B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} .
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AN AL METHOD FOR NLP VIA RIEMANNIAN OPTIMIZATION 479

(iv) the lower-RCPLD, if there exists \epsilon > 0 such that the following two conditions
hold:
(a) the rank of [h\prime ,H \prime ](q) is constant for all q \in B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} ;
(b) let \scrK \subset \scrS be such that [h\prime ,H \prime 

\scrK ](p) is a basis for Span([h\prime ,H \prime ](p)). For all
\scrJ \subset \scrA (p), if [h\prime ,H \prime 

\scrK ,G
\prime 
\scrJ ](p) is positive-linearly dependent, then the set

[h\prime ,H \prime 
\scrK ,G

\prime 
\scrJ ](q) is linearly dependent for all q \in B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} .

As in Definition 2.3, the central condition in Definition 3.2 is the local persis-
tence of linear or positive-linear dependence under small perturbations. It is worth
emphasizing again that, while the local persistence of linear independence naturally
holds under small perturbations (as established by Lemma 1.4), the same does not
generally hold true for the local persistence of linear or positive-linear dependence.
As previously mentioned, the motivation behind the development of Definition 3.2
arises from the application of penalty methods or augmented Lagrangian methods
for solving nonlinear programming problems where a subset of equality constraints
are kept within the subproblems. This approach provides the flexibility to preselect
constraints---referred to as lower-level constraints---that align with specific interests
or are simpler to handle, while penalizing only the more challenging constraints. Ad-
ditionally, it ensures that the sequence generated by the chosen minimization method
remains feasible for these lower-level constraints. This guarantees that when the
stopping criterion for this method is satisfied at some point, the feasibility of those
constraints is maintained.

The difference between the new strict constraint qualifications introduced in Def-
inition 3.2 and the standard strict constraint qualifications lies in the requirement
that the condition be satisfied at a smaller number of points. Specifically, the new
conditions must be satisfied in a neighborhood of the point restricted to a previously
chosen set of constraints, namely, B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} . In contrast, the standard
strict constraint qualifications require the point to satisfy the defining condition in a
full neighborhood, i.e., B\epsilon (p), which is naturally more challenging to fulfill. Addition-
ally, the definitions of (R)CRCQ and (R)CPLD are simplified by taking into account
assumption (H1). That is, CRCQ and CPLD require taking into consideration h\prime 

\=\scrI ,
where \=\scrI \subset \scrT , while lower-CRCQ and lower-CPLD require only h\prime . Also, in item (b)
of RCRCQ and RCPLD, h\prime 

\=\scrK is required where \=\scrI \subset \scrS while only h\prime is considered in
lower-RCRCQ and lower-RCPLD. Thus it is clear that these definitions imply the
usual ones. An example where the implication is strict will be given considering a
definition of lower-CRSC which we provide next:

Definition 3.3. A point p \in \Omega is said to satisfy the lower-CRSC) if there exists
\epsilon > 0 such that for \scrJ  - (p) = \{ j \in \scrA (p) | \pm G\prime 

j(p) \in \scrL (p)\circ \} , the rank of the set
[h\prime ,H \prime ,G\prime 

\scrJ  - (p)](q) is constant for all q \in B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} .

Note that the standard CRSC condition requires the matrix [h\prime ,H \prime ,G\prime 
\scrJ  - (p)](q) to

have constant rank for all q \in B\epsilon (p). In contrast, the lower-CRSC condition imposes
the same constant rank requirement but only for points satisfying the lower-level
constraint, i.e., for q \in B\epsilon (p) \cap \{ q \in \BbbR n | h(q) = 0\} . Consequently, we obtain the
following theorem.

Theorem 3.1. Let p\in \Omega satisfy CRSC for problem (1.1) and assume (H1). Then,
p also satisfies lower-CRSC.

The following example demonstrates that the implication in Theorem 3.1 is strict
and cannot be reversed.
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480 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

Example 1. Let n \geq 4 and u, v,w \in \BbbR n\times 1 be linearly independent vectors. Let
h,H1,G1,G2 : \BbbR n\rightarrow \BbbR be defined as follows,

h(x) := u\top x, H1(x) := (u\top x)2(v\top x), G1(x) := (u\top x)2  - w\top x, G2(x) :=w\top x,

and consider an optimization problem with the feasible set \Omega := \{ x \in \BbbR n | h(x) =
0,H1(x) = 0,G1(x) \leq 0,G2(x) \leq 0\} . It is easy to see that \Omega = Span(\{ u,w\} )\bot . The
Euclidean gradients of h, H1, G1, and G2 are given, respectively, by

h\prime (x) = u, H \prime 
1(x) = 2(u\top x)(v\top x)u+ (u\top x)2v, G\prime 

1(x) = 2(u\top x)u - w, G\prime 
2(x) =w.

(3.1)

We claim that not all x \in \Omega satisfy the usual CRSC constraint qualification. Indeed,
it follows from (2.2) and (3.1) that \scrJ  - (x) = \{ 1,2\} for all x \in \Omega . In addition, the
following two statements hold:

1. rank(\{ h\prime (y),H \prime 
1(y),G

\prime 
1(y),G

\prime 
2(y)\} ) = 2 for all y \in \BbbR n such that u\top y= 0;

2. rank(\{ h\prime (y),H \prime 
1(y),G

\prime 
1(y),G

\prime 
2(y)\} ) = 3 for all y \in \BbbR n such that u\top y \not = 0.

Thus, no points x \in \Omega satisfy the usual CRSC, as claimed. On the other hand, all
x \in \Omega satisfy lower-CRCQ. Indeed, we have rank(\{ h\prime (y),H \prime 

1(y),G
\prime 
1(y),G

\prime 
2(y)\} ) = 2

for all y \in \BbbR n with h(y) = 0.

We conclude this section by introducing a new constraint qualification, which we
term lower quasinormality.

Definition 3.4. A point p\in \Omega satisfies the lower-QN if there do not exist \eta \in \BbbR t,
\lambda \in \BbbR s, and \mu \in \BbbR m

+ such that
(i)

\sum t
i=1 \eta \ell h\ell (p) +

\sum s
i=1 \lambda iH

\prime 
i(p) +

\sum 
j\in \scrA (p) \mu jG

\prime 
j(p) = 0;

(ii) \mu j = 0 for all j /\in \scrA (p) and (\eta ,\lambda ,\mu ) \not = 0;
(iii) for all \epsilon > 0, there exists q \in B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} such that \lambda iHi(q)> 0

for all i\in \scrS with \lambda i \not = 0 and \mu jGj(q)> 0 for all j \in \scrA (p) with \mu j > 0.

It is worth mentioning that lower-QN differs from the usual QN definition in-
troduced in [35] (see also [16, 17, 46, 27]), only in item (iii). In the standard QN
definition for problem (1.1), this item is stated as follows:

(iii) for all \epsilon > 0, there exists q \in B\epsilon (p) such that \eta \ell h\ell (q) > 0 for all i \in \scrT with
\eta \ell \not = 0, \lambda iHi(q)> 0 for all i \in \scrS with \lambda i \not = 0, and \mu jGj(q)> 0 for all j \in \scrA (p)
with \mu j > 0.

The proof that the usual QN implies lower-QN for problem (1.1) under (H1) is
not immediate as in the case of the other lower-SCQs we introduced. Let us prove
this.

Theorem 3.2. Let p \in \Omega satisfy QN for problem (1.1) and assume (H1). Then,
p satisfies lower-QN.

Proof. Assume, by contradiction, that p \in \Omega does not satisfy lower-QN. Then,
there exist \eta \in \BbbR t, \lambda \in \BbbR s, and \mu \in \BbbR m

+ satisfying conditions (i), (ii), and (iii) in
Definition 3.4. Condition (iii) implies the existence of a sequence (pk)k\in \BbbN \subset \{ q \in \BbbR n | 
h(q) = 0\} such that limk\rightarrow +\infty pk = p. Furthermore, \lambda iHi(p

k) > 0 for all i \in \scrS with
\lambda i \not = 0, and \mu jGj(p

k) > 0 for all j \in \scrA (p) with \mu j > 0. Define the set \=\scrT := \{ i \in \scrT | 
\eta \ell \not = 0\} . If \=\scrT = \varnothing , then p also does not satisfy the classical definition of QN. Now,
assume \=\scrT \not =\varnothing . Consider the submatrix [h\prime 

\=\scrT ](p) of [h
\prime ](p), where [h\prime ](p) is the Jacobian

matrix of h, and the rows of [h\prime 
\=\scrT ](p) correspond to h\ell (p) for i\in \=\scrT . Since assumption

(H1) implies that h\prime 
1(p), . . . , h

\prime 
t(p) are linearly independent, it follows that there is no

vector \beta \=\scrT of order | \=\scrT | , with entries \beta i for i \in \=\scrT , such that [h\prime 
\=\scrT ](p)

\top \beta \=\scrT = 0 with

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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AN AL METHOD FOR NLP VIA RIEMANNIAN OPTIMIZATION 481

\beta \=\scrT \geq 0 and \beta \=\scrT \not = 0. By Gordan's alternative theorem (see, for example, [13, p. 51]),
it follows that there exists a vector d \in \BbbR n such that [h\prime 

\=\scrT ](p)d > 0 or, equivalently,
h\ell (p)

\top d > 0 for all i \in \=\scrT . Since we can make this construction replacing any h\prime 
\ell (p)

by  - h\prime 
\ell (p), we will assume that d is such that \eta \ell h\ell (p)

\top d > 0 for all i \in \=\scrT . On the
other hand, since \lambda iHi(p

k) > 0 for all i \in \scrS with \lambda i \not = 0 and \mu jGj(p
k) > 0 for all

j \in \scrA (p) with \mu j > 0, define sequences (qk)k\in \BbbN and (\varepsilon k)k\in \BbbN such that qk := pk + \varepsilon kd
with limk\rightarrow +\infty \varepsilon k = 0+ and \varepsilon k > 0 such that \lambda iHi(q

k)> 0 for all i\in \scrS with \lambda i \not = 0, and
\mu jGj(q

k) > 0 for all j \in \scrA (p) with \mu j > 0. Given that \eta \ell \not = 0, limk\rightarrow +\infty pk = p, and
limk\rightarrow +\infty \varepsilon k = 0+, we have limk\rightarrow +\infty (\eta \ell h\ell (p

k + \varepsilon kd) - \eta \ell h\ell (p
k))/\varepsilon k = \eta \ell h

\prime 
\ell (p)

\top d > 0
for all i \in \=\scrT . Therefore, since h\ell (p

k) = 0 for all k, there exists ki \in \BbbN such that
\eta \ell h\ell (q

k) = \eta \ell h\ell (p
k + \varepsilon kd) > 0 for all k > ki. Let \=k = max\{ ki | i \in \=\scrT \} . Consequently,

since limk\rightarrow +\infty pk = p, for any \epsilon > 0, there exists qk \in B\epsilon (p) such that \eta \ell h\ell (q
k) > 0

for all i \in \scrT with \eta \ell \not = 0, \lambda iHi(q
k) > 0 for all i \in \scrS with \lambda i \not = 0, and \mu jGj(q

k) > 0
for all j \in \scrA (p) with \mu j > 0 and all k \geq \=k. Since \eta \in \BbbR t, \lambda \in \BbbR s, and \mu \in \BbbR m

+

satisfy conditions (i) and (ii) in Definition 3.4, this contradicts the classical definition
of QN.

Let us now show that the above implication is strict. In fact, the following example
illustrates that there exist cases where the standard QN condition does not hold, while
the lower-QN condition holds. This confirms that the implication from the standard
QN to the lower-QN condition is strict and not reversible.

Example 2. Let n \geq 3 be a positive integer and u, v \in \BbbR n\times 1 be such that u \not = 0,
v \not = 0, u\top v= 0, and h,H1,G1 : \BbbR n\rightarrow \BbbR be functions defined, respectively, by

h(x) := u\top x - v\top x, H1(x) := (u\top x)2 + (v\top x)2, G1(x) := (u\top x)2  - (v\top x)2.

(3.2)

Let f : \BbbR n\rightarrow \BbbR be a function. Consider the following constrained optimization prob-
lem

minimize
x\in \BbbR n

f(x) subject to h(x) = 0, H1(x) = 0, G1(x)\leq 0.(3.3)

The Euclidean gradients of the functions h, H1, and G1 are given, respectively, by

h\prime (x) = u - v, H \prime 
1(x) = 2(u\top x)u+ 2(v\top x)v, G\prime 

1(x) = 2(u\top x)u - 2(v\top x)v.

(3.4)

Denote by \Omega = \{ x \in \BbbR n | h(x) = 0, H1(x) = 0, G1(x)\leq 0\} the feasible set of problem
(3.3). Thus, using (3.2) we have \Omega = Span\{ u, v\} \bot and \scrA (x) = \{ 1\} for all x\in \Omega . Thus,
by using (3.4), note that for items (i) and (ii) of Definition 3.4 to be satisfied at x\in \Omega 
we must take \eta = 0 and \lambda 1 \in \BbbR and \mu 1 \in \BbbR + are arbitrary. In addition, given \epsilon > 0
and x\in \Omega , we can choose y \in B\epsilon (x) with y /\in \Omega satisfying H1(y) = (u\top y)2+(v\top y)2 > 0
and G1(y) = (u\top y)2  - (v\top y)2 > 0. For instance, for y := x+ \alpha u we can choose \alpha > 0
such that y \in B\epsilon (x) and H1(y) = \alpha 2\| u\| 4 > 0 and G1(y) = \alpha 2\| u\| 4 > 0. Thus, choosing
\eta 1 = 0, \lambda 1 > 0, and \mu 1 > 0, all three items of the usual definition of QN are satisfied.
Hence, all x \in \Omega do not satisfy the usual QN. On the other hand, since G1(y) = 0
for all y \in B\epsilon (x) \cap \{ y \in \BbbR n : h(y) = 0\} , there is no \mu 1 > 0 satisfying item (iii) of
Definition 3.4 such that \mu 1G1(y)> 0. Therefore, all x\in \Omega satisfy lower-QN.

This section concludes by noting that the satisfaction of constraint qualifications
can depend on the chosen representation of the optimization problem. However, deter-
mining an ``optimal"" or ``ideal"" representation in advance is generally challenging or
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482 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

even infeasible in practice. Despite this difficulty, the constraint qualifications intro-
duced in this section explicitly acknowledge and clarify this representation-dependent
nature by emphasizing their advantages. Through theoretical analysis and the com-
putational experiments presented in section 5, the practical benefits of the intrinsic
formulation are demonstrated, particularly in simplifying the satisfaction of SCQ
compared to traditional formulations, which are widely recognized in the literature as
fundamental to the study of nonlinear programming problems [7, 10, 9]. It is worth
emphasizing that constraint qualifications collectively form a hierarchy, each having
its own particular theoretical and computational advantages. We briefly summarize
the main characteristics of the most important constraint qualifications. The LICQ
is equivalent to the uniqueness of the Lagrange multiplier for any objective function
minimized at a given feasible point [51]. Despite this favorable property, LICQ is
considered overly restrictive, failing, for example, when constraints are repeated or
redundant. In contrast, the MFCQ is widely adopted, with multiple equivalent formu-
lations and significant theoretical implications. Notably, MFCQ ensures compactness
of the multiplier set [30] and stability of the feasible set under perturbations [48]. De-
spite its popularity, MFCQ is sensitive to seemingly innocuous reformulations, such
as replacing an equality constraint by two opposing inequalities, potentially resulting
in an unbounded multiplier set and thus causing MFCQ to fail [51]. The CRCQ,
originally introduced by [37] to study differentiability of value functions, addresses
these drawbacks by remaining invariant under redundant constraints or the splitting
of equality constraints. Moreover, CRCQ naturally encompasses the linear constraint
case, eliminating the need for a separate analysis. However, CRCQ does not incor-
porate the positivity requirement for multipliers associated with active inequalities.
This gap was filled by the CPLD condition introduced by [47]. The CPLD condi-
tion is strictly weaker than both MFCQ and CRCQ combined and has gained promi-
nence primarily through its key role in establishing global convergence of optimization
methods, such as sequential quadratic programming algorithms and the widely used
ALGENCAN solver [20]. It has also found significant applications in bilevel optimiza-
tion [54, 44], switching constraints [40], and exact penalty methods [31]. Subsequent
relaxed versions of CRCQ and CPLD, namely, RCRCQ [45] and RCPLD [10], were
introduced to further refine these conditions, retaining their beneficial properties.
Additionally, classical and weaker conditions such as Abadie's constraint qualification
(ACQ) and Slater's condition also have important theoretical roles. ACQ states that
the linearized cone coincides with the tangent cone, a crucial property for establishing
duality results [1]. Slater's condition, widely applied in convex optimization, guaran-
tees strong duality and the existence of multipliers by requiring strict feasibility for
inequality constraints [50]. Last, the QN constraint qualification, initially proposed
by [35], is strictly weaker than MFCQ. It uniquely ensures boundedness of approxi-
mate multiplier sequences generated by primal-dual algorithms, even when the actual
set of multipliers may be unbounded [7]. This characteristic makes QN particularly
relevant in algorithmic convergence analysis [9].

4. Connecting the extrinsic and intrinsic approaches. This section estab-
lishes connections between the extrinsic concepts discussed earlier in section 3, related
to the nonlinear optimization problem presented in (1.1), and the ideas addressed in
subsection 2.2 regarding the nonlinear optimization problem presented intrinsically in
(2.6). Our goal is to establish new global convergence results of an augmented La-
grangian algorithm for the Euclidean problem by means of the equivalent optimization
problem on an embedded manifold. In order to do this we will first show that the
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AN AL METHOD FOR NLP VIA RIEMANNIAN OPTIMIZATION 483

Euclidean KKT conditions for problem (1.1) and the Riemmanian KKT conditions
for the equivalent problem (2.6) are in fact equivalent. This appears to be new as we
only found a proof of this fact under convexity assumptions; see [56].

Recall that we are under assumption (H1), hence, it follows from (1.8) that the
mapping Projq is well-defined for all q \in \BbbR n.

Theorem 4.1. A point p \in \Omega is a KKT (respectively, lower-AKKT or lower-
PAKKT) point of problem (1.1) if and only if p\in \Omega \BbbM is a KKT (respectively, AKKT
or PAKKT) point of problem (2.6).

Proof. First, we establish the equivalence for KKT points. Assume that p \in \Omega is
a KKT point for problem (1.1). Thus, there exist (\eta ,\lambda ,\mu ) \in \BbbR t \times \BbbR s \times \BbbR m

+ such that
L\prime (p, \eta ,\lambda ,\mu ) = 0 and \mu j = 0 for all j /\in \scrA (p), i.e.,

f \prime (p) +

t\sum 
\ell =1

\eta \ell h
\prime 
\ell (p) +

s\sum 
i=1

\lambda iH
\prime 
i(p) +

m\sum 
j=1

\mu jG
\prime 
j(p) = 0, \mu j = 0 \forall j /\in \scrA (p).(4.1)

From (1.7), it follows that h\prime (p)\top \eta =
\sum t

i=1 \eta \ell h
\prime 
\ell (p)\in Tp\BbbM \bot . Consequently, considering

(1.8), we conclude that Projp h
\prime (p)\top \eta = 0. Thus, by applying Projp to (4.1) and using

(1.9) along with the fact that \scrA (p) =\scrA \BbbM (p), we obtain

gradf(p) +

s\sum 
i=1

\lambda i gradHi(p) +

m\sum 
j=1

\mu j gradGj(p) = 0, \mu j = 0 \forall j /\in \scrA \BbbM (p).

Therefore, grad\BbbL (p,\lambda ,\mu ) = 0 and \mu j = 0 for all j /\in \scrA \BbbM (p). Hence, since we also have
p\in \Omega \BbbM , it follows that p is a KKT point for problem (2.6) as well.

Reciprocally, suppose that p\in \Omega \BbbM is a KKT point for problem (2.6). Thus, there
exist (\lambda ,\mu )\in \BbbR s \times \BbbR m

+ such that grad\BbbL (p,\lambda ,\mu ) = 0 and \mu j = 0 for all j /\in \scrA \BbbM (p), i.e.,

gradf(p) +

s\sum 
i=1

\lambda i gradHi(p) +

m\sum 
j=1

\mu j gradGj(p) = 0, \mu j = 0 \forall j /\in \scrA \BbbM (p).

Therefore, using the projection formula Projp and (1.9), we have

Projp

\left(  f \prime (p) +
s\sum 

i=1

\lambda iH
\prime 
i(p) +

m\sum 
j=1

\mu jG
\prime 
j(p)

\right)  = 0, \mu j = 0 \forall j /\in \scrA \BbbM (p).

Hence, by (1.6), we conclude that f \prime (p) +
\sum s

i=1 \lambda iH
\prime 
i(p) +

\sum m
j=1 \mu jG

\prime 
j(p) \in Tp\BbbM \bot .

Thus, (1.7) implies that there exists \eta \in \BbbR t such that

f \prime (p) +

s\sum 
i=1

\lambda iH
\prime 
i(p) +

m\sum 
j=1

\mu jG
\prime 
j(p) = - 

t\sum 
i=1

\eta \ell h
\prime 
\ell (p).

Consequently, we conclude that there exists (\eta ,\lambda ,\mu )\in \BbbR t \times \BbbR s \times \BbbR m
+ such that

f \prime (p) +

t\sum 
\ell =1

\eta \ell h
\prime 
\ell (p) +

s\sum 
i=1

\lambda iH
\prime 
i(p) +

m\sum 
j=1

\mu jG
\prime 
j(p) = 0, \mu j = 0 \forall j /\in \scrA \BbbM (p).

Therefore, L\prime (p, \eta ,\lambda ,\mu ) = 0 and \mu j = 0 for all j /\in \scrA \BbbM (p). Since p \in \Omega \BbbM = \Omega and
\scrA \BbbM (p) =\scrA (p), the point p satisfies the KKT conditions for problem (1.1), concluding
the proof for KKT points.
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484 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

To establish the statements regarding other equivalences, we first note that the
projection map Projq, defined in (1.8), is continuous. Consequently, the part of the
proof involving the Lagrangian follows arguments similar to those used for establishing
the statement related to KKT points. Given that \BbbM = \{ q \in \BbbR n | h(q) = 0\} , \Omega \BbbM = \Omega ,
and \scrA \BbbM (p) =\scrA (p), we conclude the proof by observing that the additional conditions
required are directly equivalent.

The next theorem shows that Euclidean LICQ and MFCQ are equivalent to their
Riemannian counterparts. The proof for the LICQ can be found in [56]. Since both
proofs follow directly from Lemma 1.1, we omit them.

Theorem 4.2. A point p \in \Omega satisfies LICQ (respectively, MFCQ) for problem
(1.1) if and only if p\in \Omega \BbbM satisfies LICQ (respectively, MFCQ) for problem (2.6).

We now begin the discussion where we establish the connection between the ex-
trinsic Definition 3.2 and the intrinsic Definition 2.3. Our discussion commences by
establishing the connection between the first two items of these definitions.

Theorem 4.3. A point p \in \Omega satisfies lower-CRCQ (respectively, lower-CPLD)
for problem (1.1) if and only if p \in \Omega \BbbM satisfies CRCQ (respectively, CPLD) for
problem (2.6).

Proof. Suppose that p \in \Omega satisfies lower-CRCQ (respectively, lower-CPLD) for
problem (1.1). Assume, by contradiction, that p \in \Omega \BbbM does not satisfies CRCQ
(respectively, CPLD) for problem (2.6). According to Definition 2.3, there exist
\scrI \subset \scrS and \scrJ \subset \scrA \BbbM (p) = \scrA (p) such that [gradH\scrI ,gradG\scrJ ](p) is linearly depen-
dent (respectively, positive-linearly dependent), and for each k \in \BbbN , there exists
qk \in \BbbB 1/k(p) such that [gradH\scrI ,gradG\scrJ ](qk) is linearly independent. Taking into
account that [h\prime ](p) is linearly independent and qk \in \BbbB 1/k(p) for all k \in \BbbN , we can
assume without loss of generality that [h\prime ](qk) is also linearly independent. Con-
sequently, by applying Lemma 1.1 and considering (1.5) and (1.9), we conclude
that [h\prime ,H \prime 

\scrI ,G
\prime 
\scrJ ](qk) is also linearly independent for each qk \in \BbbB 1/k(p). On the

other hand, since [gradH\scrI ,gradG\scrJ ](p) is linearly dependent (respectively, positive-
linearly dependent), applying again Lemma 1.1 and taking into account (1.5) and
(1.9), we obtain that [h\prime ,H \prime 

\scrI ,G
\prime 
\scrJ ](p) is linearly dependent (respectively, positive-

linearly dependent). Thus, since p \in \Omega satisfies lower-CRCQ (respectively, lower-
CPLD) for problem (1.1), item (i) (respectively, item (ii)) of Definition 3.2 implies
that there exists \epsilon > 0 such that [h\prime ,H \prime 

\scrI ,G
\prime 
\scrJ ](q) is linearly dependent (respectively,

positive-linearly dependent) for all q \in B\epsilon (p) \cap \{ q \in \BbbR n | h(q) = 0\} . Hence, as
B\epsilon (p) \cap \{ q \in \BbbR n | h(q) = 0\} is an open subset of \BbbM and limk\rightarrow +\infty qk = p, there
exists \=k \in \BbbN such that q\=k \in B\epsilon (p) \cap \{ q \in \BbbR n | h(q) = 0\} \cap \BbbB 1/\=k(p) and [h\prime ,H \prime 

\scrI ,G
\prime 
\scrJ ](q\=k)

is linearly dependent (respectively, positive-linearly dependent), which is a contradic-
tion. Therefore, p\in \Omega \BbbM satisfies CRCQ (respectively, CPLD) for problem (2.6).

Reciprocally, suppose that p\in \Omega \BbbM satisfies CRCQ (respectively, CPLD) for prob-
lem (2.6). Assume, by contradiction, that p\in \Omega does not satisfy lower-CRCQ (respec-
tively, lower-CPLD) for problem (1.1). Thus, there exist \scrI \subset \scrS and \scrJ \subset \scrA (p) =\scrA \BbbM (p)
such that [h\prime ,H \prime 

\scrI ,G
\prime 
\scrJ ](p) is linearly dependent (respectively, positive-linearly depen-

dent) and, for all k \in \BbbN , there exists qk \in B1/k(p) \cap \{ q \in \BbbR n | h(q) = 0\} such that
[h\prime ,H \prime 

\scrI ,G
\prime 
\scrJ ](qk) is linearly independent. Hence, by using Lemma 1.1 and consid-

ering (1.5) and (1.9), the set [gradH\scrI ,gradG\scrJ ](qk) is linearly independent. Since
[h\prime ,H \prime 

\scrI ,G
\prime 
\scrJ ](p) is linearly dependent (respectively, positive-linearly dependent), by

employing Lemma 1.1 and considering (1.5) and (1.9), the set [gradH\scrI ,gradG\scrJ ](p)
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AN AL METHOD FOR NLP VIA RIEMANNIAN OPTIMIZATION 485

is linearly dependent (respectively, positive-linearly dependent). Thus, considering
that p \in \Omega \BbbM satisfies CRCQ (respectively, CPLD) for problem (2.6), there exists
\epsilon > 0 such that [gradH\scrI ,gradG\scrJ ](q) is linearly dependent for all q \in \BbbB \epsilon (p). Since
B1/k(p)\cap \{ q \in \BbbR n | h(q) = 0\} is an open subset of \BbbM and limk\rightarrow +\infty qk = p, there exists
\=k \in \BbbN such that q\=k \in \BbbB \epsilon (p)\cap B1/\=k(p)\cap \{ q \in \BbbR 

n | h(q) = 0\} and [gradH\scrI ,gradG\scrJ ](q\=k)
is linearly dependent, which is a contradiction. Therefore, p\in \Omega satisfies lower-CRCQ
(respectively, lower-CPLD) for problem (1.1), which concludes the proof.

The following theorem establishes the connection between lower-RCRCQ and
lower-RCPLD for problem (1.1), and RCRCQ and RCPLD for problem (2.6).

Theorem 4.4. A point p\in \Omega satisfies lower-RCRCQ (respectively, lower-RCPLD)
for problem (1.1) if and only if p \in \Omega \BbbM satisfies RCRCQ (respectively, RCPLD) for
problem (2.6).

Proof. Suppose that p \in \Omega satisfies lower-RCRCQ (respectively, Lower-RCPLD)
for problem (1.1). Assume, by contradiction, that p \in \Omega \BbbM does not satisfy RCRCQ
(respectively, RCPLD) for problem (2.6). Thus, taking \scrK \subset \scrS such that [gradH\scrK ](p)
is a basis for Span([gradH](p)), at least one of the following two conditions holds for
each k \in \BbbN :

(a) there exists qk \in \BbbB 1/k(p) such that | \scrK | = rank([gradH](q)) \not = rank([gradH]
(qk));

(b) there exist \scrJ \subset \scrA (p) and qk \in \BbbB 1/k(p) such that [gradH\scrK ,gradG\scrJ ](p) is
linearly dependent (respectively, positive-linearly dependent) and [gradH\scrK ,
gradG\scrJ ](qk) is linearly independent.

First, assume that (a) holds for infinitely many k \in \BbbN . Using Lemma 1.3, it follows
that there exists a subsequence (qkj

)j\in \BbbN of (qk)k\in \BbbN such that | \scrK | < rank([gradH](qkj
))

for all j \in \BbbN . Thus, since \scrS is finite, there exists \=\scrK \subset \{ 1, . . . , s\} satisfying

| \scrK | < | \=\scrK | := rank([gradH \=\scrK ](qkj )) \forall j \in \BbbN .(4.2)

In particular, the definition of \=\scrK implies that [gradH \=\scrK ](qkj ) is linearly independent.
Since [h\prime ](qkj

) is linearly independent, applying Lemma 1.1 and using (1.5) and (1.9),
we conclude that [h\prime ,H \prime 

\=\scrK ](qkj
) is also linearly independent for all j \in \BbbN . Hence, due

to \=\scrK \subset \scrS , we have

t+ | \=\scrK | \leq rank([h\prime ,H \prime ](qkj
)) \forall j \in \BbbN .(4.3)

Since p \in \Omega satisfies lower-RCRCQ (respectively, lower-RCPLD) for problem (1.1),
there exists \epsilon > 0 such that rank([h\prime ,H \prime ](q)) is constant for all q \in B\epsilon (p) \cap \{ q \in \BbbR n | 
h(q) = 0\} . Thus, considering that [h\prime ](q) is linearly independent for all q \in B\epsilon (p)\cap \{ q \in 
\BbbR n | h(q) = 0\} , there exists \^\scrK \subset \scrS such that [H \prime 

\^\scrK ](p) is linearly independent and

t+ | \^\scrK | = rank([h\prime ,H \prime ](q)) \forall q \in B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} .(4.4)

Since limj\rightarrow +\infty qkj = p, there exist j0 such that qkj \in B\epsilon (p) \cap \{ p \in \BbbR n | h(p) = 0\} for
all j \geq j0. Hence, (4.3) and (4.4) imply that

| \=\scrK | \leq | \^\scrK | .(4.5)

Thus, utilizing Lemma 1.1 and considering (1.5) and (1.9), it follows that [gradH \^\scrK ](p)
is also linearly independent. Hence, considering that [gradH\scrK ](p) is a basis for
Span([gradH](p)), we conclude that | \^\scrK | \leq | \scrK | . Thus, by (4.2), we obtain | \^\scrK | \leq 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

03
/1

9/
26

 to
 2

00
.1

37
.1

98
.8

4 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



486 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

| \scrK | < | \=\scrK | , contradicting (4.5). Therefore, (a) must hold only for a finite number of
k \in \BbbN . Hence, it follows that (b) holds for all sufficiently large k \in \BbbN . We may
assume, without loss of generality, that (b) holds for all k \in \BbbN . Note that by apply-
ing Lemma 1.2 and using (1.5) and (1.9), we obtain that [h\prime ,H \prime 

\scrK ](p) is a basis for
Span([h\prime ,H \prime ](p)). Let \scrJ \subset \scrA (p) be such that [gradH\scrK ,gradG\scrJ ](p) is linearly depen-
dent (respectively, positive-linearly dependent) and (qn)k\in \BbbN \subset \BbbB 1/k(p) be a sequence
such that [gradH\scrK ,gradG\scrJ ](qk) is linearly independent for all k \in \BbbN . Given that
[h\prime ](qk) is linearly independent for all k \in \BbbN , by applying Lemma 1.1 and considering
(1.5) and (1.9), we have

[h\prime ,H \prime 
\scrK ,G

\prime 
\scrJ ](qk)(4.6)

is also linearly independent for all k \in \BbbN . Now, as [gradH\scrK ,gradG\scrJ ](p) is linearly
dependent (respectively, positive-linearly dependent), using Lemma 1.1 and taking
into account (1.5) and (1.9), we obtain that [h\prime ,H \prime 

\scrK ,G
\prime 
\scrJ ](p) is also linearly dependent

(respectively, positive-linearly dependent). Since the point p \in \Omega satisfies lower-
RCRCQ (respectively, lower-RCPLD) for problem (1.1), there exists \epsilon > 0 such that
[h\prime ,H \prime 

\scrK ,G
\prime 
\scrJ ](q) is linearly dependent for all q \in B\epsilon (p)\cap \{ p\in \BbbR n | h(p) = 0\} . Thus, due

to limk\rightarrow +\infty qk = p, there exist qk \in B\epsilon (p) such that the set in (4.6) is linearly depen-
dent, which is also a contradiction. Therefore, p\in \Omega \BbbM satisfies RCRCQ (respectively,
RCPLD) for problem (2.6).

Reciprocally, suppose that p \in \Omega \BbbM satisfies RCRCQ (respectively, RCPLD) for
problem (2.6). Assume, by contradiction, that p \in \Omega does not satisfy lower-RCRCQ
(respectively, lower-RCPLD) for problem (1.1). Thus, taking \scrK \subset \scrS such that
[h\prime ,H \prime 

\scrK ](p) is a basis for Span([h\prime ,H \prime ](p)), at least one of the following two condi-
tions holds for each k \in \BbbN :

(c) there exists qk \in B1/k(p)\cap \{ q \in \BbbR n | h(q) = 0\} such that t+ | \scrK | := rank([h\prime ,H \prime ]
(p)) \not = rank([h\prime ,H \prime ](qk));

(d) there exist \scrJ \subset \scrA (p) and qk \in B1/k(p) \cap \{ q \in \BbbR n | h(q) = 0\} such that
[h\prime ,H \prime 

\scrK ,G
\prime 
\scrJ ](p) is linearly dependent (respectively, positive-linearly depen-

dent) and [h\prime ,H \prime 
\scrK ,G

\prime 
\scrJ ](qk) is linearly independent.

Let us assume that condition (c) holds for infinitely many k \in \BbbN . Then, there exists
a subsequence (qkj )j\in \BbbN of (qk)k\in \BbbN such that

t+ | \scrK | < rank([h\prime ,H \prime ](qkj
)) \forall j \in \BbbN .

Considering that \{ 1, . . . s\} is finite, there exists \=\scrK \subset \{ 1, . . . s\} satisfying

t+ | \scrK | < t+ | \=\scrK | := rank([h\prime ,H \prime 
\=\scrK ](qkj

)) \forall j \in \BbbN .(4.7)

Hence, [h\prime ,H \prime 
\=\scrK ](qkj

) is linearly independent for all j \in \BbbN . Thus, using Lemma 1.1 and
considering (1.5) and (1.9), we conclude that [gradH \=\scrK ](qkj

) is also linearly indepen-
dent for all j \in \BbbN . In particular, we have

| \=\scrK | \leq rank([gradH](qkj
)) \forall j \in \BbbN .(4.8)

Since p \in \Omega \BbbM satisfies RCRCQ (respectively, RCPLD) for problem (2.6), there exists
\epsilon > 0 such that rank([gradH](q)) is constant for all q \in \BbbB \epsilon (p). Let \^\scrK \subset \{ 1, . . . , s\} be
such that [gradH \^\scrK ](p) is a basis of Span([gradH](p)). Thus,

| \^\scrK | = rank([gradH](q)) \forall q \in \BbbB \epsilon (p).(4.9)
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LICQ Lower-CRCQ Lower-RCRCQ

MFCQ Lower-CPLD Lower-RCPLD

Fig. 1. Lower SCQs for problem (1.1).

Hence, due to limj\rightarrow +\infty qkj = p, there exist qkj \in \BbbB \epsilon (p) \cap \{ q \in \BbbR n | h(q) = 0\} , which,
together with (4.8) and (4.9), implies that | \=\scrK | \leq | \^\scrK | . On the other hand, taking
into account Lemma 1.1, we conclude that [h\prime ,H \prime 

\^\scrK ](p) is linearly independent. Since

[h\prime ,H \prime 
\scrK ](p) is a basis for Span([h\prime ,H \prime ](p)), we have | \^\scrK | \leq | \scrK | . The latter two inequali-

ties imply that | \=\scrK | \leq | \^\scrK | \leq | \scrK | , contradicting (4.7). Therefore, (c) must hold only for
a finite number of indexes k \in \BbbN . Hence, without loss of generality, we may assume
that (d) holds for all k \in \BbbN . Since [h\prime ,H \prime 

\scrK ](p) is a basis for Span([h\prime ,H \prime ](p)), applying
Lemma 1.2 and using (1.5) and (1.9), we obtain that [gradH\scrK ](p) is also a basis for
Span([gradH](p)). Let \scrJ \subset \scrA (p) be such that [h\prime ,H \prime 

\scrK ,G
\prime 
\scrJ ](p) is linearly dependent

(respectively, positive-linearly dependent), and consider a sequence (qk)k\in \BbbN \subset B1/k(p)
such that [h\prime ,H \prime 

\scrK ,G
\prime 
\scrJ ](qk) is linearly independent for all k \in \BbbN . Since [h\prime ](qk) is

linearly independent, applying Lemma 1.1 and considering (1.5) and (1.9), we have

[gradH\scrK ,gradG\scrJ ](qk)(4.10)

is also linearly independent. Now, as [h\prime ,H \prime 
\scrK ,G

\prime 
\scrJ ](p) is linearly dependent (respec-

tively, positive-linearly dependent), applying Lemma 1.1 and considering (1.5) and
(1.9), we have that [gradH\scrK ,gradG\scrJ ](p) is also linearly dependent (respectively,
positive-linearly dependent). Taking into account that p \in \Omega \BbbM satisfies RCRCQ
(respectively, RCPLD) for problem (2.6), there exists \epsilon > 0 such that [gradH\scrK ,grad
G\scrJ ](q) is linearly dependent for all q \in \BbbB \epsilon (p). Given that limk\rightarrow +\infty qk = p, there
exist qk \in \BbbB \epsilon (p) such that the set in (4.10) is linearly dependent, which is a
contradiction.

As a consequence of Theorems 4.2, 4.3, and 4.4, along with the relationships
established for SCQs in [5] for a general Riemannian manifold, the diagram in Figure 1
illustrates the relationship among the lower SCQs given in Definition 3.2.

To establish the relationship between lower-CRSC and CRSC, we need to show
the equality of the sets \scrJ  - (p) and \scrJ  - 

\BbbM (p). Since the proof is straightforward, we will
omit it.

Lemma 4.1. Let \scrJ  - (p) and \scrJ  - 
\BbbM (p) be as in Definitions 3.3 and 2.5, respectively.

Then, it holds that \scrJ  - (p) =\scrJ  - 
\BbbM (p).

In the next theorem we establish the connection between lower-CRSC and CRSC.

Theorem 4.5. A point p\in \Omega satisfies lower-CRSC for problem (1.1) if and only
if p\in \Omega \BbbM satisfies CRSC for problem (2.6).

Proof. Suppose that p \in \Omega satisfies lower-CRSC for problem (1.1). Assume, by
contradiction, that p \in \Omega \BbbM does not satisfy CRSC for problem (2.6). Thus, for each
k \in \BbbN , there exists qk \in \BbbB 1/k(p) such that | \scrK | := rank([gradH,gradG\scrJ  - 

\BbbM (p)](p)) \not =
rank([gradH,gradG\scrJ  - 

\BbbM (p)](qk)). Using Lemma 1.3, we may assume that there exists

a subsequence (qkj
)j\in \BbbN of (qk)k\in \BbbN such that

| \scrK | < rank([gradH,gradG\scrJ  - 
\BbbM (p)](qkj

)) \forall j \in \BbbN .
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Thus, due to \scrS and \scrJ  - 
\BbbM (p) being finite sets, there exist \=\scrK \subset \scrS and \=\scrK  - \subset \scrJ  - 

\BbbM (p) such
that | \=\scrK | := rank([gradH \=\scrK ](qkj )) and | \=\scrK  - | := rank([gradG \=\scrK  - ](qkj )), satisfying

| \scrK | < | \=\scrK | + | \=\scrK  - | ,(4.11)

and [gradH \=\scrK ,gradG \=\scrK  - ](qkj
) is linearly independent. Hence, considering that [h\prime ](qkj

)
is linearly independent, applying Lemma 1.1 and using (1.5) and (1.9), we conclude
that [h\prime ,H \prime 

\=\scrK ,G
\prime 
\=\scrK  - ](qkj ) is also linearly independent for all j \in \BbbN . By using Lemma 4.1,

we obtain that \scrJ  - 
\BbbM (p) = \scrJ  - (p). Therefore, due to \=\scrK \subset \scrS and \=\scrK  - \subset \scrJ  - 

\BbbM (p) = \scrJ  - (p),
we have

t+ | \=\scrK | + | \=\scrK  - | \leq rank([h\prime ,H \prime ,G\prime 
\scrJ  - (p)](qkj )) \forall j \in \BbbN .(4.12)

Since p \in \Omega satisfies lower-CRSC for problem (1.1), there exists \epsilon > 0 such that
rank([h\prime ,H \prime ,G\prime 

\scrJ  - (p)](q)) is constant for all q \in B\epsilon (p) \cap \{ q \in \BbbR n | h(q) = 0\} . Thus,

there exist \^\scrK \subset \scrS and \^\scrK  - \subset \scrJ  - (p) such that [h\prime ,H \prime 
\^\scrK ,G

\prime 
\^\scrK  - ](q) is linearly independent

for all q \in B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} , and

t+ | \^\scrK | + | \^\scrK  - | = rank([h\prime ,H \prime ,G\prime 
\scrJ  - (p)](q))(4.13)

for all q \in B\epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} (perhaps decreasing \epsilon if necessary). Given that
limj\rightarrow +\infty qkj = p, there exists \^j such that qkj \in B\epsilon (p) \cap \{ p \in \BbbR n | h(p) = 0\} for all

j \geq \^j. Hence, (4.12) and (4.13) imply that

| \=\scrK | + | \=\scrK  - | \leq | \^\scrK | + | \^\scrK  - | .(4.14)

On the other hand, since [h\prime ,H \prime 
\^\scrK ,G

\prime 
\^\scrK  - ](q) is linearly independent, applying Lemma 1.1

and taking into account (1.5) and (1.9), we obtain that [gradH \prime 
\^\scrK ,gradG \^\scrK  - ](q) is also

linearly independent. Thus, considering that | \scrK | := rank([gradH,gradG\scrJ  - 
\BbbM (p)](p)),

we have | \^\scrK | + | \^\scrK  - | \leq | \scrK | . This, together with (4.11), implies | \^\scrK | + | \^\scrK  - | \leq | \scrK | <
| \=\scrK | +| \=\scrK  - | , leading to a contradiction with (4.14). Therefore, p\in \Omega \BbbM satisfies CRSC for
problem (2.6).

Reciprocally, suppose that p \in \Omega \BbbM satisfies CRSC for problem (2.6). Con-
sider \scrJ  - (p) = \{ j \in \scrA (p) |  - G\prime 

j(p) \in \scrL (p)\circ \} and assume, by contradiction, that
p \in \Omega does not satisfy CRSC for problem (1.1). Thus, for each k \in \BbbN , there exists
qk \in B1/k(p) \cap \{ q \in \BbbR n | h(q) = 0\} such that t + | \scrK | := rank([h\prime ,H \prime ,G\prime 

\scrJ  - (p)](q)) \not =
rank([h\prime ,H \prime ,G\prime 

\scrJ  - (p)](qk)). Therefore, by using Lemma 1.3, we conclude that there ex-

ists a subsequence (qkj
)j\in \BbbN of (qk)k\in \BbbN such that t+ | \scrK | < rank([h\prime ,H \prime ,G\prime 

\scrJ  - (p)](qkj
))

for all j \in \BbbN . Considering that \scrS and \scrJ  - (p) are finite, there exist \=\scrK \subset \scrS and
\=\scrK  - \subset \scrJ  - (p) =\scrJ  - 

\BbbM (p) such that t+| \scrK | < t+| \=\scrK | +| \=\scrK  - | := rank([h\prime ,H \prime 
\=\scrK ,G

\prime 
\=\scrK  - ](qkj

)) and
[h\prime ,H \prime 

\=\scrK ,G
\prime 
\=\scrK  - ](qkj

) are linearly independent for all j \in \BbbN . Thus, by applying Lemma 1.1
and considering (1.5) and (1.9), we conclude that [gradH \=\scrK ,gradG \=\scrK  - ](qkj

) are also
linearly independent for all j \in \BbbN . In particular, we have

| \=\scrK | + | \=\scrK  - | \leq rank([gradH,gradG\scrJ  - 
\BbbM (p)](qkj

)) \forall j \in \BbbN .(4.15)

Since p \in \Omega \BbbM satisfies CRSC for problem (2.6), there exists \epsilon > 0 such that rank
([gradH,gradG\scrJ  - 

\BbbM (p)](q)) remains constant for all q \in \BbbB \epsilon (p). Let \^\scrK \subset \scrS and \^\scrK  - \subset 
\scrJ  - (p) = \scrJ  - 

\BbbM (p) be sets such that [gradH \^\scrK ,gradG \^\scrK  - ](p) is a basis of Span([gradH,
gradG\scrJ  - 

\BbbM (p)](p)). Thus,

| \^\scrK | + | \^\scrK  - | = rank([gradH,gradG\scrJ  - 
\BbbM (p)](q)) \forall q \in \BbbB \epsilon (p).(4.16)
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AN AL METHOD FOR NLP VIA RIEMANNIAN OPTIMIZATION 489

Hence, given that limj\rightarrow +\infty qkj
= p, there exist qkj

\in \BbbB \epsilon (p)\cap \{ q \in \BbbR n | h(q) = 0\} , which
together with (4.15) and (4.16) imply that

| \=\scrK | + | \=\scrK  - | \leq | \^\scrK | + | \^\scrK  - | .(4.17)

On the other hand, by applying Lemma 1.1 and taking into account (1.5) and (1.9),
we obtain that [h\prime ,H \prime 

\^\scrK ,G
\prime 
\^\scrK  - ](p) is linearly independent. Since t+ | \scrK | := rank([h\prime ,H \prime ,

G\prime 
\scrJ  - (p)](p)), we have | \^\scrK | + | \^\scrK  - | \leq | \scrK | , which together with (4.17) implies that

| \=\scrK | + | \=\scrK  - | \leq | \^\scrK | + | \^\scrK  - | \leq | \scrK | . Considering that | \scrK | < | \=\scrK | + | \=\scrK  - | , we have a
contradiction.

As a consequence of Theorems 2.2, 4.1, 4.4, and 4.5, we obtain that lower-RCPLD
and lower-CRSC are constraint qualifications for problem (1.1). In particular, all other
conditions shown in Figure 1 are also constraint qualifications. More specifically,
Theorem 2.2 translated to problem (1.1) gives the following.

Corollary 4.1. Suppose that p \in \Omega satisfies lower-RCPLD or lower-CRSC. If
p is a lower-AKKT point for problem (1.1), then p is a KKT point for problem (1.1).

In [55], the capability of Algorithm 2.2 to generate AKKT sequences for problem
(2.6) was demonstrated. This finding, supported by Theorem 4.1, indicates that Al-
gorithm 2.2 also produces lower-AKKT sequences for the related problem (1.1). It is
noteworthy that a comprehensive global convergence analysis of Algorithm 2.2, specif-
ically designed to address problem (2.6), was presented in [5]. Given that problem
(2.6) is essentially the Riemannian version of problem (1.1), Algorithm 2.2 is appli-
cable to solving both problem instances. The next theorem establishes that, subject
to any lower SCQ in Definition 3.2, any feasible limit point of the sequence gener-
ated by Algorithm 2.2 is a KKT point for problem (1.1). It is important to highlight
that the sequence (pk)k\in \BbbN generated by Algorithm 2.2 is feasible for the constraint
\{ q \in \BbbR n | h(q) = 0\} .

Theorem 4.6. Let p \in \Omega be a limit point of a sequence (pk)k\in \BbbN generated by Al-
gorithm 2.2. Assume that p satisfies lower-RCPLD or lower-CRSC. Then, p satisfies
the KKT conditions for problem (1.1).

Proof. Let p \in \Omega satisfy lower-RCPLD (respectively, lower-CRSC). By Theo-
rem 4.4 (respectively, Theorem 4.5), it follows that p\in \Omega \BbbM and also satisfies RCPLD
(respectively, CRSC). According to [55, Theorem 3], p is an AKKT point for problem
(2.6). Using Theorem 4.1, we conclude that p is a lower-AKKT point for problem
(1.1). Therefore, by Corollary 4.1, p is a KKT point for problem (1.1).

The next theorem establishes the connection between lower-QN and QN for prob-
lem (2.6).

Theorem 4.7. A point p \in \Omega satisfies lower-QN for problem (1.1) if and only if
p\in \Omega \BbbM satisfies QN for problem (2.6).

Proof. First, assume that p\in \Omega satisfies lower-QN for problem (1.1). Assume, by
contradiction, that p\in \Omega \BbbM does not satisfies QN for problem (2.6). Since \Omega =\Omega \BbbM , we
have p\in \Omega \BbbM , and item (i) of Definition 2.6 implies that there exist \lambda \in \BbbR s and \mu \in \BbbR m

+

such that

s\sum 
i=1

\lambda i gradHi(p) +
\sum 

j\in \scrA \BbbM (p)

\mu j gradGj(p) = 0.
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Given that \scrA \BbbM (p) =\scrA (p), and using similar arguments as in the proof of Theorem 4.1,
we can conclude that there exist (\eta ,\lambda ,\mu )\in \BbbR t \times \BbbR s \times \BbbR m

+ such that

t\sum 
i=1

\eta \ell h
\prime 
\ell (p) +

s\sum 
i=1

\lambda iH
\prime 
i(p) +

\sum 
j\in \scrA (p)

\mu jG
\prime 
i(p) = 0.(4.18)

Additionally, considering item (ii) of Definition 2.6 and the fact that \scrA \BbbM (p) =\scrA (p),
we obtain

\mu j = 0 \forall j /\in \scrA (p), (\eta ,\lambda ,\mu ) \not = 0.(4.19)

Finally, take \epsilon > 0. It follows from item (iii) of Definition 2.6 that, for each k \in \BbbN ,
there exists qk \in \BbbB 1/k(p) such that \lambda iHi(qk) > 0 for all i \in \scrS with \lambda i \not = 0, and
\mu jGj(qk)> 0 for all j \in \scrA \BbbM (p) with \mu j > 0. Given that limk\rightarrow +\infty qk = p, there exists
\^k \in \BbbN such that qk \in B\epsilon (p)\cap \{ p\in \BbbR n | h(p) = 0\} for all k\geq \^k. Hence, considering that
\scrA \BbbM (p) = \scrA (p), it follows that there exists q \in B\epsilon (p) \cap \{ q \in \BbbR n | h(q) = 0\} such that
\lambda iHi(q) > 0 for all i \in \scrS with \lambda i \not = 0, and \mu jGj(q) > 0 for all j \in \scrA (p) with \mu j > 0.
This, together with (4.18) and (4.19), contradicts Definition 3.4. Therefore, p \in \Omega \BbbM 
satisfies QN for problem (2.6).

Reciprocally, suppose that p \in \Omega \BbbM satisfies QN for problem (2.6). Assume, by
contradiction, that p \in \Omega does not satisfy lower-QN for problem (1.1). According to
item (i) of Definition 3.4, there exist \eta \in \BbbR t, \lambda \in \BbbR s, and \mu \in \BbbR m

+ such that

t\sum 
i=1

\eta \ell h
\prime 
\ell (p) +

s\sum 
i=1

\lambda iH
\prime 
i(p) +

\sum 
j\in \scrA (p)

\mu jG
\prime 
i(p) = 0.(4.20)

Given that \scrA \BbbM (p) =\scrA (p), and using similar arguments as in the proof of Theorem 4.1,
we can conclude that there exist \lambda \in \BbbR s and \mu \in \BbbR m

+ such that

s\sum 
i=1

\lambda i gradHi(p) +
\sum 

j\in \scrA \BbbM (p)

\mu j gradGj(p) = 0.(4.21)

Additionally, item (ii) of Definition 3.4 implies that \mu j = 0 for all j /\in \scrA (p) = \scrA \BbbM (p)
and (\eta ,\lambda ,\mu ) \not = 0. Moreover, since \{ h\prime 

\ell (q) | \ell = 1, . . . , t\} is linearly independent, (4.20)
implies that if \lambda = \mu = 0, then \eta = 0, which means (\eta ,\lambda ,\mu ) = 0. Given that (\eta ,\lambda ,\mu ) \not = 0
we have (\lambda ,\mu ) \not = 0. Thus,

\mu j = 0 \forall j /\in \scrA \BbbM (p), (\lambda ,\mu ) \not = 0.(4.22)

Now, take \epsilon > 0. It follows from item (iii) of Definition 3.4 that for each k \in \BbbN ,
there exist qk \in B1/k(p) \cap \{ q \in \BbbR n | h(q) = 0\} such that \lambda iHi(qk) > 0 for all i \in \scrS 
with \lambda i \not = 0, and \mu jGj(qk) > 0 for all j \in \scrA (p) with \mu j > 0. Since \scrA \BbbM (p) = \scrA (p),
B1/k(p)\cap \{ q \in \BbbR n | h(q) = 0\} is an open subset of \BbbM , and limk\rightarrow +\infty qk = p, there exists
\=k \in \BbbN such that q\=k \in \BbbB \epsilon (p) \cap B1/\=k(p) \cap \{ q \in \BbbR n | h(q) = 0\} , with \lambda iHi(q\=k) > 0 for all
i\in \scrS with \lambda i \not = 0, and \mu jGj(q\=k)> 0 for all j \in \scrA \BbbM (p) with \mu j > 0. This, together with
(4.21) and (4.22), contradicts Definition 2.6. Therefore, p \in \Omega satisfies lower-QN for
problem (1.1).

Theorem 4.8. Let p \in \Omega be a lower-PAKKT point with associated primal se-
quence (pk)k\in \BbbN and dual sequence (\eta k, \lambda k, \mu k)k\in \BbbN . Assume that p satisfies lower-QN.
Then, (\eta k, \lambda k, \mu k)k\in \BbbN is a bounded sequence. In particular, p satisfies the KKT con-
ditions, and any limit point of (\eta k, \lambda k, \mu k)k\in \BbbN is a Lagrange multiplier associated
with p.
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Proof. Using Theorems 2.3, 4.1, and 4.7, it follows that (\lambda k, \mu k)k\in \BbbN is bounded.
Assume, by contradiction, that (\eta k) is unbounded. Let K1 \subset \BbbN be an infinite set and
\eta \in \BbbR t with \| \eta \| 2 = 1, such that limk\in K1 \| \eta k\| 2 = +\infty and limk\in K1(\eta 

k/\| \eta k\| 2) = \eta .
Since p \in \Omega \BbbM is lower-PAKKT with associated primal sequence (pk)k\in \BbbN and dual
sequence (\eta k, \lambda k, \mu k)k\in \BbbN , we have limk\rightarrow \infty L\prime (pk, \eta k, \lambda k, \mu k) = 0. Therefore,

lim
k\rightarrow \infty 

t\sum 
i=1

\eta k\ell 
\| \eta k\| 

h\ell (p
k) +

s\sum 
i=1

\lambda k
i

\| \eta k\| 
H \prime 

i(p
k) +

\sum 
j\in \scrA (p)

\mu k
j

\| \eta k\| 
G\prime 

j(p
k) = 0.

Consequently, we obtain
\sum t

i=1 \eta \ell h\ell (p) = 0 with \eta \not = 0, contradicting assumption (H1).
Thus, we conclude that (\eta k, \lambda k, \mu k)k\in \BbbN is a bounded sequence.

Next, we show that Algorithm 2.2 produces lower-PAKKT sequences, thereby
establishing its global convergence under the lower-QN condition.

Theorem 4.9. Assume that Algorithm 2.2 generates an infinite sequence (pk)k\in \BbbN 
with a feasible limit p\in \Omega , say, limk\in K pk = p. Then, p is a lower-PAKKT point with
the correspondent primal sequence (pk)k\in K and dual sequence (\eta k, \lambda k, \mu k)k\in K , where
(\eta k)k\in K can be determined from (\lambda k, \mu k)k\in K which is generated by the algorithm. In
particular, p is a KKT point, and any limit point of (\eta k, \lambda k, \mu k)k\in K is a Lagrange
multiplier associated with p.

Proof. By Theorem 2.4, we obtain that p is a PAKKT point with the corre-
sponding primal sequence (pk)k\in K and dual sequence (\lambda k, \mu k)k\in K as generated by
Algorithm 2.2. Using Theorem 4.1, we conclude that p is a lower-PAKKT point.
Furthermore, similarly to the proof of Theorem 4.1, we find that (\eta k)k\in K can be
determined from (\lambda k, \mu k)k\in K .

In [5], the authors introduced the concept of scaled-PAKKT point for problem
(2.6). Essentially, it coincides with the definition of PAKKT with the condition
limk\rightarrow \infty grad\BbbL (pk, \lambda k, \mu k)/\gamma k = 0, where \gamma k := \| (1, \lambda k, \mu k)\| \infty , replacing item (ii) in
Definition 2.4. Similarly to lower-PAKKT, we can also define the concept of lower-
scaled-PAKKT and establish its connection with scaled-PAKKT. It was demonstrated
in [5] that Algorithm 2.2 is capable of generating scaled-PAKKT sequences by ensur-
ing \| grad\BbbL \rho k

(pk, \=\lambda k, \=\mu k)/\gamma k\| \leq \epsilon k, rather than (2.9) in Step 1. Moreover, QN ensures
that the dual scaled-PAKKT sequence is bounded. Therefore, Theorems 4.1 and 4.7
imply that lower-QN is sufficient to guarantee that the dual lower-scaled-PAKKT
sequence is bounded.

We conclude this section by emphasizing that the equivalence established be-
tween lower-SCQs and Riemannian-SCQs offers important theoretical insights, clari-
fying and extending classical constraint qualifications in nonlinear programming. This
equivalence explicitly shows how intrinsic Riemannian geometry conditions naturally
translate into weaker constraint qualifications applicable in the Euclidean setting.
Such insights enable the development of optimization methods capable of addressing
constrained problems that might otherwise pose challenges within traditional Euclid-
ean frameworks. The numerical experiments discussed in the next section illustrate
these practical advantages, further demonstrating the benefits of incorporating intrin-
sic Riemannian ideas into classical Euclidean optimization methodologies.

5. Numerical experiments. This section presents numerical results to illus-
trate the practical advantages of exploiting Riemannian techniques in solving certain
classes of optimization problems. The experiments were conducted using MATLAB
version 9.11.0 (R2021b) on a computer with a 3.7 GHz Intel Core i5 6-Core processor
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492 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

and 8 GB 2667 MHz DDR4 RAM, running macOS Sonoma 14.4.1. All codes are
available at https://github.com/lfprudente/RiemannianAL. We compare the perfor-
mance of the Riemannian and Euclidean safeguarded augmented Lagrangian methods
as follows:

\bullet Riemannian-AL (Riemannian augmented Lagrangian): Algorithm 2.2 with
Manopt [24] to solve the subproblem in Step 1. We use the RLBFGS solver,
a Riemannian limited memory BFGS algorithm [36].

\bullet Euclidean-AL (Euclidean augmented Lagrangian): Algorithm 2.1 with ASA
[33] to solve the subproblem in Step 1. In the Euclidean version, we treat
the box constraints (l \leq q \leq u, for given vectors l, u \in \BbbR n) as lower-level
constraints, i.e., they are not penalized. This is computationally more effi-
cient because ASA, an active-set code in C for box-constrained optimization,
already handles such bounds directly via gradient projection [28] and the
preconditioned CG DESCENT algorithm (with an L-BFGS--type precondi-
tioner) [32, 34], both included in ASA. We use the MATLAB interface pro-
vided in [14].

In contrast to the Euclidean version, where box constraints are naturally handled
by the subproblem solver, incorporating bounds directly on a Riemannian manifold
(defined by h(q) = 0) is not straightforward. Consequently, in the Riemannian ap-
proach we penalize any such constraints.

Given tolerances \varepsilon opt > 0, \varepsilon feas > 0, and \varepsilon compl > 0 for optimality, feasibility,
and complementarity, respectively, the Riemannian-AL (respectively, Euclidean-AL)
algorithm stops successfully at iteration k with (pk, \lambda k, \mu k)\in \BbbM \times \BbbR s\times \BbbR m

+ (respectively,
(pk, \eta k, \lambda k, \mu k)\in \BbbR n \times \BbbR t \times \BbbR s \times \BbbR m

+ ) when

\| grad\BbbL (pk
, \lambda 

k
, \mu 

k
)\| \leq \varepsilon \mathrm{o}\mathrm{p}\mathrm{t} (respectively, \| L\prime 

(p
k
, \eta 

k
, \lambda 

k
, \mu 

k
)\| \leq \varepsilon \mathrm{o}\mathrm{p}\mathrm{t}),

max\{ \| H(p
k
)\| \infty ,\| G(p

k
)+\| \infty \} \leq \varepsilon \mathrm{f}\mathrm{e}\mathrm{a}\mathrm{s} (respectively, max\{ \| h(pk

)\| \infty ,\| H(p
k
)\| \infty ,\| G(p

k
)+\| \infty \} \leq \varepsilon \mathrm{f}\mathrm{e}\mathrm{a}\mathrm{s}),

min\{  - Gi(p
k
), \mu 

k
\ell \} \leq \varepsilon \mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{l} for all i= 1, . . . ,m.

These conditions correspond to the approximate fulfillment of the KKT conditions.
We also stopped the execution of the algorithms if the penalty parameter became too
large (\rho k > 1020) or if the algorithms exceeded the maximum number of 50 outer iter-
ations allowed. These stopping criteria are practical safeguards: an excessively large
penalty parameter is typically a symptom of either infeasibility or severe numerical
difficulties, while exceeding the maximum iterations indicates that the algorithm is
not converging in a reasonable amount of time.

For both algorithms, we used the following parameters: \tau = 0.5, \gamma = 10, \lambda min =
 - 1020, \lambda max = \mu max = 1020, \=\lambda 1 = \=\mu 1 = 0, \varepsilon opt = \varepsilon feas = \varepsilon compl = 10 - 5, \varepsilon k =
max\{ \varepsilon opt,

\surd 
\varepsilon opt/10

k - 1\} for all k\geq 1, and

\rho 1 =max

\biggl\{ 
10 - 8,min

\biggl\{ 
10

max\{ 1, f(p0)\} 
max\{ 1,\| h(p0)\| 22 + \| H(p0)\| 22 + \| G(p0)+\| 22\} 

,108
\biggr\} \biggr\} 

,

as suggested in [4, 20]. Our choice for the parameters \lambda min, \lambda max, and \mu max is made to
avoid interfering with the natural scaling of the multipliers, ensuring that the box for
the safeguarded multiplier estimates is large enough to contain the ``true"" Lagrange
multipliers. Moreover, the adaptive strategy to set \rho 1 balances the goals of driving
the iterates toward feasibility and making progress in reducing the objective. For each
experiment, both solvers used the same starting point.

In the following subsections, we describe three applications that can be modeled as
problem (2.6), along with the corresponding results. Although we report CPU times
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in our experiments, these values should be interpreted with caution. Indeed, each
version (Riemannian versus Euclidean) employs a different internal solver (written in
different languages), chosen to give the best possible performance in its respective
setting. Therefore, the CPU times do not provide a strict one-to-one comparison.
Instead, the primary focus of these experiments is on the solution quality and the
robustness of each approach.

5.1. Greediness phenomenon. The greediness phenomenon is the tendency
of some nonlinear programming methods to find highly infeasible points with very
small functional values, typically in the initial iterations; see [26]. The phenomenon
can occur in problems for which the objective function assumes significantly lower
values at infeasible points than in the feasible region. In an augmented Lagrangian
algorithm, unconstrained minimizers may attract the iterates at early stages of the
calculations, causing the penalty parameter to grow excessively. This excessive growth
leads to ill-conditioning, which harms the overall convergence. Consider the following
example [26]:

minimize
x\in \BbbR n

 - 
n\sum 

i=1

(x8
i + xi) subject to \| x\| 22 = 1, x2 +

n\sum 
i=1

xi \leq 0.(5.1)

Since \| x\| 2 = 1 defines the unit sphere \BbbS n - 1 \subset \BbbR n, problem (5.1) can be rewritten as

minimize
x\in \BbbS n - 1

 - 
n\sum 

i=1

(x8
i + xi) subject to x2 +

n\sum 
i=1

xi \leq 0.(5.2)

We applied Euclidean-AL and Riemannian-AL algorithms to problems (5.1) and (5.2),
respectively. We set n = 50 and randomly generated 100 starting points on the
sphere \BbbS n - 1. The Euclidean-AL algorithm failed in all instances, typically generating
the first iterate with \| x1\| \infty \approx 1043 and f(x1) =  - \infty . From there, two situations
were observed: either NaNs were generated, resulting in algorithm failure, or the
penalty parameter grew beyond the maximum allowed. In contrast, the Riemannian-
AL algorithm successfully solved the problem in all instances. The maximum number
of iterations was 6, and the greatest final penalty parameter was less than 20. For
illustrative purposes, Figure 2 shows the behavior of the Riemannian-AL algorithm in
the case where n= 2, x0 = (

\surd 
2/2,
\surd 
2/2), and \rho 1 \approx 7. The Riemannian-AL algorithm

converged to the global solution x\ast = (2
\surd 
5/5, - 

\surd 
5/5) in 4 iterations. Visually, the

second iterate x2 is virtually identical to the solution x\ast . In contrast, as for the larger
instances (i.e., when n= 50), the Euclidean-AL algorithm failed to solve the problem.

We conclude that in the presence of greediness, by exploiting the intrinsic geom-
etry of the manifold, the Riemannian-AL algorithm effectively maintains feasibility,
controls the penalty parameter, and successfully overcomes the phenomenon. In con-
trast, the Euclidean-AL method fails to handle this issue, leading to divergent iterates
and an unbounded penalty parameter.

5.2. Packing circles within ellipses. The circle packing problem involves find-
ing the maximum radius r of N identical circles that can be fitted without overlapping
into a two-dimensional fixed-size container [42]. This problem has a wide range of ap-
plications, as discussed in [42, 18] and the references therein. In this section, we
consider the container to be an ellipse with semiaxes a \geq b > 0. Using continuous
variables (r;u, v, s)\in \BbbR \times (\BbbR N )3, this problem can be modeled [18] as follows:
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494 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

Fig. 2. Iterates generated by the Riemannian-AL algorithm for problem (5.2) with n= 2. The
feasible set is highlighted in bold, and the level sets of the objective function are shown in light gray.
The algorithm converges in 4 iterations, with the second iterate x2 closely coinciding with the global
solution x\ast .

maximize
(r;u,v,s)\in \BbbR \times (\BbbR N )3

r

subject to u2
i + v2i = 1 \forall i= 1, . . . ,N,

b2(si  - 1)2[(b2/a2)u2
i + v2i ]\geq r2 \forall i= 1, . . . ,N,

a2
\bigl[ 
(1 + (si  - 1)(b2/a2))ui  - (1 + (sj  - 1)(b2/a2))uj

\bigr] 2
+b2(sivi  - sjvi)

2 \geq 4r2 \forall i < j,
0\leq si \leq 1 \forall i= 1, . . . ,N,
r\geq 0.

(5.3)

In this formulation, the variables u, v, s\in \BbbR N represent ellipse-based coordinates asso-
ciated with the centers of the N circles: for each i= 1, . . . ,N , the pair (ui, vi) defines a
direction on the unit circle, resulting from a change of variables that maps the ellipse
into a unit circle, and si \in [0,1] is a scaling factor that determines how far along this
direction the center of the ith circle is placed. The first constraint ensures that (ui, vi)
lies on the unit circle; the second ensures that the ith circle remains inside the ellipse;
the third prevents overlapping between any two circles; and the last two define valid
ranges for si and r. For further modeling details, we refer to [18].

The Cartesian coordinates (xi, yi) of the circles' centers can be recovered using

xi = a[1 + (si  - 1)(b2/a2)]ui, yi = bsivi \forall i= 1, . . . ,N.

Since, for all i = 1, . . . ,N , the constraint u2
i + v2i = 1 defines the unit circle \BbbS 1 \subset \BbbR 2,

problem (5.3) can be written in the format of (2.6) by taking (r; (u, v);s) \in \BbbM :=
\BbbR \times (\BbbS 1)N \times \BbbR N , thereby omitting the first group of constraints (i.e., those enforcing
u2
i + v2i = 1, which are now inherent to the definition of \BbbS 1). The resulting problem is

as follows:

maximize
(r;u,v,s)\in \BbbM 

r

subject to b2(si  - 1)2[(b2/a2)u2
i + v2i ]\geq r2 \forall i= 1, . . . ,N,

a2
\bigl[ 
(1 + (si  - 1)(b2/a2))ui  - (1 + (sj  - 1)(b2/a2))uj

\bigr] 2
+b2(sivi  - sjvi)

2 \geq 4r2 \forall i < j,
0\leq si \leq 1 \forall i= 1, . . . ,N,
r\geq 0.

We considered eight instances of the problems with (a, b) = (2,1) and N \in 
\{ 3,10,20,30,40,50,80,100\} . The starting points (r0; (u0, v0);s0) were randomly gen-
erated in [0,1]\times (\BbbS 1)N \times [0,1]N . Table 1 shows the results. In the table, ``N"" is the
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Table 1
Performance of Riemannian-AL and Euclidean-AL algorithms for packing circles within an

ellipse.

Riemannian-AL Euclidean-AL

N n \#c. It. Obj. Feas. Time \#c. It. Obj. Feas. Time

3 10 13 5 6.667e-01 5.0e-07 1.0 9 5 6.667e-01 3.0e-06 0.2

10 31 76 8 3.793e-01 1.9e-06 9.7 65 5 3.638e-01 3.1e-06 3.6
20 61 251 6 2.751e-01 2.7e-06 27.4 230 13 2.747e-03 7.5e-06 5.7

30 91 526 6 2.254e-01 1.0e-06 136.3 495 7 2.238e-01 8.8e-07 184.2
40 121 901 9 1.977e-01 5.1e-06 315.0 860 14 2.096e-03 4.3e-06 24.9

50 151 1376 8 1.757e-01 2.5e-06 587.3 1325 6 1.776e-01 6.9e-06 815.6

80 241 3401 8 1.401e-01 9.7e-06 1235.2 3320 13 2.659e-03 7.0e-06 103.9
100 301 5251 6 1.262e-01 5.0e-06 1794.4 5150 12 1.905e-03 3.6e-06 347.8

N = 3 N = 10 N = 20 N = 30

N = 40 N = 50 N = 80 N = 100

Fig. 3. Illustration of the solutions found by the Riemannian-AL algorithm for packing N cir-
cles within an ellipse with (a, b) = (2,1).

number of circles to be packed, ``n"" denotes the total number of decision variables (i.e.,
r, (u, v), and s), and ``\#c."" is the number of constraints. For the Riemannian-AL algo-
rithm, the manifold constraints are excluded from the count, and for the Euclidean-
AL algorithm, the box constraints are excluded. ``It"" is the number of augmented
Lagrangian iterations, ``Obj."" is the final optimal radius, ``Feas."" is the feasibility
measure at the final iterate p\ast given by max\{ \| h(p\ast )\| \infty ,\| H(p\ast )\| \infty ,\| G(p\ast )+\| \infty \} , and
``Time"" is the CPU time in seconds. The best reported datum for each instance is
highlighted in bold. Figure 3 illustrates the ``solutions"" found by the Riemannian-AL
algorithm.

As can be seen, in most instances the Riemannian-AL algorithm outperformed
the Euclidean-AL algorithm in terms of the final optimal radius. The results indicate
that for instances involving a smaller number of circles the Euclidean-AL algorithm
tends to be faster, and the final optimal radius r differs only slightly from that ob-
tained by the Riemannian-AL algorithm. However, as the number of circles increases,
the Riemannian-AL algorithm demonstrates a clear advantage in achieving a larger
final value of r. For larger instances, the Euclidean-AL algorithm often encountered
issues where the centers of some circles moved to the ellipse boundary, resulting in
a significantly smaller radius (r in the order of 10 - 3). This phenomenon led to poor
local minimizers and was never observed with the Riemannian-AL algorithm. For
example, when packing 20 circles, the Euclidean-AL algorithm required 15 different
starting points, taking a total of 183.1 s to find a solution with r in the order of 10 - 1.
Similarly, for packing 40 circles, the Euclidean-AL algorithm needed 7 initial points,
taking a total of 1060.7 s. Notably, for packing 80 circles, the Euclidean-AL algorithm
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496 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

used 100 starting points and spent over 13 hours without finding a solution with a
final radius r in the order of 10 - 1. These results show that while the Riemannian-
AL algorithm efficiently solves all instances without needing multiple starting points,
the Euclidean-AL algorithm frequently requires several initial points to find good
solutions, resulting in more computational time.

5.3. \bfitk -Means clustering. Given a set of N data points, the k-means clustering
problem involves partitioning these points into k clusters, with the goal of minimiz-
ing the sum of squared distances between each data point and the centroid of its
corresponding cluster. This process helps in grouping similar data points together,
uncovering underlying patterns or structures within the data. We refer to [3] for nu-
merous applications across various domains. Let \scrP := \{ x1, . . . , xN\} \subset \BbbR \delta represent
the given data points, and denote the clusters by \scrC 1, . . . ,\scrC k \subset \scrP . Here, \delta denotes the
number of features of each xi. The k-means clustering problem can be formulated as
follows,

minimize
\scrC 1,...,\scrC k\subset \scrP 

k\sum 
j=1

\sum 
xi\in \scrC j

\| xi  - \mu j\| 2 subject to \scrP =

k\bigcup 
j=1

\scrC j , \scrC i \cap \scrC j = \emptyset \forall i \not = j,

where \mu j := 1
| \scrC j | 

\sum 
xi\in \scrC j

xi and | \scrC j | is the cardinality of \scrC j . In this formulation,
the decision variables are indeed the clusters themselves, i.e., the subsets \scrC 1, . . . ,\scrC k
that partition the data set. According to [25], this problem can be equivalently
reformulated as a continuous optimization problem with nonnegative orthogonality
constraints, expressed as follows,

minimize
Y \in \BbbR N\times k

 - tr(Y \top DY ) subject to Y \top Y = I, Y \geq 0, Y Y \top e= e,(5.4)

where D := (Dij) \in \BbbR N\times N with Dij = x\top 
i xj for all i, j = 1, . . . ,N , I is the k-

dimensional identity matrix, the inequality Y \geq 0 is componentwise, and e \in \BbbR N is
the vector of ones. The constraint Y \top Y = I is the Stiefel manifold embedded in
the N \times k real matrix space, denoted by StN,k := \{ Y \in \BbbR N\times k | Y \top Y = I\} . Thus,
problem (5.4) can be written in the format of (2.6) by taking Y \in StN,k and omitting
the constraint Y \top Y = I. A feasible point Y \in \BbbR N\times k has exactly one nonnegative
entry per row and all nonzero entries of a column are equal. A point xi is assigned
to cluster \scrC j if Yij \not = 0. This property ensures that the clustering structure can be
directly recovered from the solution matrix Y .

As in [41], we considered some datasets from the UCI Machine Learning Repos-
itory [39]. The main characteristics of the considered problems are described in
Table 2. The table also shows the number of variables related to problem (5.4), and
the number of constraints of its Riemannian (\#c(Riem.)) and Euclidean (\#c(Eucl.))
versions. The starting points were generated corresponding to a random cluster clas-
sification. For all k-means problems, we used \varepsilon opt = 10 - 4 in the stopping criterion,
since the tighter value \varepsilon opt = 10 - 5 often caused Manopt's RLBFGS solver to reach
the minimum (inner) step size allowed, degrading the overall convergence.

Table 3 shows the results organized similarly to Table 1, with the addition of
the ``Acc."" column, which reports the accuracy of correct classifications. The results
indicate that the Riemannian-AL algorithm consistently produces higher clustering
accuracy (Acc.) compared to the Euclidean-AL algorithm. Despite generally requir-
ing more computational time, the Riemannian-AL algorithm achieves lower objective
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Table 2
Main characteristics of the considered k-means problems.

Problem name Number of datums (N) Features (\delta ) Clusters (k) n \#c(Riem.) \#c(Eucl.)

Breast cancer 569 30 2 1138 1707 572

Cloud 2048 10 2 4096 6144 2051
Ecoli 336 7 8 2688 3024 372

Ionosphere 351 34 2 702 1053 354

Iris 150 4 3 450 600 156
Parkinsons 195 22 2 390 585 198

Pima diabetes 768 8 2 1536 2304 771

Raisin 900 7 2 1800 2700 903
Seeds 210 7 3 630 840 216

SPECTF 267 44 2 534 801 270

Thyroid 215 5 3 645 860 221
Transfusion 748 4 2 751 2244 1496

Wine 178 13 3 534 712 184

Table 3
Performance of Riemannian-AL and Euclidean-AL algorithms for the k-means clustering problem.

\mathrm{R}\mathrm{i}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}\mathrm{i}\mathrm{a}\mathrm{n}-\mathrm{A}\mathrm{L} \mathrm{E}\mathrm{u}\mathrm{c}\mathrm{l}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{a}\mathrm{n}-\mathrm{A}\mathrm{L}

\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{m} \mathrm{I}\mathrm{t}. \mathrm{O}\mathrm{b}\mathrm{j}. \mathrm{F}\mathrm{e}\mathrm{a}\mathrm{s}. \mathrm{T}\mathrm{i}\mathrm{m}\mathrm{e} \mathrm{A}\mathrm{c}\mathrm{c}.(\%) \mathrm{I}\mathrm{t}. \mathrm{O}\mathrm{b}\mathrm{j}. \mathrm{F}\mathrm{e}\mathrm{a}\mathrm{s}. \mathrm{T}\mathrm{i}\mathrm{m}\mathrm{e} \mathrm{A}\mathrm{c}\mathrm{c}. (\%)

\mathrm{B}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{t} \mathrm{c}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{e}\mathrm{r} 9 -2.732e + 03 2.2\mathrm{e}-06 59.4 91.0 11 -2.732e + 03 1.7e-06 14.8 91.0

\mathrm{C}\mathrm{l}\mathrm{o}\mathrm{u}\mathrm{d} 13 -4.274e + 03 9.9e-07 178.2 100.0 - - - - --

\mathrm{E}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{i} 9 -9.046e + 02 2.8e-06 487.8 65.8 5 -8.820\mathrm{e} + 02 3.1\mathrm{e}-06 25.9 55.1

\mathrm{I}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{s}\mathrm{p}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e} 8 -1.134e + 03 3.5e-07 29.0 71.2 9 -1.134e + 03 3.2\mathrm{e}-06 9.6 71.2

\mathrm{I}\mathrm{r}\mathrm{i}\mathrm{s} 9 -2.276e + 02 2.9e-06 42.7 83.3 - - - - -

\mathrm{P}\mathrm{a}\mathrm{r}\mathrm{k}\mathrm{i}\mathrm{n}\mathrm{s}\mathrm{o}\mathrm{n}\mathrm{s} 6 -7.969e + 06 2.3e-07 44.1 75.4 5 -7.479\mathrm{e} + 06 1.1\mathrm{e}-06 1.0 51.3

\mathrm{P}\mathrm{i}\mathrm{m}\mathrm{a} \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{b}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{s} 9 -5.070e + 02 1.0e-06 139.4 67.4 - - - - -

\mathrm{R}\mathrm{a}\mathrm{i}\mathrm{s}\mathrm{i}\mathrm{n} 10 -1.449e + 03 2.8e-06 98.7 76.8 - - - - -

\mathrm{S}\mathrm{e}\mathrm{e}\mathrm{d}\mathrm{s} 11 -5.158\mathrm{e} + 02 7.4\mathrm{e}-06 80.4 91.4 7 -5.172e + 02 7.0e-06 12.2 92.4

\mathrm{S}\mathrm{P}\mathrm{E}\mathrm{C}\mathrm{T}\mathrm{F} 8 -1.377e + 03 4.3e-06 28.6 66.3 - - - - -

\mathrm{T}\mathrm{h}\mathrm{y}\mathrm{r}\mathrm{o}\mathrm{i}\mathrm{d} 8 -3.049e + 02 1.6e-06 56.4 87.4 17 -1.573\mathrm{e} + 02 9.2\mathrm{e}-06 20.1 77.2

\mathrm{T}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{f}\mathrm{u}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n} 7 -1.160e + 09 6.0e-07 23.6 73.9 7 -1.160e + 09 1.1\mathrm{e}-06 13.4 73.9

\mathrm{W}\mathrm{i}\mathrm{n}\mathrm{e} 9 -5.151e + 02 9.0e-07 49.0 96.6 8 -5.151e + 02 9.8\mathrm{e}-06 3.1 96.6

values (Obj.) and maintains a high level of feasibility (Feas.). The Euclidean-AL
algorithm often faced convergence difficulties and failed to provide results for several
datasets. Specifically, for the Cloud, Iris, Pima diabetes, Raisin, and SPECTF prob-
lems, the Euclidean-AL algorithm got stuck at infeasible points that are stationary
for an infeasibility measure (see [20, Theorem 6.3]), leading to excessive increases in
the penalty parameter until the algorithm failed. The convergence to such infeasible
points impairs the overall performance of an augmented Lagrangian algorithm and is
often used as a stopping criterion related to failure; see [20, section 10.2.3].

We conclude this section by illustrating the solution found by the Riemannian-AL
algorithm in a synthetic k-means problem with \delta = 2. We generated 500 randomly
perturbed data points around the reference points (3,3), ( - 3, - 3), and (6, - 6), re-
sulting in a problem with 1500 variables and 2000 constraints. The Riemannian-AL
algorithm took 8 iterations and a total of 103.3 s to find a solution with Obj =
 - 9.919\times 103 and Feas = 1.7\times 10 - 8. Figure 4 visually demonstrates the algorithm's
effectiveness, as it correctly clusters 92.2\% of the data points when compared with
the original reference points.
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498 ANDREANI, COUTO, FERREIRA, HAESER, AND PRUDENTE

Fig. 4. Illustration of the solution found by the Riemannian-AL algorithm in a synthetic k-
means problem with \delta = 2.

6. Conclusions. This paper examines the use of augmented Lagrangian meth-
ods for solving constrained nonlinear programming problems involving both equality
and inequality constraints, with an emphasis on lower and upper-level constraints.
We introduce and analyze lower-SCQs within this framework, demonstrating their
reduced restrictiveness compared to traditional constraint qualifications. By applying
Riemannian geometry, we connect lower-SCQs with their Riemannian counterparts,
thereby enhancing the theoretical foundation of optimization on Riemannian mani-
folds. Our study reveals significant theoretical advancements and practical implica-
tions, including the introduction of new sequential optimality conditions in the safe-
guarded augmented Lagrangian algorithm. This algorithm generates lower-PAKKT
sequences that adhere to manifold constraints and ensure all limit points satisfy the
KKT conditions under any lower-SCQ. This finding highlights the effectiveness of our
framework and the advantages of Riemannian optimization methods. The comparison
between classic and Riemannian versions of the algorithm reveals that the intrinsic
approach often outperforms the extrinsic one in certain cases. This advocates for the
use of Riemannian methods in specific optimization problems and suggests new re-
search directions beyond Euclidean spaces. In conclusion, this work advances both the
theory and practical applications of nonlinear programming, emphasizing the dynamic
nature of optimization research and encouraging further investigation into Riemann-
ian methods across various theoretical and practical settings. Our analysis is confined
to finite-dimensional constrained optimization; extending these results to infinite-
dimensional Riemannian manifolds would require additional structural assumptions
and represents a promising avenue for future research; see [22, 49] for preliminary
approaches.
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