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Abstract. Under the hypothesis that an initial point is a quasi-regular point, we use a majorant
condition to present a new semilocal convergence analysis of an extension of the Gauss—Newton
method for solving convex composite optimization problems. In this analysis the conditions and
proof of convergence are simplified by using a simple majorant condition to define regions where a
Gauss—Newton sequence is well behaved.
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1. Introduction. Consider the convex composite optimization problem
(1.1) min A(F(x)),

where h : R™ — R is a real-valued convex and F' : R™ — R™ is continuously differ-
entiable. As is well known (see [1, 8, 9, 10] and references therein), a wide variety
of applications with this formulation can be found in the mathematical program-
ming literature, e.g., nonlinear inclusions, penalization methods, minimax, and goal
programming.

The basic algorithm considered in [1, 8, 10], which is an extension of the Gauss—
Newton method for solving the nonlinear least squares problem, will be considered in
this paper. The study of (1.1) is related to the convex inclusion problem

(1.2) F(z) € C = argmin h,

because if z, € R™ satisfies the convex inclusion (1.2), then x, is a solution of (1.1),
but if z,. € R™ is a solution of (1.1) it does not necessarily satisfy the inclusion convex
(1.2). Although a priori our goal is to give criteria that ensure the convergence of the
sequence generated by the Gauss—Newton algorithm for a solution of (1.1), we will
give criteria that ensure the convergence of that sequence for some z, € R" satisfying
F(z,) € C which, in particular, solves (1.1).

In this paper, we are interested in the semilocal convergence analysis, i.e., based
on the information at an initial point, criteria are given that ensure the convergence
of the sequence generated by the Gauss—Newton algorithm for some z, € R™ with
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F(z.) € C. Under the hypothesis that the initial point is a quasi-regular point of
the inclusion (1.2), we use a majorant condition similar to the one used in [3, 4, 6]
to present a new semilocal convergence analysis for the sequence generated by the
Gauss—Newton algorithm. The convergence analysis presented here communicates
the conditions and proof in quite a simple manner. This is possible thanks to our
majorant condition and a demonstration technique in which instead of only looking
to the generated sequence, we identify regions where the Gauss—Newton sequence
(for the convex composite optimization problem) is well behaved, as compared with
the Newton method applied to an auxiliary function associated with the majorant
function. This technique was introduced in [5].

The convergence of the sequence generated by the Gauss—Newton algorithm was
also studied in [1, 8, 10]. Among these, the criterion introduced by Li and Ng in [8] is
the best. Besides the technique used in the demonstration, the main difference from
our analysis regarding [8] is that they used Wang’s condition, introduced in [15], in
place of our majorant condition. But the formulation using the majorant condition
provides a clear relationship between the majorant function and the nonlinear function
F under consideration. Besides this, the majorant condition simplifies the proof of
convergence.

The organization of our paper is as follows. In section 1.1, we list some notation
and two basic results. The Gauss—Newton algorithm is discussed in section 2, in
section 2.1 we present an analysis of the majorant and auxiliary functions, and some
regularity properties are established in section 2.2. In section 3 the main result is
stated, and in section 3.1 it is proved. Some applications of this result are given in
section 4.

1.1. Notation and auxiliary result. The following notation and result are
used throughout our presentation. Let R™ be with a norm || - ||. The open and closed
ball in R™ with center = and radius r are denoted, respectively, by B(z,r) and B[z, r].
The polar of a closed convex W C R" is the set W° :={z € R": (z,w) < 0,w € W}.
The distance from a point = to a set W C R™ is given by d(z, W) := inf{|jz — w]| :
w € W}. The set of all subsets of R" is denoted by P(R™) and Ker(A) represents
the kernel of the linear map A. For S C R" a vector subspace, the number dim(S)
denotes its dimension. If v € R", then v+ = {u € R" : (u,v) = 0}. The sum of a
point z € R™ with a set X € P(R™) is the set given by y + X = {y+z : z € X}.
We denote by M, the vectorial space of the n x n matrix with the Frobenius norm.
Finally, C*(R™,R™) is the set of /-times continuous differentiable functions from R™
to R™ and, in the case m = n we use the short notation C*(R").

The following auxiliary results will be needed.

ProrosiTiON 1.1. Let I C R be an interval and ¢ : I — R be convex and
differentiable.

1. For any wuo € int(I), the application
UHM, u € I,u # u,
ug —u
is increasing and there exist (in R)
/ , p(uo) — p(u) p(uo) — p(u)
@' (ug) = hmu_mg v = SUP, <y ﬂ.
2. Ifu,v,wel, u<w, andu <v < w, then

v—Uu

p(v) = p(u) < [p(w) — p(u)]

w—u
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Proof. See Theorem 4.1.1 on p. 21 of [7]. 0

The proof of the next result is based on [1].

PROPOSITION 1.2. Let {z;} be a sequence in R™ and © > 0. If {z} converges
to z4« and satisfies

(1.3) lzi41 = 2zl < Ollze — 2o, k=1,2,...,
then {z} converges Q-quadratically to z. as follows:

H2k+1 _Z*” (__)

lim sup B

k—o00 ||Zk — Zx

Proof. For simplicity, let e = O||zxg+1 — 2i|| for £k =0,1,.... As {2} converges,
for large k, there holds €, < 1/2. Hence, using the assumption in (1.3), for large k we
obtain

2kttt — 2ol < OF Mizngr — zull® < €lllznrr — 2, j=12,....

Thus, after simple algebraic manipulation together with the last inequality it easy to
see that

(1.4)
1—1 00
€k
lzkri — zer1ll <Y lzerjer — zopill < D lzerjen — zesill = = l[2k+1 — 2|
i=1 i=1

for large k and ¢ = 2,3.... On the other hand, for all ¢,k = 1,2,... the triangular
inequality implies

l2k+i = 2l = [[26+1 = 20ll = 24+ — 2Rt -
Since, €, < 1/2 for large k, combining the last two inequalities we have

(1 - 26k)2

Wllzm—%llz’, i =2,3,...,

| 2b4i — 21> >

which together with inequality (1.4) yields

|2kt — 2l 1 — e
<O
2k — zrgall? = (1 —2ex)?’

i=2,3,....

Therefore, as {2z} converges to z, and limg_, o € = 0, the desired result follows
from the last inequality by letting ¢ go to oo and then taking the limsup as k goes
to oo. d

2. Preliminary. In this section we present the algorithm to solve problem (1.1),
an analysis of our majorant function, and a brief study of regularity. The results of this
section are the main tools used in the proof of convergence of the sequence generated
by the Gauss—Newton algorithm.

In order to state the Gauss—Newton algorithm for solving problem (1.1), we need
the following definition: For F' € C}(R",R™), A € (0,+00], and x € R™ define

(2.1) Da(z) := argmin {h(F(x) + F'(z)d) : d € R", ||d|| < A},
that is, Da(x) is the solution set for the following problem:

(2.2) min {h(F(z) + F'(x)d) : d € R", ||d|| < A}.
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Given that A € (0,+o0], n € [1,+00) and a point g € R", the Gauss—Newton

algorithm associated with (A, 7, zo) as defined in [1] (see also, [8, 9, 10]) is as follows.
ALGORITHM 2.1.

INITIALIZATION. Take A € (0, +00], n € [1,+00) and xg € R™. Set k = 0.

STOP CRITERION. Compute Da(xy). If 0 € Da(xy), STOP. Otherwise.

ITERATIVE STEP. Compute dj, satisfying

di, € Da(zy), k|| < nd(0, Da(zr)),
and set
Tpt1 = Tk + di,

k=k+1 and GO TO STOP CRITERION.

Note that since (2.2) is a convex optimization problem in a compact set, it follows
that the set Da(z) is nonempty for all x € R™. Therefore, the sequence {xy} generated
by Algorithm 2.1 is well defined.

2.1. The majorant condition. In this section, we define the majorant condi-
tion for the nonlinear function F'; which relaxes the assumption of Lipschitz continuity
to F’, used in our analysis. We present an analysis of the behavior of the majorant
function and of a certain associated auxiliary function; more details about the majo-
rant condition can be found in [3, 4, 6].

DEFINITION 2.2. Let F € CY(R™",R™), R > 0, and 9 € R™. A twice-differentiable
function f : [0, R) — R is a majorant function for the function F on B(xg, R) if it
satisfies

(2:3) 1F'(y) = F' @)l < f'(ly — 2l + |z = zoll) — f'(lz = zol])

for any x,y € B(zo, R), ||z — 20| + |y — 2| < R, and moreover,
(h1) £(0) =0, f(0) = —1;
(h2) f’ is conver and strictly increasing.

Before presenting some examples of majorant functions, we will give a result which
bounds the linearization error of the function F' by the error in the linearization on
the majorant function.

LEMMA 2.3. Take z,y € B(xo,R) and 0 < t < v < R. If ||x — o] < t and
ly — x| <v—t, then

lﬂw—wwwwwww—wnsﬂw—um+f@w—m<%5%0.

Proof. The proof follows the same pattern as the proof of Lemma 7 in [6]. O

2.1.1. Examples. In this section we present some class of functions with the
associated majorant function.

Example 2.4. Let xo € R", R > 0, and K > 0. Consider the following class of
Lipschitz functions:

L={FeCR") : |[F(y)-F ()| <Klly—=z|, @y €Bxo,R)}.

It is immediate to see that the function f : [0, R) — R given by f(t) = (K/2)t? —t is
a majorant function for all F' € £ on B(xg, R).
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The next result gives a condition that is easier to check than condition (2.3)
whenever the functions under consideration are twice-continuously differentiable.

LEMMA 2.5. Let F € C*(R",R™), g € R", and R > 0. If there exists a
f:[0, R) = R twice-continuously differentiable and satisfying

IF" (@) < f"(le = zol), = € Blao, R),

then F and f satisfy (2.3).

Proof.  The proof follows the same pattern as the proof of Lemma 22
in [3]. |

Now, we use the last lemma to give two classes of functions satisfying
Definition 2.2.

Example 2.6. Let R > 0. Consider the following class of functions:

Fi={FeC*R") : |[F'(z)| < ||lz|*®, =€ B(0,R)}.

Let f: [0, R) — R be given by

— 3 8/3 _
f6) =15t t.

It is easy to see that f(0) = 0, f'(t) = (3/5)t°/3 — 1, f/(0) = —1, and f"(t) =
t2/3 > 0, hence f satisfies (h1) and (h2) in Definition 2.2. Now, as f"(t) = t2/3,
using Lemma 2.5 it follows that f is a majorant function for all F' € F; on B(0, R).
Moreover, the set F; is nonempty, that is, the function F' : R™ — R" given by

F() = o (el - 7).

where Z € R", is in J7. Indeed, note that the second derivative of F' is given by

9 ) ) 10
P (@)(o,0) = o5 | = 2ol /3w, 0) + Sllall ol + )z, v

for all z,v € R,z # 0, and F"'(0) = 0. Hence, from the last inequality we obtain
IF"(@)|| < [|=]|*%, = eR™

Therefore, the statement is proved.
Ezxample 2.7. Consider the class of functions

F={Fecium,) : |[F'(X)| <|X|*2 X € BO.R)},
where B(0,R) = {X € M, : || X|| < R} and R > 0. Let f:[0,R) — R be given by

4 7
t)=— /2 —¢.
f(t) 35

It is easy to see that f(0) = 0, f/(t) = (2/5)t%/2 — 1, f/(0) = —1, and f"(t) = t3/2,
hence f satisfies (h1) and (h2) in Definition 2.2. Now, as f”(t) = t*/?, using
Lemma 2.5 it follows that f is a majorant function for all F' € F, on B(0, R). More-
over, the set Fa is nonempty, that is, the function F' : M,, — M,, given by

F(X) = o (IX)°/2% - X))
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where X € M,,, is in F5. Indeed, note that the second derivative of F is given by

4

T IIXII X V)X + 5 HXH VAIVIEX 5] X1V X V)V

FI(X)(V,V) =

for all X,V € M, X # 0, and F”(0) = 0. Hence, from the last inequality, we obtain
IF"(X)| < 1X]*?, X €M,

Therefore, the statement is proved.
We need the following definition and result to present one more example. Consider
S the class of analytic functions from R™ to R™ satisfying the Smale condition at

xo € R™, that is,
1/(-1)
< +oo};

(2.4)
see [14]. Note that the class S is nonempty, because all polynomial functions are
in S.

LEMMA 2.8. If F € S, then for all x € B(xo,1/7), it holds that

IF" (@) < (27)/(1 = ylle = wol)*.

Proof.  The proof follows the same pattern as the proof of Lemma 21
in[3. O

Ezample 2.9. Consider the class of functions S defined in (2.4). Let f : [0,1/7) —
R be defined by

FU) ()

S:= {F :R™ — R™ : F' is analytic and v := sup m
4!

j>1

t
1—nt

ft) =

It is straightforward to show that f(0) =0, f'(t) =1/(1 —~t)? — 2, f'(0) = —1, and
() = (29)/(1 — ~4t)3. Tt follows from the last equalities that f satisfies (h1) and
(h2) in Definition 2.2. To prove that the function f satisfies (2.3) with R = 1/ for
all F € S, combine f”(t) = (2v)/(1 — 4t)3, with Lemmas 2.5 and 2.8. Therefore, the
function f is a majorant function for all F' € S on B(zg, 1/7).

Remark 2.10. As pointed out by one of the referees, all the above examples
of majorant function are really the same with all following from a straightforward
derivation using the assumption that the underlying majorant function has a Puiseux
series. Indeed, assuming a Puiseux series with base N € N, Definition 2.2 implies that
f necessarily has the form

(2.5) f(t) = —t+ z:oékt(k-i-f\f)/l\f7

k=1

where the a’s must be chosen to yield convexity of f’ for ¢ > 0. For example,
Example 2.4is N =1, oy = K/2, and o, =0 for k = 2,3, ..., Example 2.6 is N = 3,
as = 9/40, and o = 0 for k = 2,3,4,6,..., Example 2. 7 is N =2, a5 = 4/35, and
ar =0for k=2,3,4,6,..., and Example2 915N— land ap, =v* for k =1,2,3,.
In particular, using condltlon in Lemma 2.5, examples of the type

(26) F= {F e CX(R™,R") : |[F"(2)| < K||z||*M/N, z € B(O,R)}
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are obtained by taking k > N and setting

N2
(2.7) f(t) = —t 4+ K———t(F+N)/N

k(k+ N)
For example, if F € C2(R",R") in Example 2.4 , then (K, N, k) = (K, 1,1), Example
2.6 is (K, N, k) = (1,3,5), and Example 2.7 is (K, N, k) = (1,2, 5).

2.1.2. The auxiliary function. To state our main theorem we need a certain
auxiliary function associated with the majorant function as in Definition 2.2. We shall
see later that the sequence generated by Algorithm 2.1 will be “majorized” by the
Newton sequence associated with this auxiliary function.

Let f : [0, R) — R be a function satisfying assumptions (hl) and (h2). Take
& >0, a > 0 and define the auxiliary function

fea :[0,R) — R,

(2.8) t = 4+ (a—Dt+af().

Now, consider the following conditions on the auxiliary function fe «:
(h3) there exists t, € (0, R) such that f¢ o(t) > 0 forallt € (0,%,) and fe o () = 0;
(h4) fL,(t) <0,
From now on, we assume that (h3) holds. The assumption (h4) will be considered to
hold only when explicitly stated.
ProprosITION 2.11. The following statements hold:
(i) fea(0) =€ >0, fL,(0) = —1;
(i) fé)a is convex and strictly increasing.
Proof. The proof is an immediate consequence of the definition in (2.8) and
assumptions (hl) and (h2). O
PROPOSITION 2.12. The function fe o is strictly convex, and

(2.9) fea(t) >0, fi,(t) <0, t<t— fealt)) fialt) <t t € [0,t.).

Moreover, f¢ ,(tc) <0.

Proof. Using Proposition 2.11, the proof follows the same pattern as the proof of
Proposition 3 in [6]. a

In view of the second inequality in (2.9), the Newton iteration map is well defined
in [0,t,). Let us call it

Nfe o [07t*) — Rv
to= = feal)/fe o)

PROPOSITION 2.13. For each t € [0,t*) it holds that £ < ny, () < t..

Proof. Proposition 2.12 implies that f¢ . is convex. Hence, using the first item of
Proposition 2.11 it is easy to see, by using convexity properties, that t —& > — f¢ o (2).
Hence, the above definition implies that

féa(t) ffa(t) ffa(t)

M) =€ = 1— 280 e > g -2t = S
e ftolt) feald) ~ —FLa(0)
As Proposition 2.11 implies that f{  (0) = —1 and f¢ , is strictly increasing, we have
féo(t) +12>0forallt €[0,t,). Therefore, combining the above inequality with the
first two inequalities in Proposition 2.12, the first inequality follows. For proving the
second inequality combine the last inequality in (2.9) with definition in (2.10). O

(2.10)

[fiat)+1],  te0,t).
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PROPOSITION 2.14. Newton iteration map ny, , maps [0,t*) into [0,t*), and it
holds that

t<mng (), te—np (1)< z(ta—1t),  te[0,t).

DN | =

If fe,o also satisfies (hd), i.e., f¢ ,(t<) <O, then

Jéa(ts)
¢ _2f§/7o¢ (t*)
Proof. The proof follows the same pattern as the proof of Proposition 4
in[6. O
The Newton sequence {t3} for solving the equation fe o(t) = 0 with starting point
to = 0 is defined as

(t. —t)?, t €10,t.).

(2.11) t() ZO, tk+1 :nfgya(tk), k:(),l,... .
COROLLARY 2.15. The sequence {tx} is well defined, is strictly increasing, is
contained in [0,t.), and converges Q-linearly to t. as follows:

1
t*—tk+1§§(t*—tk), kZO,l,

If fe.o also satisfies assumption (hd), then {tx} converges Q-quadratically to t. as
follows:

f”a(t*) 2
be—thpn < =22 (4, — )%, k=0,1,...
—2f¢ o(t:)
moreover, the following inequality holds:
f”a(t*) 2
2.12 t —t < ———(ty, — tp— k=1,2,....
( ) k+1 k > —2f€/7a(t*)( tr k 1) 5 PR=P)

Proof. With the exception of (2.12), all statements of the corollary follow from
Proposition 2.14 and (2.12). Now, we are going to prove the inequality (2.12). First
note that (2.10) and (2.11) imply fe,a(tk—1) + f¢ o(t—1)(tk —tx—1) = 0 for all k =

1,2,.... Thus, using also the continuity of féﬂ we obtain
1
topr —th = ——— [fe.a(tr) = fea(tio1) — féa(te—1) (e — tr1)]
_fg@(tk)
1 K

B W tho1 féa(u) o fé,oc(tkfl) du.

Since {tx} is strictly increasing and f{ , is convex, it follows from item 2 of Proposi-
tion 1.1 that

fealw) = fEo(teo1) < [fealtr) = féa(th-1)] Ml u € [ty—1,tx].

te —tr—1’
Taking into account the positivity of —1/f{ ,(t) (second inequality in (2.9)) and com-
bining the two above relations we have

U —tg—1

bt — t < (—1/f2 o (1) / CfLate) — Fhate )] du.

— te —tp—1
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Direct integration of the last term of the above inequality yields

(2.13) bert — th < 1 (fgl7a(tk) - fé,a(tk_1)> (be — to 1),

2 _.fé,a(tk)
As fe o satisfies assumption (h4), fé_a is increasing, and t;_1 <ty < t., we obtain

fe.o(te) = fio(ti—1) - 1 fialte) = fia(te-1)

_fé’a(tk) B _féoz(t*) tk - tk*l (tk - tk_l)

where the last inequality follows from item 1 of Proposition 1.1. Combining the above
inequality with (2.13) we conclude that (2.12) holds. O

PROPOSITION 2.16. The map [0,t.) 5t = —fea(t)/ f{ o (t) is decreasing.

Proof. Proposition 2.12 implies that f¢ ,(¢) # 0 for all ¢ € [0,¢,). Hence, the
function in the proposition is well defined. As f¢ o is twice-differentiable we have

“eal®) | fealFLL®) = (1)
< Lo () ) - (JL.0)? ; t € [0,ts).
Thus, it suffices to show that
(2.14) feaFLa) = (fEa)? <0, te[0,t).

Since feq is strictly convex (Proposition 2.12) and f; , is convex (Proposition 2.11),
we have

for all t € [0,¢,). Using these inequalities and the second inequality in (2.9), we obtain

ff,a(t)f”,a(t) - (ffl,a(t))2 < féoz(t)(t - t*)flloz(t) - (ffl,a(t))2 < _ffl,a(t)fé,oz(t*)v

which combined with Proposition 2.12 yields the inequality in (2.14). Therefore, the
proposition is fulfilled. 0

PROPOSITION 2.17. Let 0 < & < a. For the auziliary functions fea and fea,
consider t, and t., its smallest zeros, respectively. Then the following assertions hold:

(i) fea < fea on (0, R);

(i) fLo < fio on (0,R);

(iil) s < 4.

Proof. From (h2) it follows that f is strictly increasing, which implies that f is
strictly convex. Thus, using (h1l) we conclude that f(t) +¢ > 0 for all t € (0, R) and
hence the assumption o > & > 0 implies

at+ft) <alt+ft), te[0,R).

To conclude the proof of item (i), add & — ¢ on both sides of the last inequality and
use the definition in (2.8).

To prove item (ii), we first use that f’ is strictly increasing (h2), as well as the
assumption « > @ to obtain that (o — @)(f'(¢t) — f/(0)) > 0 for all t € (0, R). Hence,
from (h1) and some algebraic manipulation, we obtain

(@—1)+af't) < (a—1)+af(t), t €[0,R).

Thus, by using the definition in (2.8), the statement holds.
To establish item (iii), use item (i) and the definition of ¢, and ¢, in (h3). O
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2.2. Regularity. In this section we state the hypothesis on the starting point
of the sequence generated by Algorithm 2.1, which we need in our analysis, as well as
some related concepts.

Let C be as defined in (1.2), that is, C is the set of all minimum points of k. For
F € CY(R",R™) and z € R", we define the set D¢ (z) associated to C as

De(z) = {d € R" : F(z) + F'(z)d € C}.

In the next proposition we state a relation between the sets Da (z) and D¢ (x).
PROPOSITION 2.18. Let x € R™. If De(z) # 0 and d(0, Do(z)) < A, then

Da(z) ={d e R": ||d| < A,F(x) + F'(z)d € C} C Dc(x).

As a consequence, d(0, Da(x)) = d(0, Da(x)).
Proof. By definition of C in (1.2) and Da(x) in (2.1) it can be seen that

{deR™: ||| < A, F(z) + F'(z)d € C} C Da(x).

Let d € Da(z). Since Do(x) # 0 and d(0, Do(x)) < A, there exists d € Do (z) such
that ||d|| < A and F(x) + F'(x)d € C. Hence, from the definition of C' in (1.2) and
Da(x) in (2.1) we obtain d € Da(x). Therefore, as d,d € Da(z), and using again
the definition of Da(x) in (2.1), we have

h(F(z) + F'(x)d) = h(F(z) + F'(z)d).

Now, using F(z) + F'(z)d € C, the last equality and definition of C, we obtain
F(z) + F'(x)d € C, which proves the first statement. The second statement, i.e.,
Da(xz) C Dc(z), can be seen by definition of D¢ (x). To conclude the proof, first
note that the inclusion Da(z) C D¢ (x) implies that

(2.15) d(0, Da(z)) > d(0, Dc()).
Since D¢ (z) # 0 and d(0, Do (x)) < A, there exists d € D¢ (z) such that
ld]l = d(0, De()) < A.

Hence, from the definition of C in (1.2) and Da(z) in (2.1) we conclude that d €
Da(z). Therefore,

d(0, Da(x)) < ||d|| = d(0, Dc(x))

and taking into account (2.15), the proof is concluded. O

The next definition has been introduced in [8] for studying the Gauss—Newton
method (see also [9]).

DEFINITION 2.19. Let F € CYR",R™) and let h : R™ — R be a real-valued
convex function. A point xg € R" is called a quasi-regular point of the inclusion
(1.2), that is, of the inclusion

F(z) € C = argmin h:={z € R™ : h(z) < h(z), z € R™},

if 1 € (0,400) exists as well as an increasing positive-valued function p : [0,1) —
(0, +00) such that

(2.16) De(x) 20,  d(0, De(z)) < B(|z — zo|)d(F(z),C), =z € B(xo,r).
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Let zp € R™ be a quasi-regular point of the inclusion (1.2). We denote r,, the
supremum of 7 such that (2.16) holds for some increasing positive-valued function
on [0,7), that is,

(2.17) Tzo :=sup{r:35:[0,r) = (0,400) satisfying (2.16)}.

Let r € [0,rg,). The set B,(xo) denotes the set of all increasing positive-valued
functions 8 on [0,7) such that (2.16) holds, that is,

B, (xo) :=={B:[0,7) = (0,+00) : 8 satisfying (2.16)}.
Define

(2.18) Ba, (t) := inf {B(t) : B € B, (xo)} , t€[0,74,)-

The number r;, and the function 3, are called, respectively, the quasi-regular radius
and the quasi-regular bound function of the quasi-regular point zg.

2.2.1. Conditions yielding quasi-regularity. In this section we present some
examples of the quasi-regular point of the inclusion (1.2). We begin by defining
regularity.

DEFINITION 2.20. Let F € CYR",R™) and let h : R™ — R be a real-valued
convex function with minimizer set C' nonempty. A point xo € R™ is a reqular point
of the inclusion F(z) € C if

Ker(F'(z0)T) N (C = F(x))° = {0}.

As we know the definition of a quasi-regular point extends the definition of a regular
point (see [8, 9]). The following proposition relates these two concepts (see [1, 8]).

PROPOSITION 2.21. Let F € C*(R™",R™) and xo € R™ be a reqular point of the
inclusion F(x) € C. Then there exist constants v > 0 and § > 0 such that

Dc(z) #90, d(0,Dc(x)) < Bd(F(z),C), x € B(zo,T).

Consequently, xo is a quasi-regular point with the quasi-regular radius ry, > r and
the quasi-regular bound function By, < B on [0,r), as defined in (2.17) and (2.18),
respectively.

Remark 2.22. Proposition 2.21 implies that each regular point of the inclusion
(1.2) is a quasi-regular point of (1.2).

In the next example, we will prove that each point satisfying the Robinson condi-
tion (see [8, 10, 11]) is a quasi-regular point for the inclusion (1.2). For this, we need
some definitions and results.

Let F € C}(R",R™), C C R™, be a nonempty closed convex cone and = € R®.
Define the multifunction 7T, : R® — P(R™) as

(2.19) Tpd = F'(z)d — C.

The multifunction 7} is a convex process from R™ to R™. The convex process has
been extensively studied in [12, 13]. As usual, the domain, norm, and inverse of T},
are defined, respectively, by

D(Ty;) :={d e R" : T,,d # 0}, | 7% :=sup {||Tod| : € D(Ty), ||d]| < 1},
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T 'y:={decR": F'(x)d € y + C}, y € R™,

where || Tyd| := inf{||v|| : v € T,d}.
The point zy € R" satisfies the Robinson condition, with respect to C' and F, if
the multifunction Ty, carries R™ onto R™, that is,

(2.20) VyeR™ FdeR" FceC; y=F(xg)d—c.

LEMMA 2.23. Let F € C*(R",R™) and C' a nonempty closed convex cone. Sup-
pose that xog € R™ satisfies the Robinson condition. Then

||TI_01|| < +o00.

Moreover, if S is a linear transformation from R™ to R™ such that HT;Q1||||S|| <1,
then the convex process T, defined by T := Ty, +S, carries R™ onto R™, || T~ < 400
and

_ T 1!
T s el
T T TS

Proof. See Theorem 1 on p. 342 of [11]. a

LEMMA 2.24. Let F € CY(R",R™) and let h : R™ — R be a real-valued convex
function with minimizer set C nonempty. Suppose that xo € R™ satisfies the Robinson
condition with respect to C and F. Then xq is a reqular point of the inclusion F(x) €
C. Moreover, assume C is a cone, R >0, and f : [0, R) — R is a majorant function
for F on B(xo,R). Let £ >0, o = | T,.'||, the auziliary function fe g, : [0, R) — R,

Jepo(t) ==&+ (Bo — 1)t + Bof (D),

and rg, = sup{t € [0, R) : f¢ 5. (t) < 0}. Then the quasi-reqular radius ry, and the
quasi-regular bound function B, satisfy

Bo
Tag 2 Thos  Bao(t) < IEAOET [0, 75,)-
Proof. Take y € Ker(F'(z0)T) N (C — F(z0))°. Hence,
0= (F'(z0)"y,d) = (y, F'(x0)d), decR", (y,c — F(xp)) <0, ceC.

Since x( satisfies the Robinson condition, d € R™ and ¢ € C exist, such that —y —
F(xz9) = F'(x0)d — ¢, which combined with the above inequalities gives

(y,y) = (y,c — F(x0) — F'(z0)d) = (y,c — F(20)) < 0.

So y = 0, and we obtain from Definition 2.20 that xg is a regular point of the inclusion
F(z) eC.

To establish the second part, first take € R™ such that ||z — z¢|| < rg,. Using
that f is a majorant function of F' on B(zg, R), as well as the definitions of By, fe, g,
and rg,, we obtain

1T HE () = F' (20) | < Bolf' (Il — wol) = £(0)]

(2.21) /
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Using that xg satisfies the Robinson condition and the last inequality, it follows from
Lemma 2.23 that the convex process

T.d=F'(x)d — C = Ty,d+ [F'(z) — F'(x0)]d, deR",
carries R™ onto R™ and
,1” < ||T:E_01H < BO 7
T =T [ F () = F'(zo)|| — 1= Bolf'(lz — zoll) — f/(0)]

where the last inequality follows the definition of 5y and (2.21). Moreover, as Ty
carries R™ onto R™, we also have

(222) T,

(2.23) De(z) ={d eR": F(z) + F'(z)d € C} # 0, x € B(xo,7s,)-
Now, let d € T, }(c — F(x)). Using the definition of T, ! it follows that
F'(z)d€c—F(z)+C=C— F(x),

hence we conclude that F(z) + F'(z)d € C, which combined with the definition of
D¢ () yields
T, (c— F(z)) C Do().

x

Therefore,
d(0, D (x)) < | T; e — Fla))ll < 1T lle = F(x)ll,  ceC.
The last inequality together with (2.22) implies

Bo
= T Bl (= — z0l) — F(0)]

which combined with (2.23), as well as the definitions of r,, and B, in (2.17) and
(2.18), respectively, yields the desired inequalities. d

Remark 2.25. Lemma 2.24 implies that each point satisfying the Robinson con-
dition, with respect to C' and F, is a quasi-regular point of the inclusion (1.2).

Next, we will give an example of a quasi-regular point for the inclusion (1.2) which
is not a regular point.

Example 2.26. Let h : R® — R be a real-valued convex function such that
argmin h = {0}. Consider the linear function F : R™ — R"™ defined by

d(0, Do (x)) < || T d(F(x), C) d(F(z),C),

F(z) = Q& + ),

where n > 2, z € R", and @ € M, such that dim(Ker(Q)) > 1 and @ # 0. The point
zo € R™"\{—z} such that Q(Z+z) # 0 is a quasi-regular point of the inclusion F(z) €
{0}, with quasi-regular radius r,, and quasi-regular bound function 3,, satisfying,
respectively,

1Q(E + o) |7 — ol +
Tz O < — )
" Q] 100+ z0)]| — QI

Indeed, first note that F'(x)d = Qd for all d € R™. Tt is easy to see that

Bz(t) tel0, [|QE+xo)l/lCQI)-

—z—xz€De(x)={deR":Q(z+2)+Qde{0}}, zeR",
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which implies d (0, Do(z)) < |24+ z|| < |Z+ o] + ||x — o] Now, simple calculations
yield

d(F(x),{0}) = |Q(@ + 2)[| = [Q(Z + zo)[| — [QIll|z — zol-
Therefore, using the two last inequalities we obtain

|1Z + ol + ||z — 20|

= 1@ +20)] = 1QTTe — zol

d(0, Do(x)) d(F(z),{0})

and

z € B (zo, Q@ + zo)[I/1QI),

and the statement is proved.

Now, we will prove that the point xg given above is not a regular point for the
inclusion F(z) € {0}. First, as F'(x9) = Q and dim(Ker(Q)) > 1, we conclude that
dim(Ker(F’(z9)”) > 1. On the other hand, since F(z¢) # 0, we obtain {F(zo)}* C
(—F(20))°, where dim({F(x0)}*) = n — 1. Hence, Ker(F'(x)T) N (—F(x0))° # {0},
which proves the statement.

For addional examples of quasi-regular points of the inclusion (1.2) which are not
regular points see [8].

3. Semilocal analysis for the Gauss—Newton method. In this section our
goal is to state and prove a semilocal theorem for the sequence generated by Algorithm
2.1 in order to solve problem (1.1). Under the hypothesis that the initial point is a
quasi-regular point of the inclusion (1.2) and the nonlinear function F' satisfies the
majorant condition in Definition 2.2, we will prove convergence of the sequence to a
point x, € B[xzg, t«] such that F(z.) € C and in particular that z, solves (1.1). The
statement of the theorem is as follows.

THEOREM 3.1. Let F € CHR",R™). Assume that R > 0, 29 € R", and f :
[0, R) — R is a majorant function for F on B(xo, R). Take the constants a > 0 and
&€ > 0 and consider the auziliary function fe o : [0, R) = R,

fe.at) =&+ (a— 1Dt +af(t).

If fe o satisfies (h3), i.e., t. is the smallest zero of fe o, then the sequence generated
by the Newton method for solving fe o(t) = 0, with starting point to = 0,

(3.1) trhr1 =tk —fé’a(tk)ilfg)a(tk), k=0,1,...,

is well defined, {ty} is strictly increasing, contained in [0,t.), and it converges Q-
linearly to t.. Let n € [1,00), A € (0,00], and h : R™ — R be a real-valued convex
function with minimizer set C nonempty. Suppose that ro € R™ is a quasi-regular
point of the inclusion

F(z)eC

with the quasi-regular radius ry, and the quasi-regular bound function Bz, as defined
in (2.17) and (2.18), respectively. If d(F(xo),C) > 0, t, < ry,,
(3.2)

A% €2 0B O(F(0).C). o> sup{ Al

E <t <typ,
esien)
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then the sequence generated by Algorithm 2.1, denoted by {xi}, is contained in B(xg, t.),
(3.3) F(!Ek)-l-Fl(xk)(CCkJrl —xzp)€eC, k=0,1,...,

satisfies the inequalities

ter1 — tr
(34)  llwksr — ol St — e, ok — ol < (tﬂﬁﬂﬂﬁc — -1,
k—tk-1)
forallk =0,1,..., and k = 1,2,..., respectively, and converges to a point x, €
Blxo, t«] such that F(z.) € C,
(3.5) |ze — g || < ts — ti, k=0,1,...,

and the convergence is R-linear. If, additionally, fe o satisfies (h4), then the following
inequalities hold:

(3.6)
f//oz(t*) f”a(t*)
[@rr1 — anll < 22— ok — 2e—1l®,  thar — te < —o——(ts, — tp—1)”
—2f¢ o(te) —2f¢o(t)
for all k =1,2,.... Moreover, the sequences {x} and {t;} converge Q-quadratically
to x4 and t,, respectively, as follows:
. |z — gy fEa(ts) JEa(ts) 2
3.7 lim su < : , te — 1t < — (t, —t
( ) k~>oop ||$* _ kaz — _2fé,a(t*) k+1 _2fé)a(t*)( k)
forallk=0,1,....
Remark 3.2. If
_ 1Bz, (1) }
a > @ = sup <t <tip,
{ﬁﬁwo @) +1]+1

then the sequence {zy} converges Q-quadratically to z.. To prove this assertion, note
that through item (iii) of Proposition 2.17, we have t, < t.. Hence, using fé_& strictly
increasing and item (ii) of Proposition 2.17, we obtain

fé,&(f*) < fé,&(t*) < ffl,a(t*)v

which combined with Proposition 2.12 implies that fé@(t;) < 0, that is, f¢ & satisfies
(h4). So, the statement is correct if f¢ o is replaced by f¢ s in Theorem 3.1.

All statements in Theorem 3.1 for the sequence {¢; } were proved in Corollary 2.15.
Now we are going to prove the statements for the sequence {x;}. From now on, we
assume that the hypotheses of Theorem 3.1 hold, with the exception of (h4), which
will be considered to hold only when explicitly stated.

3.1. Proof of convergence. As we saw in section 2, Da(x) # 0 for all z € R";
therefore the sequence {xzj} is well defined. But this is not enough to prove the
convergence of sequence {zx} to some point z, € R™ such that F(z,.) € C, because
we have no relationship between the set of search directions Da(z) to the set of
solutions of the linearized inclusion

Fx)+ F'(z)deC,  |d|<A.
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Now, if we prove that Da(z) C D¢(z) for suitable points, then we can use the results
of regularity to relate the sets mentioned above. First, we define some subsets of
B(xg,t«) in which, as we shall prove, the desired inclusion holds for all points in these

subsets.
(3.8) K(t):=<{xzecR": ||z — x| <t, nd(0,Dc(z)) < —ff,""(t) , te0,t),
f&,oz(t)

(3.9) K:= |J K@®.

te[0,t4)

In (3.8) we assume that 0 < t < t,; therefore it follows from Proposition 2.12 that
fé.o(t) # 0. So, the above definitions are consistent.
ProrosiTION 3.3. If x € K, then

Da(z) = {deR" : F(z)+ F'(z)d € C, ||d|| < A} € D¢(a)
and
d(07 DA(x)) = d(oa DC(x))

Proof. From Proposition 2.18 it is sufficient to prove that Dg(z) # 0 and
d(0,Dc(z)) < A for all z € K. Let € K; then x € K(t) for some ¢t € [0,t.),
which implies that © € B(zo,t.). Since t. < ry, and zo is a quasi-regular point, it
follows from Definition 2.19 and the definition of the quasi-regular radius in (2.17)
that Do (x) # (. By hypothesis n > 1 and £ < A. Thus, as © € K(t), by using the
definition in (3.8), Proposition 2.16, and Proposition 2.11 we obtain

fe.a(t) fe.a0)
d(0, Do (z)) < nd(0, Do (z)) < _fgl7a(t) < _fgl7a(0) = <A,

which proves the desired result. o
For each € R™, we define the set Da(x) as
(3.10) Da(z) :={d € Da(z) : ||d|| < nd(0,Da(z))}.

As Da(z) # 0 for all x € R™, we have Da(x) # 0 for all € R™ and consequently
the Gauss—Newton iteration multifunction is well defined. Let us call Gg the Gauss—
Newton iteration multifunction for F' in B(xg,t.):

GFIB(ﬁo,t*) — P(Rri),

(3.11) z = x4+ Da(x).

We shall prove that the Gauss—Newton iteration multifunction is well behaved on the
subsets defined in (3.8), but first we need the following technical result.

LEMMA 3.4. For each t € [0,t.), x € K(t), and y € Gp(x) it holds that

(1) Hy - IEH < Nfe o (t) —1;

(i) [ly = zoll < nype . (1) <t

feampe o) [ Jy—a \?
(i) nd(0, Do(y)) < ~ 7=y (i)

Proof. Since t € [0,t,) and = € K (t), by using the definition in (3.8), Proposition
3.3, and the first two statements in Proposition 2.14, we obtain

(312) [ — w0l < t, 7d(0, Da(x)) = nd(0, De(a)) < —Jea®)
f&,a(t)

< (t) < t.
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Now, as y € Gp(x) there exists d € Da(z) such that y = 2 + d. Using the definition
of the set Da(z) in (3.10) and the second inequality in (3.12) it follows that

ld]l < nd(0, Da(@)) = nd(0, Dc(x)) < = fe.a(t)/ fé.a(t)-
Since d = y — x, the last inequality together with the definition in (2.10) implies
item (i).
Triangular inequality combined with the first inequality in (3.12), item (i), and
the last inequality in (3.12) yields

(3.13) ly — 2ol < lly — zll + [z = wol| <mype, (8) <t

which proves item (ii).
Since ||y — xo|| < t« and t,. < 7, we obtain by the quasi-regularity assumption

Do(y) # 0, d(0,Deo(y)) < Br(ly — 2ol )d(F(y), C).
Asz e K(t) C K and y — x = d € Da(x), it follows from Proposition 3.3 that
F(z)+ F'(z)(y —x) € C.

Therefore, taking into account that n > 1, by using the above inequality and the last
inclusion it is easy to conclude that

1d(0, Do () < 1Bay(ly — 2ol DIIF(y) — Fx) — F'(x)(y — o).

On the other hand, from item (i) we have ||y — x| < ny,  (t) —t and, as ||z — 20| < ¢,
by using Lemma 2.3 we have

1P~ F@)~F @2l < [l (0)= 107 s 0-0] (720 )

Hence, combining the above two inequalities we conclude that

(3.14) nd(0, Dc(y)) ly — || 2
< 0B ([ly = @oll) [f(nge.o (1) = F(E) = f/(t)(np . (8) — 1)] (ﬁ) :

The definition in (2.10) implies that fe o (t) + f¢ () (nf, . (t) —t) = 0. So, we have

fea(nge . (1) = fea(ng . (1) = fealt) = fé o) (ng . (8) —1).

By using the definition in (2.8) and after simple algebraic manipulation, the last
equality becomes

feange () = a (f(ng . () = f(t) = f' () (nge . (8) — 1)) -

So, as [y, is an increasing function, by a simple combination of (3.13), (3.14), and
the last equality, we obtain

(3.15) 1nd(0, Do(y)) < wm(%(m < ly — || )

« nge o (t) —t
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From Proposition 2.13 we have £ < ny, (t) < t.. Thus, combining (3.2), (h1), and
(h2), we obtain after simple calculations that

anBag (N o O (nfe o (1) + 1]+ @ 2 0By (g , (1))

Hence, using f{ ,(nf, ., (t)) = (a—1)+af'(ny, ,(t)) and the second inequality in (2.9),
the last inequality becomes

MBao (Nfe o (1) /00 < =1/ fe a(nse o (1)),

which combined with (3.15) yields item (iii). O

In the next lemma we prove the desired result, namely, that the Gauss—Newton
iteration multifunction is well behaved on the subsets defined in (3.8).

LEMMA 3.5. For each t € [0,t,), the following inclusions hold: K (t) C B(zo,t.)
and

Gr (K(t)) CcCK (Tlf&a(t)) .

As a consequence, K C B(xo,ts) and Gp(K) C K.
Proof. The first inclusion follows trivially from the definition of K(t). Take
z € K(t) and y € Gp(x). Combining items (i) and (iii) of Lemma 3.4 we have

Jealng . (1)
feamsea ()

The last inequality together with item (ii) of Lemma 3.4 and the definition in (3.8)
show us that y € K (ny, ,(t)), which proves the second inclusion.

The next inclusion, first on the second sentence, follows trivially from definitions
(3.8) and (3.9). To verify the last inclusion, take x € K. Therefore, x € K (t) for some
t € [0,t.). Using the first part of the lemma, we conclude that Gr(x) C K(ny, ,(t)).
To end the proof, note that ny,  (t) € [0,t.) and use the definition of K. O

Finally, we are ready to prove the main result of this section, which is an imme-
diate consequence of the latter results. First, note that definitions (3.10) and (3.11)
imply that the sequence {z\} satisfies

(3.16) Th41 EGF(CCk), k=0,1,...,

which is indeed an equivalent definition of this sequence.

COROLLARY 3.6. The sequence {xy} which is contained in B(xo,ts), converges
to a point x. € Blxo,ts] such that F(x.) € C. Moreover, {xy} and {ty} satisfy
(3.3), (3.4), and (3.5). Furthermore, if fe o also satisfies assumption (h4), then {xy}
satisfies the first inequality in (3.6) and converges Q-quadratically to x. as the first
inequality in (3.7).

Proof. Since xy € B(xo,t.) C B(xo,74,), by using the quasi-regularity assump-
tion, 7 > 1, the first inequality in (3.2), and Proposition 2.11, we obtain

 Jfea(0
féa(0

~~

De(xo) # 0, nd(0, De(x0)) < 0y (0)d(F(x0),C) < & =

~~

Therefore,

$QEK(O)CK,
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where the second inclusion follows trivially from (3.9). Using the above inclusion, the
inclusions Gr(K) C K (Lemma 3.5), and (3.16), we conclude that the sequence {xy}
rests in K and, in particular, we have {z)} contained in B(xo,t.). Since {zx} C K,
by combining Proposition 3.3 and Algorithm 2.1, the inclusion in (3.3) follows. Now,
we prove by induction that

(3.17) xp € K(tr), k=0,1,....

The above inclusion, for k& = 0, is the first result in this proof. Assume that x; €
K (ty). From (2.11) we have tx41 = 0y, (tx) and, as zp € K (t1), Lemma 3.5 implies
that Gp(zr) C K(tk+1), which taking into account (3.16) completes the induction
proof.

A simple combination of Algorithm 2.1 with (3.17), Proposition 3.3, and (3.8)
yields

alt
(3.18)  lowss — 2l < 0d(0, Da(ar)) = nd(0, Do(ay)) < —2820) g g1

Jé o (te)
which, using (3.1), becomes
lzrs1 — 2kl < tpgr — tr, kE=0,1,....

So, the first inequality in (3.4) holds. On the other hand, as {tx} converges to ., the
above inequalities imply that

oo oo
Z |zksr — zkll < Z the1 — tp = te — t, < +00
k—ko k—ko

for any ko € N. Hence, {z;} is a Cauchy sequence in B(zo,t.) and so converges to
some . € Blxo, t.]. Moreover, the above inequality also implies (3.5), i.e., ||z, —zk]| <
t. — ti, for any k. As C is closed, {21} converges to .,

F(a) + F'(wp) (rir — 21) € C,
and F is a continuously differentiable function; therefore, we have F(x,) € C.
In order to prove the second inequality in (3.4), first note that =3 € K(t) and

thy1 = ng., (tg), for all k = 0,1,.... Thus, take an arbitrary k and apply item (iii)
of Lemma 3.4 with y =z, * = xx_1, and ¢ = ;1 to obtain

nd(0, Do (k) <

_ fealty) (nxk —xm)?
féo(te) ’

tp —tp—1

which, using (3.1) and the first inequality in (3.18), yields the desired inequality.
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Now, we assume that (h4) holds. Therefore, combining the second inequalities in
(3.4) and (3.6), we obtain the first inequality in (3.6). To establish the first inequality
in (3.7), use the first inequality in (3.6) and Proposition 1.2 with z; = z) and © =
fé o (t)/(=2f{ o(t+)). Thus, the proof is concluded. O

Therefore, it follows from Corollaries 2.15 and 3.6 that all statements in Theo-
rem 3.1 are valid.

4. Special cases. In this section, we present special cases for Theorem 3.1.
They include the case where the starting point zy of the Gauss—Newton sequence
is a regular point of the inclusion (1.2) and the case where x( satisfies the Robinson
condition. Moreover, we present results of convergence under the Lipschitz and Smale
conditions.

4.1. Convergence result for regular starting point. In this section we
present a correspondent theorem to Theorem 3.1, namely, we assume that the starting
point xg of the Gauss—Newton sequence is a regular point of the inclusion (1.2); see
[1] and references therein. We also present results of convergence under the Lipschitz
and Smale conditions.

THEOREM 4.1. Let F € CHR",R™). Assume that R > 0, 2o € R", and f :
[0, R) — R is a majorant function for F on B(xo, R). Take the constants a > 0 and
&€ > 0 and consider the auziliary function fe o : [0, R) = R,

feat) =&+ (=Dt +af(t).

If fe.o satisfies (h3), i.e., t. is the smallest zero of fe o, then the sequence generated
by the Newton method for solving fe o(t) = 0, with starting point to = 0,

tk+1 :tk_fé)a(tk)ilff,a(tk)a k:0717 )

is well defined, {t;.} is strictly increasing, contained in [0,t.), and it converges Q-
linearly to t.. Letn € [1,00), A € (0,00], and h : R™ — R be a real-valued convex
function with minimizer set C nonempty. Suppose that xo € R™ is a reqular point of
the inclusion F(z) € C with associated constantsr > 0 and § > 0. If d(F(zg),C) > 0,
te <,

A>¢>nBd(F(x0),C),  a=nB/mBlf' () +1]+1),

then the sequence generated by Algorithm 2.1, denoted by {xy}, is contained in
B(ﬂ?o,t*),

F(xp) + F'(zg) (21 —xx) €C, k=0,1,...,
satisfies the inequalities

tey1 — 1tk
lzrtr — ol < tor —te, 21 — 2| < @Hﬁﬂﬂ% — a1 ?
k — k—l)

for k. =0,1,..., and k = 1,2,..., respectively, converges to a point x. € Blxo,t.]
such that F(z.) € C,

|ze — 2k || <t — th, k=0,1,...,

and the convergence is R-linear. If, additionally, fe o satisfies (h4), then the following
inequalities hold:

fea(ts)
—2f¢ o(tx)

)

fea(ts)

B < o (b, — ti1)?
—2f¢a(t) "

lzrt1 — 2kl < ok — zp-1ll? trgpr —t
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for all k =1,2,.... Moreover, the sequences {xy} and {ty} converge Q-quadratically

to x, and t., respectively, as follows:

. Hx* _mk—'rl” fl/a(t*) f”a(t*) 2

lim sup < d y o ote—tpypr < 22— (t.—t)°, k=0,1,....
koo @ — @kl T =2fg () —2f¢ o(ts)

Proof. Since z is a regular point for the inclusion, we have from Proposition 2.21
that zo is a quasi-regular point for the inclusion F(z) € C with the quasi-regular
radius ry, > r. So, taking into account the assumption ¢, < r we obtain

by < Tgp-
Moreover, Proposition 2.21 also implies the quasi-regular bound function

(4.1) Beo(t) < B, £ €[0,7).

Since A > & > nBd(F(x0),C) and the last inequality implies that £;,(0) < 8, we
have

Now, combining the assumptions 0 < £ and ¢, < r with Proposition 2.13 we conclude
that 0 < £ < t, <r. So, using (4.1), f'(0) = —1, f’ as strictly increasing, and n > 1,
after simple algebraic manipulation we obtain

np - 1Bz, (t)
nBLf' (&) +1+1 = nBe,(O[f'(t) +1] + 1’

Hence, the assumption a > n3/(n8[f'(£) + 1] + 1) and the last inequality imply that

0B, (t) .
wz s e o<t
Therefore, F' and x( satisfy all assumptions in Theorem 3.1 and consequently the
statements of the theorem are satisfied. 0
Under the Lipschitz condition, Theorem 4.1 becomes the following.
THEOREM 4.2. Let F € CY(R",R™). Assume that o € R*, R >0, and K > 0
such that

t € [€ ).

I1F'(y) = F'(@)l < Klly— =], =y € B(zo, R).

Take the constants a« > 0 and & > 0 and consider the auxiliary function fe o:
[0,R) — R,

fealt) =& —t+ (aKt?)/2.

If 2aK¢ < 1, then t, = (1 — /1 —-2aK¢)/(aK) is the smallest zero of fe a, the
sequence generated by the Newton method for solving fe o(t) = 0, with starting point
to = 0;

41 = Uk —fé’a(tk)ilfg)a(tk), k=0,1,...,

is well defined, {tr} is strictly increasing, contained in [0,t.), and it converges Q-
linearly to t.. Let n € [1,00), A € (0,00] and h : R™ — R be a real-valued convex
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function with minimizer set C nonempty. Suppose that xo € R™ is a reqular point of
the inclusion F(x) € C with associated constantsr > 0 and 8 > 0. If d(F(x9),C) > 0,
te <,

A > ¢ >nBd(F(20),C),  a=nB/(KnBE+1),
then the sequence generated by Algorithm 2.1, denoted by {x}, is contained in B(xg,t.),
F(xk)—l-Fl(xk)(CCkJrl—Cvk)EC, k=0,1,...,

satisfies the inequalities

thy1 — 1tk
lzk+1 — okl < tryr — ths lzrrs — 2rll < g — 2 |
(tk — tr—1)
fork=0,1,..., and k = 1,2,..., respectively, converging to a point x. € Blxo,t.]
such that F(z.) € C,
|ze — 2k || <t — th, k=0,1,...,

and the convergence is R-linear. If, additionally, 2aK¢& < 1, then the following in-
equalities hold:

oK aK
i1 — k]| € el — a1 |?, tre — te € e (tyy, — tr1)?
Iz =l < o o = wial| ki1 b S oo (f — t)

for all k =1,2,.... Moreover, the sequences {xy} and {ty} converge Q-quadratically
to x4 and t,, respectively, as follows:

lim sup |2+ = e | ol te — ther < $(t —t;.c)2
booe s — k)2 T 201 2aKE’ M = o /T—2aKE
forallk=0,1,....

Proof. Tt is promptly proved that f : [0, R) — R defined by f(t) = Kt?/2 —tisa
majorant function for the function F on B(xzg, R); see Example 2.4. Hence, for

fealt) =6 —t+ (aKt?)/2=E+ (a— Dt +af(t),

and 2aK¢ < 1, we conclude that f¢ o satisfies (h3), t, = (1 — /1 —2aK¢)/(aK) is
its smallest root, and

Q> np f/:a(t*) _ aK
Bl O+ 1]+ 1 —-2f ,(t.) — 2y/T—2aK¢

Therefore, taking «, fe, and ¢, as defined above and by noting that assumption
2aK¢ < 1 implies that fe , satisfies (h4), all the statements of the theorem follow
from Theorem 4.1. a
Under the Smale condition (see [14]), Theorem 4.1 becomes the following.
THEOREM 4.3. Let F : R™ — R™ be an analytic function. Assume that xog € R"
and

F(J) (370) 1/(]'71)
Y = sup T < +o0.
j>1 :
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Take the constants o« > 0 and & > 0 and consider the auziliary function feo :
0,1/7) = R,

ay

2 —t+ ¢
1—nt +e

fea(t) =

If ¢y <14 2a—2v/a(l + ) then

14— VO 96?40 + )€
N 2(1 4+ a)y

La

is the smallest zero of f¢ o, the sequence generated by the Newton method for solving
fe.a(t) =0, with starting point to =0,

tk-‘rl :tk_ffl,a(tk)ilf&a(tk)? kZO,l, )

is well defined, {tr} is strictly increasing, contained in [0,t.), and it converges Q-
linearly to t.. Letn € [1,00), A € (0,00] and h : R™ — R be a real-valued convex
function with minimizer set C nonempty. Suppose that xo € R™ is a reqular point of
the inclusion F(z) € C with associated constantsr > 0 and > 0. If d(F(zo),C) > 0,
te <,

nB(1 —~&)?
R ) T

then the sequence generated by Algorithm 2.1, denoted by {xi}, is contained in B(xg, t.),

A > &= nBd(F(xo),C),

F(xp) + F'(zg) (21 —ax) €C, k=0,1,...,

satisfies the inequalities

tea1 — tk
lzrs1r — 2kl < trgr — tr, lzrt1 — zell < mﬂﬂ% — x|,

fork=0,1,..., and k = 1,2,..., respectively, converging to a point x. € Blxo,t.]
such that F(z.) € C,

|ze — 2k || <t — tg, k=0,1,...,

and the convergence is R-linear. If, additionally, &y < 14+ 2a—2+/a(l + «), then the
following inequalities hold:

f/:a(t*) f/:a(t*)

zhs1 — il < —52——lzk — 21 % thyr — ti < —2——(ty, — th1)?
—2f¢ o(ts) —2f¢ o ()"
forall k =1,2,.... Moreover, the sequences {xy} and {ty} converge Q-quadratically
to x4 and t,, respectively, as follows:
. Hx* _mk—'rl” fl/a(t*) f”a(t*) 2
lim sup < ; y o te—tpr < ———(ti—tr)°, k=0,1,....
A P R TN Y = g

Proof. From Example 2.9 we know that f : [0,1/7) — R defined by f(t) =
t/(1 —~t) — 2t is a majorant function for F' on B(zg,1/v). Hence, for

fealt) = 7ot —t4E=E+ (= D+ af()
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and £y <14 2a —2v/a(l + a), we conclude that fe o satisfies (h3) and

ns p 1= V997 — 41+ )€
* 2(1 4+ a)y

a2 ;

nBlf(§) +1] +1

is its smallest root. Therefore, taking «, f¢ .o and ¢, as defined above and by noting

that assumption £y < 1+ 2a — 2/a(1 + «) implies that f¢ o satisfies (h4), all the
statements of the theorem follow from Theorem 4.1. O

4.2. Convergence result under the Robinson condition . In this section
we present a correspondent theorem to Theorem 3.1, namely, we assume that the
starting point z( of the Gauss-Newton sequence satisfies the Robinson condition, see
[8] and [11]. Under the Robinson condition, we also present results of convergence for
the Lipschitz and Smale conditions.

THEOREM 4.4. Let F € CYR",R™). Assume that R > 0, 29 € R", and f :
[0, R) — R is a majorant function for F on B(xo, R). Take the constants a > 0 and
&€ > 0 and consider the auziliary function fe o : [0, R) = R,

feat) =&+ (a— 1Dt +af(t).

If fe o satisfies (h3), i.e., ty is the smallest zero of fe o, then the sequence generated
by the Newton method for solving fe o(t) = 0, with starting point to = 0,

tk+1 :tk_féa(tk)ilff,a(tk)a k:0717 )

is well defined, {t;.} is strictly increasing, contained in [0,t.), and it converges Q-
linearly tot.. Letn € [1,00), A € (0,00] and h : R™ — R be a real-valued convex func-
tion with minimizer set C nonempty. Suppose that C' is a cone and xo € R™ satisfies
the Robinson condition with respect to C and F. Let By = || T, If d(F(z0),C) > 0,
te <rgy ==sup{t € [0,R) : Bo— 1+ Bof'(t) <0},

nBo
AzeznfodF(20),0), ez T E T E )

then the sequence generated by Algorithm 2.1, denoted by {xp}, is contained in
B(xo,t*),

F(xy) + F'(ap)(wp41 —ax) €C, k=0,1,...,

satisfies the inequalities

thy1 — g
lrsr —wrll < thpr —te, lwns — 2l < s [lak — a1,
(tg — tr—1)
for k=0,1,..., and k = 1,2,..., respectively, converging to a point x. € Blxg, t.]
such that F(z,.) € C,
|ze — 2k || <t — tg, k=0,1,...,

and the convergence is R-linear. If, additionally, fe o satisfies (h4), then the following
inequalities hold:

fea(ts)

,7()H95k — x|, tgr1 — T
yo\E

fea(ts)

B < o (b, — ti1)?
—2f¢a(t) "

|zksr — zkll <
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for all k =1,2,.... Moreover, the sequences {xy} and {ty} converge Q-quadratically

to x, and t., respectively, as follows

. Hx* _mk—'rl” fl/a(t*) f”a(t*) 2

lim sup < ; y o te—tpr < ———(ti—tr)°, k=0,1,....
A P LR TN Y S Do

Proof. Since xg € R" satisfies the Robinson condition, with respect to C' and F,
we have from Lemma 2.24 that z( is a quasi-regular point of the inclusion F(z) € C
with the quasi-regular radius r;, > 75,. So, taking into account the assumption
t. <rg, we obtain

te < Tyq-

Moreover, Lemma 2.24 also implies that the quasi-regular bound function ,, satisfies

Bo
(42) ﬂwo(t) < Wa

Since A > & > nBod(F(x),C) and the last inequality implies that £,,(0) < Bo, we
have

t e [0, 7‘[30).

Now, combining the assumptions 0 < § and ¢, < rg, with Proposition 2.13 we conclude
that 0 < § < t, <rg,. So, using (4.2), f’(0) = —1, f’ as strictly increasing and n > 1;
after simple algebraic manipulation we obtain

, 1 1 ’ 1 /
nlf (’5)+1]+m > %‘F(n—l)[f t)+1] > %‘F(n—l)[f (&) +1], telg, ta),

or equivalently,

1nBo - 1Bz, (t)
L4+ (n—1)Bolf"(§) +1] ~ nBue(®)[f/(t) + 1] + 1’

Hence, the assumption o > 18y /[1+ (n—1)Bo(f'(§)+1)] and the last inequality imply
that

te g, ti).

0B, (1) .
“= SuP{nﬁzo(t)[f’(t) I TES A ’5*}'

Therefore, F' and x satisfy all assumptions in Theorem 3.1 and so statements of the
theorem follow. 0

Remark 4.5. If in Theorem 4.4 we assume that there exist R > 0 and K > 0 such
that

IF'(y) = F'(@)| < Klly—=ll,  a,y € B(xo, R),

then f : [0, R) — R defined by f(t) = Kt?/2 — t is a majorant function for F on
B(zg, R) (see Example 2.4) and (h3), (h4), and ¢, become

20K¢ <1, 20K€ < 1, t.=(1—+1—-2aK¢)/(aK),
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and « satisfies

nBo

T - DEBE

In particular, if C = {0} and n = m, the Robinson condition is equivalent to the
condition that F'(x¢)~! is nonsingular. Hence, for n = 1 Theorem 4.4 becomes a
semilocal convergence result for the Newton method under the Lipschitz condition;
see [2].

Remark 4.6. If in Theorem 4.4 we assume that F' is an analytic function and

1/(n—1)

L(n) (a:o) < +00

~ := sup
n!

n>1

then f:[0,1/v) — R defined by f(t) =¢/(1 — 4t) — 2t is a majorant function for the
function F on B(xo,1/v) (see Example 2.9), (h3), (h4), and ¢, become

&y <1420 —2v/a(l+a), &y <1420 —2v/a(l+ o),

1+ -V +19? -4 +a)r

by
2(1 4+ a)y

)

and « satisfies

. nBo(1 —~€)?
T (n—=1)Bo+[1 = Fo(n—1)J(1 —~&)?

In particular, if C = {0} and n = m, the Robinson condition is equivalent to the
condition that F'(x¢)~! is nonsingular. Hence, for n = 1 Theorem 4.4 becomes a
semilocal convergence result for the Newton method under the Smale condition; see
[14].

5. Conclusion. In the following numerical example from Li and Ng [8], the
importance of considering the quasi-regularity bound functions rather than a constant
bound is illustrated. More specifically, the next example shows that Theorem 4.2 is
not applicable; however, Theorem 4.4, which is based in the quasi-regular bound
function, is applicable.

Ezample 5.1. Let (v/3 —1)/4 < 7 < 1/4 and consider the scalar functions h and
F defined by

h(z) == ||, F(x):=71—x+2% x €R.
Then, C' = {0}. It is easy to check that F'(x) = —1 + 2z,||F'(z) — F'(y)|| = 2|z — y|
for all x € R. Thus, K = 2. Let xg = 0. It is immediate that T, ,d = —d for all d € R

(see the definition in (2.19)). So, Ty, carries R onto R, i.e., zo satisfies the Robinson
condition and Sy = ||T,,!|| = 1. Hence, taking n = 1 and A = +o0, we have

1
P, 0) =750, a=1, = VT L

and
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Therefore, we conclude that Theorem 4.4 is applicable with initial point zg = 0; see
also Remark 4.5.

Now, we will show that Theorem 4.2 is not applicable. Indeed, as x satisfies the
Robinson condition, using Lemma 2.24 we conclude that o = 0 is a regular point for
the inclusion (1.2). Hence, Proposition 2.21 implies that there exist > 0 and 8 > 0
such that

(5.1) D¢ (z) # 0, d(0, Dc(z)) < Bd(F(z),C), |z < 7.

As K =2,d(F(x),C) =7,n=1,and A = 4oc0. Hence, taking & = nSd(F(xo),C) =
Br, a = 5/(2¢ 4+ 1) to apply Theorem 4.2, it is necessary that

. _ L4266 T-(BEP _

(5.2) 28¢ < 1,

Now, conditions in (5.1) imply that 1/(1 —2|z|) < 8 for all |z|] < r < 1/2. So,
1/(1 —2r) < B, or equivalently 237 < —1, which combined with the second inequal-
ity in (5.2) and simple calculus imply that (8¢2 —4£+1)52 +4(26 — 1)+ 3 < 0. The
last inequality implies & < (v/3 —1)/4. Since, & = 87 > 7/(1 —2r) > 7 > (V3 —1)/4,
we have a contradiction.
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