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Abstract

In this paper, we propose a projection-free accelerated method for solving convex optimiza-
tion problems with unbounded feasible set. The method is an accelerated gradient scheme such
that each projection subproblem is approximately solved by means of a conditional gradient
scheme. Under reasonable assumptions, it is shown that an e-approximate solution (concept
related to the optimal value of the problem) is obtained in at most O(1/+/¢) gradient evalu-
ations and O(1/e) linear oracle calls. We also discuss a notion of approximate solution based
on the first-order optimality condition of the problem and present iteration-complexity results
for the proposed method to obtain an approximate solution in this sense. Finally, numerical
experiments illustrating the practical behavior of the proposed scheme are discussed.

1 Introduction

The conditional gradient (CondG) method proposed by Frank and Wolfe [4, 5] is designed to solve
the convex optimization problem

f* 1= min f(@) 1)

where X is a nonempty compact convex set and f is a differentiable convex function such that V f is
Lipschitz continuous on X. Given zF~! € X, its k-th step first finds ¥* as a minimum of the linear
function (V f(xz*=1),.) over X and then set 2% = (1 —ay,)z* ! +agy" for some oy, € [0, 1]. Tts major
distinguishing feature compared to other first-order algorithms such as the projected gradient (or
accelerated gradient) method is that it replaces the usual projection onto X by a linear oracle which
computes y* as above. Since, for some relevant cases of X, the latter operation is considerably
cheaper than the first one, the CondG method is competitive with first-order projection methods
for solving large-scale instances of (1) and has received significant attention in different application
areas (see [1, 2, 3, 6, 7, 8, 10, 12, 13, 14]). It has been shown that if oy in the CondG method are
properly chosen, then this algorithm can find an e-solution of (1) (i.e., a point & € X such that
f(@) — f* <e) in at most O(1/e) iterations and gradient evaluations (see [6, 10, 13]).

Recently, there has also been a growing interest in the study of accelerated gradient methods for
solving large-scale optimization problems; see, for instance, [9, 11, 15, 16, 17, 18]. These methods
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have optimal iteration-complexity, namely, an e-approximate solution of (1) (with X not neces-
sarily bounded) can be obtained in at most O(1/4/¢) gradient (as well as projections) evaluations.
Motivated by the efficiency of the accelerated methods and taking into account that in some appli-
cations the associated projection subproblems are difficult to solve, Lan and Zhou [13] developed
a projection-free accelerated gradient scheme for solving (1), called conditional gradient sliding
(CGS) method, which uses the CondG method to approximately solve the associated projection
subproblems. Note that in this case X needs to be bounded. They showed that the CGS method
obtains an e-approximate solution of (1) in at most O(1//) gradient evaluations and O(1/¢) lin-
ear oracle calls. The authors also presented some numerical experiments showing the advantages
of the CGS algorithm over the standard CondG method applied directly to (1).

Our main goal in this paper is to develop and analyze a projection-free accelerated method for
solving problem (1) when X is unbounded. The proposed scheme follows the same idea of the CGS
method in the sense that it is an accelerated gradient method such that its projection subproblems
are inexactly solved by means of the CondG method. In these subproblems, the unbounded set
X is intercepted with a ball whose radius is iteratively and appropriately updated throughout the
whole procedure. We show that an e-approximate solution of (1) is obtained in at most O(1//¢)
gradient evaluations and O(1/¢) linear oracle calls. We discuss a concept of approximate solution
based on the first-order optimality condition for problem (1) and show that the iteration-complexity
bounds to obtain such an approximate solution are basically the same as the ones stated above. An
advantage of the latter concept is that it can easily be verified during the process of the method. It
is worth mentioning that our accelerated scheme is an extension of a CGS variant developed here
for solving (1) when X is bounded. Some numerical experiments are presented in order to illustrate
the applicability of the general accelerated scheme to solve quadratic optimization problems with
unbounded constraints.

The outline of this paper is as follows. Section 2 presents notations and reviews the conditional
gradient method for solving a specific problem. This section also discusses a projection-free accel-
erated method for solving (1) and establishes its convergence rate. Section 3 develops and analyzes
a general projection-free method for solving (1) when X is unbounded. A specific implementation
of the latter method is studied in Section 4. Section 5 discusses a notion of approximate solution
and presents a procedure for computing the initial radius of the general scheme. Section 6 contains
some numerical experiments.

2 Notation and background materials

In this section, we present our notations and review the conditional gradient method for solving a
specific problem. We also present an accelerated method for solving a convex optimization problem
when the feasible set is bounded.

Throughout this paper, E denotes a finite-dimensional inner product real vector space with
inner product and induced norm denoted by (-,-) and || - ||, respectively. We denote the sets of real
numbers by R, nonnegative numbers by R and positive numbers by R, .

Our problem of interest is the convex optimization problem

f* = min f(2), (2)

zeX

where X is a nonempty closed convex subset of E and f : E — R is a differentiable convex function



such that V f is L-Lipschitz continuous on X for some L > 0, i.e.,

Vi) = Vil < Llz—yll, = yeX. 3)

We assume that the set of optimal solutions X* of (2) is nonempty. For a given 20 € X, let us
denote by dy the distance from z° to X* and

ly(z,y) = fly) + (Vf(y),z—y), zyeX.

It follows from the convexity of f and (3) that

ly(e9) < (&) < Lylay) + Sl -yl yeX. (4)

The indicator function Zx : E — (—o00, o0] is defined as

0, =ze€lX,
Ix(z) = {Oo v X

For a scalar € > 0, the e-subdifferential of a function f : E — (—o00, o0] is the operator 0. f : E = E
defined as

O-f(x)={v | fly) > f(z) + (y —z,v) — e, Vy € E}, Vz c€E.

When ¢ = 0, the operator 0. f is simply denoted by df and is referred to as the subdifferential of f.
We also recall that a point * € X is a solution of (2) if and only if

0€d(f +Iy)(@").

2.1 Conditional gradient method

In this section, we review the conditional gradient method (also known as the Frank-Wolfe method)
for solving an optimization problem. We present its convergence rate which will play an important
role in the derivation of iteration-complexity bounds for proposed accelerated schemes. As is well-
known the conditional gradient method assumes that a linear optimization (LO) oracle is available,
i.e., a routine which returns an optimal solution to the problem of minimizing a linear form over a
nonempty compact convex set.

Let X be a nonempty compact convex subset of E. Consider the following problem

: Cy 02}
min { {g,u) + Sflu — |} (5)

where ¢ > 0, g € E, and z°
described as follows.

€ X. The conditional gradient method for solving (5) is formally

Conditional gradient (CondG) method

Step 0 Let ¢ >0 and 2! € X. Set t = 1.
Step 1 Use the LO oracle to compute an optimal solution u' of

* . t_ .0 ot
Jre = min{(g + (2" — 27),u — 27 }.



Step 2 If g/ . > —e, then stop the algorithm and output 2t. Otherwise, set
A =2t oy (uf - 2,

where

(g4 c(zt —20), 2t — ul) }

oy = min{l, ot — 2|2

Step 3 Set t < t+ 1, and go to step 1.

end

In the following, we consider an iteration-complexity result for the CondG method. Its proof
can be founded, for example, in [13, Theorem 2.2(c)].

Proposition 2.1. The total number of iterations performed by the CondG method for obtaining
2t € X such that (g + c(zt — 29),u — 2*) > —¢ for all u € X is bounded by

60D§(
8 )

where Dx is the diameter of X.

2.2 Projection-free accelerated method

In this section, we present a projection-free accelerated method for solving (2) when the feasible
set is bounded and discuss its convergence behavior. Such a method is related to the one proposed
in [13]. The method is described as follows.

Projection-free accelerated (PFA) method

Step 0 Let 20 € X be given, and set Ag =0, By > 0, y° = 2, function I'y : X — R as Iy = 0 and
k=1.

Step 1 Set (y,z,T) = (y* 1,281, T}_1) and (A4,8) = (Ap_1,Br_1). Compute AT, & and T't :

X — R as
L B++/B2+4LApB
At = A+ —
7=yt (L= 45w

It o=+ (1— 4%) (-, 8).

Step 2 Let ™ > 0 and 8+ > 3, and apply the CondG method with g := ATVI'™T, ¢ := 8% and
an arbitrary z; € X to obtain ™ such that

(ATVTT + gH(zt — 2%, u—a2T) > —nT Vu € X. (7)



Step 3 Compute
A A
+._ +
Y .—A+y+<1—A+>x.

Step 4 Let (y*, 2%, 3%, Ty) = (y*, 21,2, TF) and (A, Br, me) = (AT, 31,nF). Set k + k +1 and
go to step 1.

end

Let us make a few remarks about the PFA method. First, note that the update rule for A; is

equivalent to the identity
Ag L

(Ap — Ap-1)? Bre-a
Second, using the definition of I'y, we easily obtain by induction that ApI'yp(u) = Zle(Ai —

Ai—1)l¢(u,7%). Hence, in Step 2 of the PFA method, we are applying the conditional gradient
method to find an approximate solution z* for the subproblem

Vk > 1. (8)

k
. ~i Bk
min {;m — Al ) + P wOHZ} Q
such that .
Z<Ai — A )VF(E) + Br(z® — 20),u — xk> > —ng Yu € X. (10)
i=1

Throughout this section, we let

k
no=0, and 7= Zm-
1=0

The next proposition establishes the main property of the PFA method and, as a consequence, the
convergence rate of f(y*) — f*.

Proposition 2.2. For every k > 0, the following inequality holds
Bk B _
ATe(w) + o= > AcfM) + D= b i, Vuex. (11)

As a consequence, for every k > 1, we have

Proof. Let us prove by induction that (11) holds for all £ > 0. Since 79 = Ag = 0, we have it
trivially holds for £ = 0. Suppose that (11) holds for & — 1. Using the same notations of the PFA
method and denoting 7 = 7;_1, the induction assumption becomes

AP + Du— 2% > A7) + Du—a?—7, VueX. (12)



Now, using the definition of I't, 84 > 8 and (12) with v = 2™, we have

+
Ut (et) == ATDH (2h) 4 2 ||lat — 202

v

(At — A)ly(z,7) + AT(at) + S|zt — 20|
> (At = A)lp(at, @)+ Af(y) + Gzt —2)? - 7.

Thus, since l¢(-, &) is an affine function and minorizes f, we obtain

+ _
vt 2 4% (St AT a) + St el -

which, combined with the definitions of Z and y* and (8), yields
. + . _
Uat) = AT (1T 8) + iyt — #l12) — 7
= A (" 2) + 5llyT - al?) —n (13)
> A+f(y+) =1,

where the last inequality is due to (4) and AT > 0. On the other hand, using ¥ is a quadratic
function and (7), we have

+ +
) = U (@) + (V) a) + ot P 2 et ot a2

Therefore, from the last inequality and (13), we obtain

_ B+
W) > AT fyh) =7 =0t 4 =
which, combined with the definitions of ¥* and 7, concludes the induction proof. Now, letting
r* € X* be such that dy = [|2° — z*||, the last statement of the proposition follows immediately
from (11) with u = 2* and the fact that I' < f. O

Next corollary specializes the rate of convergence of f(y*) — f* given in Proposition 2.2 by
appropriately choosing the sequences {8} and {nx}. In particular, this instance implies complexity
bound similar to the accelerated methods with projection step (see, e.g., [16, 17]). We state the
results assuming the knowledge of an upper bound Dy for the distance from z° to the solution set.
Note that, since X is a compact set, we may consider Dy as the diameter of X.

Corollary 2.3. Let Dy be an upper bound for the distance from z° to the solution set, and let
B > 0. For every k > 1, set By = k+ 1, ny = D3/B and consider y* be generated by the PFA
method. Then,

B+ 2\ 9LD?
i )9 0 VE>1. (14)

f(yk)_f*§ <B oR2

As a consequence, the total number of outer and inner iterations of the PFA method for obtaining
y* such that f(y*) — f* < € can be bounded, respectively, by

o(2E)  wa o*4)

6



Proof. Lemma A.1 in Appendix A implies that Ay > (k + 1)k%/(9L). Thus, the first statement
of the corollary follows immediately from Proposition 2.2 and the definitions of {8}, {m} and
{7r}. It follows from (14) that the PFA method provides y* such that f(y*) — f* < € in at most

@) <D0\ /L/ e). On the other hand, Proposition 2.1 implies that the total number of LO oracle calls
up to the k" iteration of the PFA method can be bounded by

k

k .
65¢D§( 6(i + 1)BD§( 6k(k + S)BDg( 279 ) 10
—= 4+ 1= —— =2 4 1l=——F——=2 4+ k= Ok*D%x/Dj).
iz; n; + Zz; D(Q] + 2D(2) + ( X/ 0)
Since k ~ O(Dg+/L/¢), the last claim follows from the previous estimate. ]

Remark 2.4. Since X is a compact set, as mentioned before, a possible estimate Dqy satisfying
Corollary 2.3 is Dy = Dx. However, if for a particular problem, an estimate Do much smaller than
Dx is known, then Corollary 2.3 gives a sharper complezity result than taking Do = Dx. It is
worth pointing out that if such a Dy is known then problem (2) may be restricted to X N B(z", Dy).
In such a case, the number of LO oracle calls depends also on Dy instead of Dx, and therefore, it
may be smaller depending on how easy it is to solve the subproblems over the set X N B(x°, Dy).

3 Adaptive projection-free accelerated method

In this section, we describe and analyze a projection-free method for solving problem (2) when
X is unbounded. Since the diameter of X is not finite, the PFA method can not be directly ap-
plied. Therefore, we adapt the method in such a way that its subproblems are solved over the
set X N B(z2°, Ry), where the radius Ry, is iteratively and carefully updated.

Adaptive projection-free accelerated (APFA) method

Step 0 Let 2° € X, 7 > 1 and R; > 0 be given, and set A4g = 7jp = 0, By > 0, y° = 2, function
I'p: X >RasI'p=0and &k =1.

Step 1 Set (y,x,F) = (yk_lvxk_lark—l) and (Aa B)T_]) = (Ak—l,ﬂk—lvﬁk—l)-
If k=1, set A* = By/(2L), # = 2° and RT = Ry; else, let the unique A* > A solution of

1/ At \? LAt
2<A+—A)_ = (15)
set 4 4
and compute RT as
2T - T+1 /27
+ . 0_ id )
RT := _1Hx x|]+7__1 5 (17)



Step 2 Let n* > 0 and B > 3 and apply the CondG method with g := ATVI'™, ¢:= 81 and an
arbitrary z; € X N B(z°, Ry) to obtain 2% satisfying

(ATVTT + Tzt — 2%, u—2T) > —nT Vue XN B R, (18)
where A A

set 7T :=7+nt and ) )

Step 3 Let (ykaxkajk7rk) = (y+7x+7jar+) and (Ak)ﬂkankHﬁkHRk) = (A+,ﬁ+,7’]+,7’7+,R+). Set
k < k+ 1 and go to step 1.

end

We now make some remarks about the above method. First, a fundamental property for the
convergence analysis of the method is that the ball B(2°, R;) contains the unknown exact solution
of the subproblem (9) over the unbounded set X. Such a property will be a priori required for
k =1 and, as it will be seen in Lemma 3.3, it holds for all £ > 2. Corollary 4.3 presents a simple
choice for R; satisfying the required condition and in Section 5 a procedure to refine this choice is
described. Second, note that for updating A, it is necessary to find a solution of a third degree
polynomial equation which can be easily obtained by root-finding algorithms like Newton method.
Third, similarly to the PFA method, we see that Ax'y(u) = Zle(Ai — A1)l (u,z%) and the con-
ditional gradient method is applied to obtain an approximate solution z* for the subproblem (9)
satisfying (10) with X replaced by X N B(z%, Ry,).

Before establishing the convergence rate for the APFA method, we need some technical results.

Lemma 3.1. Let A>0, >0, x,y € X and an affine function I' < f be given, and define

: B s
X =X(A,T, B,2,y) == Af(y) — min 3 AL (u) + 5 [Ju — 2°(* = - flu — | ¢
ueX 2 4
Then, the following statements hold:
a) for any x* € X*, we obtain

g

A(f) = 1) < Slla” =287 + x;

b) for any AT > A and u € X we have

.
= = 4% (1) )+ gyl - al?) < x (2

AT (u) + 5

where T and T'" are as defined in (16) and (19), respectively, and
A A
(u) :== vt (1 - A+> u. (22)

8

=31



Proof. 1t follows from the definition of x that

Bl — 2% > Af(y) — x Va* € X,

AT (2*) + 5

which, combined with I" < f, implies the first statement. Now, using the definitions of I't and ¥,
we have

AT (u) + BJju — 202 = (A% — A)lf(u, 7) + AT (u) + Z|ju — 202
> (At — A)lp(u, @) + Af(y) + ZJju — |2 — x.

Thus, since l¢(-, &) is an affine function and minorizes f, we obtain

+_ ~
AT () + Bl — a0l 2 A%y (fry+ A5, E) + Fllu -l - x o)
= ATl (a(), 3) + §lu— o]~ x.

where the last equality is due to the definition of @(u). On the other hand, the definition of @(u)
and Z implies

AT
Hence, statement (b) now follows from (23) and the last equality. O
Lemma 3.2. Let A > 0, 8 > 0, z,y € X and an affine function ' < f be given, and let
x = x(A,T,8,x,y), where x(,-,-,-,-) is defined in Lemma 3.1. Also, let AT > A satisfying
AT L
> 24
204t - A2 — (24)

be given, and consider T and Tt as in (16) and (19), respectively. Moreover, assume that x*
satisfies (18) for some nt >0, BT > B and Ry > ||z} — 20|, where x;t is the unique minimizer of

min {\Il+(u) = AT (u) + ﬁ||u — 3:0||2} ) (25)
ueX 2

and consider y* as in (20). Then, x = x(AT,TF, 8% at y™) satisfies
XD <x+n’

Proof. Since Bt > f3, it follows from the definition of ¥ in (25) that

B

) > AT ) + D= a0
which, combined with Lemma 3.1(b) with u = 2™ and the definition of y*, yileds

Ut (zTh)

v

- + ~
At (lf(er’J?) + 4(;&4%,4)2”y+ - 517’\2> - X
AT (1t 2) + Syt — 2% — x (26)

> ATf(yh) —x,

v

9



where the second and third inequalities are due to (24) and (4), respectively. Using the fact that
Ut is a quadratic function and z;" is the unique minimizer of (25), we have

B-i-

() 2 U () +

|u—zF|? VueX. (27)

Since by assumption Ry > |lz;7 — 2|, it follows by using the Taylor expansion of ¥+ at % and
(18) that

+
UHaf) = UHah) + (V) o — o) + 5 flaf — 2|

+
> Ut -t + Gzt - a2

In view of (27) and the last inequality, we have
+ +
THw) > W) -+ B — o+ G — )
+
> Ut(at) -t + Eflu— a2t |?

+
> Atf(yt) —x —nt + Ejlu— a2,

where the second inequality is due to the convexity of || - [|?, and the last one is due to (26). It
follows from the previous estimate and the definition of Ut that
+1+ Bt o2 BF +112 + (0t +
AT (U)+7HU—$ | —THU—QT F=ATf(y") > —x—n" VueX.
Combining the definition of xy™ with the last inequality, the proof of the lemma follows. O

Lemma 3.3. Let A > 0, 8 > 0, xz,y € X and an affine function T' < f be given, and let

(15) for some given T > 1 and define T and T'" as in (16) and (19), respectively. Then, for any
BT > B, the unique minimizer x,} of (25) satisfies

2r o ., T+1 [2max{x,0}
T—le _xH—i_T—l B ’

Proof. First, as I' < f and I(-,2) < f, it follows trivially from (19) that

lzF —2°|l < R(x) =

rt <t (28)
Now, let us define an auxiliary point g as
A+
g = ar}g;?n{”(z,:i)%—d_w\Z—SEHQ}. (29)

Since @(u) € X for all u € X (see (22)), it follows by Lemma 3.1(b) and (29) that

- - + - -
ATTH@) + Slu =202 = A% (4 (w), #) + g i) - 311°) - x
> AT (1p(§,8) + 12255 5 - 712) - x
(i av-ay 2 ) (30)
= A (Ip(3,7) + L5 - 7)) + g - 72 - x
~ 7'2 ~ ~
> ATF@) + E Nl - #? - x



where the equality is due to (15) and the last inequality is due to (4). Since ST > f3, the latter

inequality with v = z;} implies that

5+

AT ) + 5

lzif = 2°* > AT f(5) - x.

From the fact that ;" is the unique minimizer of (25), we have

~ + 0~ + + 0~
ATTH(@G) + B llg = 27 = AT + G llaf — 207 + B llg - 2|

~ + |~
> AY(§) — x+ Z g — ot

(31)

where the last inequality is due to (31). Using (28) and rearranging the last inequality, we obtain

_ _ /2 max{x,0}
1§ — =) < 1§ — 2" + 5

Using the triangle inequality and the fact that S, > 3, we have

2 0
lzt — 2% < 2]l — 2°| + maXﬁ{X}

On the other hand, inequality (30) with u = ¢ yields

pr*
17 - 2[* = x.

AT ) 4+ 05— a0 > AT p) + O

Thus, using (28) and simple algebraic manipulations, we have

. . 2max{x,0}
THy—ﬂ«“llé\/Hy—onerﬁ ;

_ . - 2max{y,0}
(17 =2l = ll2® — 2]]) < |17 - 2°|| + (V ——

Rearranging the last inequality, we obtain

- s 2max{y,0
(r— 1) 17— 0] < 7lla® — ] + \/5{}.

Hence, using the assumption 7 > 1, we have

B 0 T 0 - 1 2max{y, 0}
— [ — .
17 l‘||_T_1Hl‘ 93H+T_1\/ 5

Therefore, the result follows from the last inequality and (32).

and then

O

The next proposition provides an essential inequality from which follows our main convergence

rate result for the APFA method.

11



Proposition 3.4. Let z! be the unique minimizer of
A1 02
Héln Al (u) + Hu—a: II“ ¢ (33)

If the input Ry in the APFA method satisfies Ry > ||zl — 2°||, then the following inequality holds,
for every k > 1,

By

4 Hu — xk||2 S Aka(u) + @

2

Proof. The proof of (34) is done by induction on k. It clearly holds for £ = 0 due to fact that
Ap = 7o = 0. Assume then that (34) holds for some k£ > 0 and let us show that it holds for k + 1.
This induction assumption is clearly equivalent to

A f(yF) + |+ Yu e X. (34)

[lu —

Xk := X(Ag, T, Br, 2%, 4%) < i,

due to the definition of x(-,-,-,-, ) in Lemma 3.1. Also, letting
(AJ‘,@%?J) = (Ak7rk75k7$k,yk)a
(A+ar+7ﬁ+ax+7y+) = (Ak+1ark+17/8k+lawk+17yk+1)7 RJr = Rk+1, 77+ = Nk+1,

it follows from the APFA method and Lemma 3.3 (or the assumption that Ry > ||z} — z°||) that
the hypothesis of Lemma 3.2 holds. Therefore, the latter lemma implies that

Xkl < Xk + 07 < T+ 1 = Th1s
and hence that (34) holds for k + 1. We have thus proved that (34) holds for every k > 1. O

The following result for the APFA method establishes the convergence rate of f(y*) — f* and
the boundedness of the sequences {z*}, {¢*} and {Z*}.

Theorem 3.5. Assume that the input Ry in the APFA method satisfies Ry > |zt — 2°||, where x}
is the unique minimizer of (33). Then, for any k > 1,

F0H) — 1 < g rdg+ 2 (39)
w1 18 21 < Vado + 2 max [ (36)
where x* € X* is such that dy = ||2° — z*||.
Proof. 1t follows from Proposition 3.4 with v = z* and I'y, < f that
Arf(*) + %ka — P < Apf+ @do +0e VE>1 (37)

Since Ay > 0 for any k£ > 1, inequality (37) clearly implies that (35) holds. From (37) we also

obtain

4an
|z — H2<2d0—i—ﬂ Vk > 1,

Bk

12



and thus,
¥ —2*|| < V2do + 24/ B VE > 1. (38)

On the other hand, since Ag =0 and Ay = Z§:1(Aj — Aj_1), the definition of y* in (20) gives

k
ZA — Aj )(a? —a7),

which, combined with (38), implies that

ly* oIl < max ||xﬂ—x||<\fdo+2max % Vk > 1. (39)
<is J

Now, combining the definition of Zj, in (16) with (38) and (39), we have, for any k > 1,

Skl k ook_x Ap ko N
T < -z +(1— " —x S\de + 2 max , [ —=.
E ey I+ (1= ) et ) < Vado + 2 z
Therefore, (36) follows from (38), (39) and last inequality. O

To end this section, we present a result on the radius sequence { Ry} which will be important
to analyze a particular instance of the APFA method.

Corollary 3.6. Let {Ry} be generated by the APFA method and assume that Ry > ||zl — 20|,
where x} is the unique minimizer of (33). Then

@+fwﬂf<wW+n 70 Ve o
( > 9,

Ry, max
T—1 4+\f)7—+\f 1<J<k;—1 B

Proof. Let x* € X* be such that dy = ||2° — z*||. It follows from (36) and the triangle inequality
that

|2° — #F|| < (V2 + 1)do + 2 max | Z=L vk,
1<j<k j—1

Therefore, since 7 > 1, for any k > 2, the definition of Ry in (17) implies that

2
Re = 2l -+ 72

< % ((ﬂ+ 1)d0 + 2max1§j§k Z;:l) + = 2577:7:117

which implies the desired inequality. ]

13



4 An instance of the APFA method

In this section, we study the convergence rate of an instance of the APFA method. Basically, in
this special version we specify the choices of the constant 7 and the sequences {(;} and {n}.

Specialized adaptive projection-free accelerated (S-APFA) method

This method is an instance of the APFA method with the constant 7 and the sequences {f;} and
{nk} defined by

R2
T=vV3, Br=k+1 Vk>0, and nsz’f VE > 1, (40)
where the positive constant B satisfies
4 2)2
B>p:(\/§+\@+\[) ~ 218. (41)
(V3 —1)2

Clearly, there exist various options of choices for the constant 7 and the sequences {f;} and
{nk}. The choices provided in the S-APFA method lead to optimal complexity bounds on the total
number of outer and inner iterations for problem (2).

In view of the S-APFA method, we can prove a finer estimate of the radius sequence {Ry}.

Proposition 4.1. Consider the sequence { Ry} generated by the S-APFA method and assume that
Ry > ||z}t — 2°||, where z is the unique minimizer of (33). Then,

ng\@(\%ﬁp\/@[(\/ﬁH)dﬁ%} Vk > 2, (42)

Proof. Let us prove by induction that (42) holds. First, from the SSAPFA method we have

J
VB> b, = Zm—zfg (43)

=1

Thus, it follows from Corollary 3.6 and definitions of 7 and p in the S-APFA method that

e ) )

which, combined with the fact 1 < vB/(VB — \/p), implies that (42) trivially holds for k = 2.
Now, assume that (42) holds any j € {2,...,k} for some k > 2. Since §; = j +1, (43) implies that

1j

J
- R Vi > 2
B; Bg+122—23 BJ+1Z =2

tu\fﬁa
U:J\f‘ffa

14



where 0; = max;c(y . j1 Ri. Hence, from Corollary 3.6 and definitions of 7 and p in the S-APFA

VE[(V2+1) do+ B+ \[Zmaxjers i 5]
JEE ) 35+ ]

Observing that the induction assumption implies that 6}, is majorized by the right hand side of (42),
it follows from the last inequality that

VELE+ 1) dot T+ 5 (Vi 1) do )]
= VE((Vi+1) 0%+ )

Hence, the induction proof follows easily from the last inequality.

IN

Ryt

IN

Ry

In what follows, we present our main result on convergence rates of the S-APFA method.

Theorem 4.2. Consider the sequence {y*} generated by the S-APFA method and assume that
Ry > ||z} — 2°||, where x! is the unique minimizer of (33). Then

2
i V24 /P R?\ 25L
FOf - < [1+2 <\/§—\\; <d3+Bl> 5 k>l (44)
As consequence, if B = 4p then
k Ri
fly") —f < (do+4p) 12 Vk > 1.

Proof. From the S-APFA method and Proposition 4.1, we have
_ kR R2 2
=21 < 7+ 2(\/§Ii\/;;)2 {(1 + %) do+ T} (k=1)

R2 \/i 2 R2
< Bl+(\/§pm2[<1+ﬁ> d0+31} (k—1),

where the last inequality is due to (a + b)? < 2(a? + b?) for all a,b € R. Hence, using Theorem 3.5
and B = k + 1, we conclude that

FWR) = < g [(k+ 1)dg + 2]

2R2 2 2 R2
< A[(lﬁ-l)d? 1+(@_”m2((1+£) d3+31>(k—1)]

< e (5] (64 5)

which, combined with the estimate of A in Lemma A.2, implies (44). The second inequality of the
proposition is an immediate consequence of first one and B = 4p. ]
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Next result, we present a possible choice of Ry which depends on V f(z"). Moreover, we spe-
cialize Theorem 4.2 for this choice of R;.

Corollary 4.3. Let x! be the unique minimizer of (33). Then, the following inequality holds

1
lzy = 2%l < £ IVFE)]- (45)

As a consequence, the S-APFA method with Ry = |V f(z%)||/4L and B = 4p generates a sequence

{y*} satisfying
. V£()|?\ 86L
F) 1< <d3+ ” 64;L2)H > ERIALES

Proof. The first statement is proved in lemma B.1(a) of Appendix B. The second part follows
directly from Theorem 4.2 and definition of R;. O

The following result establishes iteration-complexity bounds for the S-APFA method to obtain
an approximate solution y*, i.e., f(y*) — f* < e, where ¢ > 0 is a given tolerance.

Corollary 4.4. For a given tolerance ¢ > 0, the S-APFA method with Ry = ||V f(z%)||/4L and
B = 4p generates a point y* satisfying f(y*) — f* < e in at most

o (it T L) o (1 - 26 1 "

outer iterations and LO oracle calls, respectively.

Proof. The first bound in (46) follows immediately from the last statement of Corollary 4.3. Now,
by Proposition 2.1, we obtain that the total number of LO oracle calls up to the k" outer iteration
of the S-APFA method can be bounded by

k k
> <24?7R2 ; 1> = 3" 4B+ 1)+ 1] = 12Bk(k + 3) + k = O(K?).
i=1 ! =1

Therefore, the second bound in (46) follows from the first one and the last conclusion.

5 Approximate solution and a procedure for obtaining R;

In this section, we discuss a notion of approximate solution that naturally generalizes the concept of
solution of an optimization problem. We show that the S-APFA method generates an approximate
solution, which can easily be verified during the process of the method. We also present a procedure
which is capable of controlling the size of V f(2?) when compared to dg, which is an interesting
property used to obtain a better estimate of our iteration-complexity results.

Definition 5.1. Given p,e > 0, we say that z € X is a (p, €)—solution of problem (2) if and only
if there exists v € Oc(f + Ix)(2) such that ||v]| < p.

Note that any solution of problem (2) is a (p, €)-solution of (2) for any p,e > 0. Therefore, the
above definition is consistent with the concept of approximate solution.

16



Proposition 5.2. Consider the APFA method and assume that Ry > ||zl — 2°||, where x} is the
unique minimizer of (33). Then, for every k > 1, y* is a (py, ex)-solution of (2), where (py,ex) is
computed as

Be | (V2 koo Lk k Mk
=EE X2 - 2k - uis
=g\t ly* =27l + Slly™ = 2" + 5|
_ Be e o2 Br ok kp2 ., Tk
Proof. First, let the auxiliary quadratic convex function ¢ : E — R be defined as

() = Au(Cu(w) ~ SO + 2w =P~ Pju—aF P p7 wex, @)

and let w” be its minimizer over X. Hence, we obtain for any v € X,

AT (u) = f(y"))

ar(u) + 5w — 2 = G llu — 20 —
> qu(wh) + G llu— b + G flu— 2k = B flu — 20)12 — 7, (48)
> gp(u) = Gllu = wF|? + Gellu — oF|2 = Fellu — 20| — 7,
where the second inequality is due to the fact that g (w*) > 0 (see Proposition 3.4 with u = w*).
Now, let

o V") e (")
Ay Ay

Hence, since I'y, < f and gy is affine, it follows from (48) and the first order Taylor expansion of g
at y* that
flu) = fF) > W u—y®) — e Vu e X,

which implies that

" € O, (f + Ix)(y"). (49)
Now, observe that from (48) with u = y* and I'y, < f, we easily have
Bk B Bk _
Ageg > Appy = EHyk —a"|” - leyk —wk|® - ZHyk — 2"+ 7, > 0.
Hence,
.
Iyt —wh? < 2yt — a2 = gt — M2 + 25,
Bk
which implies that
Mk
ly* —w|| < \@Hyk*f)lH?\/@- (50)

On the other hand, from the definition of v* it is immediate to see that

Be |1, kv & Be (Lo wn Lk ok k
< (2 yF =2+ Sl -t =20 )
k Ay, 2

5(9 -ty

ky _ Pk k. k 0 .k
0¥ = wk) + 20—y ;

which, combined with (50), implies that |[v¥|| < pg. Therefore, since yj, < €, the lemma follows
from (49) and definition 5.1. O
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In the following theorem, we present an iteration-complexity result for the S-APFA method .

Theorem 5.3. Consider the S-APFA method with some Ry > ||zl — 20|, where x} is the unique
minimizer of (33). For a given tolerance pair (p,e) € R% ., the S-APFA method certifies that an
iterate y* is a (p,e)-solution of (2) in at most

e N L

outer iterations and LO oracle calls, respectively.

Proof. Let z* € X* be such that dy = ||z — z*||, and pj and &}, as defined in Proposition 5.2.
Note that, if p,, < p and €, < ¢, then combining Proposition 5.2 and definition 5.1, we have y* is a
(p, e)-solution of (2). Therefore, let us first estimate pg and ;. Using the triangle inequality and
(36), we obtain

—F| < do + ||9* —$H<(\f+1)d0+2max =
1<5<k B]

and

ly* — k|| < |ly* — 2%|| + [|=* — 2*|| < 2v/2dp + 4 max ,/%,
J

1<5<k

which imply that

7Bk nj
< E + 2L 2
P Ay, <d0 lrgféxk Bj (52)
By o2 4 Mk Bk ( 1
ZE R = 2+ A< 2R + max -2 |.
o 2AkHy | A — A % 1§]a§k J (53)

From the definition of 7);, 8; = j + 1 and Propostion 4.1 we see that there exists ¢; > 0 such that

_ J ) J

Ui 1 2 Ry 2
13 _ 7§ E dg).
B; B(j+1)i:1Rl—QB B]—i—l R Ri + d)

=

Combining the last inequality, (52), (53) and Lemma A.2, we obtain ¢z > 0

which implies that in at most

(VI P,

outer iteration, the iterate y* is a (p,¢)-solution of (2). Now, note that Proposition 2.1 implies
that the total number of LO oracle calls up to the k" outer iteration of the S-APFA method can
be bounded by

k k
3 <245in n 1> = (24B(i+1)+1) = 12Bk(k + 3) + k = O(k?).

i—1 i i—1

Therefore, the second bound in (51) follows from the first one, which concludes the proof. O
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In the remaining part of this section, we focus our attention on refining the initial radius
Ry = ||V f(2°)|/(4L) given in Corollary 4.3. Our goal is to keep Ri/dy relatively small. For this,
we present a procedure which needs the following set

V(%)
2L,

2
—|—2(Z—£L'O),U—Z> Z _% Vu GXﬂB(‘TOaR)}7 (54)
1

Z(R) = {z e XNB(("R): <

where R, M1 > 0.

Remark 5.4. Observe that, in view of Proposition 2.1, the CondG method applied for solving
problem (5) with g = Vf(x°)/(2L) and ¢ = 2 computes a point z € Z(R) by performing no more
than O(My) LO oracle calls.

Procedure 5.5. Let scalars p,e > 0 and My > 2 be given and set
[ € IV f ()]
§:= — = R:=-——" 55
wn{ 47 e ) L )

Step 1 Compute z € Z(R) using the CondG method, where Z(R) is defined in (54); if ||z — 2| >

R/2, output Ry := 2R and stop; else, if R < &, declare “z® is a (p, €)-solution of (2)” and

stop;
Step 2 set R:= R/2 and go to Step 1.

end

Next proposition shows that our goal to refine R; depending on dj is achieved, apart from the
unlikely situation in which 2° be already a (p, €)-solution of problem (2). The proof of the next
proposition will be presented in Appendix B.

Proposition 5.6. Assume that Procedure 5.5 computes all the iterates z € Z(R) via the CondG

method. Then, in at most
IV £
O <M1 {1 + log, SIo (56)

LO oracle calls, Procedure 5.5 either certifies that the iterate 2° is a (p, €)-solution of problem (2)
or outputs Ry satisfying
8v2M

\/7 207

where x is the unique minimizer of (33) and & is defined in (55).

lzy — 2°ll < Ry < (57)

Next theorem summarizes the complexity results of the S-JAPFA method when Procedure 5.5
is used to compute R;. We also show that it generates and certifies an approximate solution.

Theorem 5.7. Let a tolerance pair (p,e) € R% be given and § as defined in (55). If the S-APFA
method use Procedure 5.5 to compute Ry, then an iterate y* is certified to be a (p,e)-solution in at

most
ot {5.8]). {85} e s )

outer iterations and LO oracle calls, respectively.

Proof. First, note that if the second stopping criterion of Procedure 5.5 is satisfied, then the result
trivially follows from Proposition 5.6 and the fact that y° = 2. Otherwise, Procedure 5.5 output
Ry and then the proof follows directly from Theorem 5.3 and Proposition 5.6. O
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6 Numerical experiments

The main purpose of this section is to illustrate the performance of the S-APFA to solve quadratic
programming (QP) problems over the cone of n X n symmetric positive semidefinite matrices S, .
More specifically, let a linear operator A : R"*™ — R™ and b € R™ be given, the problem of our
interest is )
. 2

xnelgﬁHAx—b!b- (58)
The computational results were obtained using MATLAB R2016b on a 3.5 GHz intel Core i5
computer with 8GB of RAM and OS X system. In our experiment, the linear operator A4 : R"*" —
R™ is sparse with entries uniformly distributed over [0, 1], and the total number of nonzero entries
is specified by the density parameter d. The vector b € R™ was obtained as b = As, where s := ¢’ ¢
and the entries of the matrix ¢ € R™*" is uniformly distributed over [0, 1]. Thus, for each instance,
the optimal value is 0 and s is a solution. We specify the four problems studied in Table 1.

Table 1: Instances for the QP problems

Instances n m d Instances n m d
QP 1 2500 | 500 | le-4 QP 3 7500 | 1500 | le-5
QP 2 5000 | 1000 | 1le-4 QP 4 10000 | 2000 | le-5

In the implementation of the S-APFA method, we set 2° = 0, Ry = ||V f(2°)||/4L (see Corol-
lary 4.3) and B = 220. The Lipschitz constant L was estimated using the power iteration method.
Note that (18) is equivalent to

(wt — 2T, u—a") <nt/BT Vue XN BGE%R,), (59)

where wt = 20 — ATVI* /BT, ie., o7 is an approximate projection of w* on X N B(2°, Ry). At
each outer iteration, the right-hand side of the inequality in (59) was replaced by max{1,n*/3%}
to avoid an excessive number of inner iterations, and z; as in Step 2 of the APFA method was set
as

1 Ry (w+ — Amin)

- maX{R+, Hw+ - /\minI|’F},

where Apin is the smallest eigenvalue of w™ and || - || denotes the Frobenius Norm. Note that z;
is the projection of the positive semidefinite matrix w* := w* — Apind onto B(z°, R.).

For comparison purpose, we run the accelerated projected gradient (APG) method correspond-
ing to the variant of the PFA method in which projections onto the feasible set X are computed
exactly, i.e., the iterate x* in Step 2 of the PFA method is replaced by the exact solution of (9).
Note that, in this case, the assumption on the boundedness of X required in Section 2.2 is not
necessary. We are also interested in analyzing the behavior of the S-APFA method to obtain a
(p, €)-solution (see Definition 5.1). For this, we considered (pg, €x) as defined in Proposition 5.2.

Table 2 shows the performance of S-APFA and APG methods for solving the four QP problems
described in Table 1. In Table 2, “Outer” and “Inner” are the total numbers of outer and inner
iterations, respectively, “Time” is the CPU time in seconds and “f(y*)” is the value of the objective
function at the final iterate y*.
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Table 2: Perfomance of the S-APFA and APG methods for solving QPs 1-4.

fH — <1072 max{p/po, er/€o} < 10~
S-APFA APG S-APFA
Prob. | f(°) | Outer Inner Time | Outer Time | Outer Inner Time f(y*)
QP 15926 | 65 184  41.90 28 56.56 87 250  62.50 4.2e-3
QP 2 | 16.59 57 114 297.10 22 341.77 62 124 352.00 4.0e-3
QP 3 | 33.38 80 223 409.61 26 1338.21 86 241 48774 5.2e-3
QP 4 | 15.32 61 122 837.82 21 2301.90 70 140 940,41 3.9e-3

From Table 2, we can see that the S-APFA method performed well for all instances of QP
problems considered and our stopping criterion based on (p,€)-solution is reliable and suitable
if there is no knowledge of the optimal value f*. Moreover, a relatively low accuracy in the
(p, €)-stopping criterion implied a considerable accuracy for the primal gap f(y*) — f* (recall that
f* =0). We also see that the S-APFA method required more outer iterations than the APG
method to approximately solve (58). However, the latter method was much more time consuming
than the former. The main reason is that at each iteration of the APG method demands to
compute the exact solution of the projection subproblem (9), which requires the computation of
the complete eigenvalue decomposition of a large matrix, whereas each subproblem of the CondG
method requires to compute only its leading singular vector. The latter requirement is usually
much less computationally expensive (see, for example, [10, 8] for more details). Therefore, we can
conclude that the S-APFA method is suitable for solving large scale instances of the QP problem
(58), being very competitive with other accelerated gradient schemes.

Appendix

A Properties of the sequences {A;}

In this section, we establish some properties on the sequences { Ax} defined in the PFA and S-APFA
methods.

Lemma A.1. Consider the sequence {Ay} generated by the PFA method, then
(k +1)k?
9L

Proof. 1t is easy to check that (60) holds for k¥ = 1. Assume that (60) holds for some k > 1, we
will now prove by induction that this estimate also holds for k + 1. From the update formula for
Agy1, the induction assumption and S = k 4+ 1 we obtain

9LAgs1 = 9LAg+ 2B+ %\/ B2+ ALB Ay,
> (k+1) (K + 9+ 3k)
> (k+1)2%(k+2)

Ag > (60)

It follows from the previous estimates that (60) holds for k + 1, completing the proof. O
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Lemma A.2. Consider the sequence { Ay} generated by the S-APFA method, then

(k +1)k?

AL >
k= "T50L

Vk > 1. (61)

Proof. Using a root-finding algorithm, we obtain the first 10 terms of the sequence {Ay} in the
S-APFA method multiplied by L are 0.5, 0.8106, 1.3104, 2.1021, 3.3328, 5.2040, 7.9761, 11.9669,
17.5428 and 25.1050, which trivially imply that (61) holds for £k = 1,...,10. Now, assume that
(61) holds for some k£ — 1 with £ > 10, we are going to prove by induction that this estimate also
holds for k. Let us define

1 x > La ~ (k+1)E?
P(m)_<x—Ak_1) B VA

By using simple calculus, we obtain

PUA) > <(k+1)k> Ck(k+1) %(M 2 _%k(Hl)

3k—-1 50

Since the last term above is greater than 3 for all k > 9, we have P(A) > 3. From the updating
formula of {Ax} in the SSAPFA method, we see that Ay is the unique solution of P(x) = 3 in
JAj_1,00[. Now, from the fact that P is decreasing in this interval and P(A) > 3, we obtain
A, > A which concludes the induction proof.

O

B Proof of Proposition 5.6

Our goal in this section is to establish Proposition 5.6. For this, let us first observe that for the
S-APFA method the auxiliary point x! as defined in Proposition 3.4 becomes

1
! :argmin{\lfl(u) = —l¢(u,x )+||u—:c0||2}. (62)
rzeX 2L

In the following, we present two auxiliary results.

Lemma B.1. Let 2} be as defined in (62). Then, the following hold
o) ot — 20| < min {2d, |V £(z%)}
b) AL(2° — x}) € 9, (f + Ix)(2°), where py := (V f(20),2° — zl).

Proof. Using the first order optimality condition for problem (62), we have
1
<ﬁVf(xO)+2(xi — 2%, u—zl) >0 Vu € X. (63)

By taking u = 2° in the previous inequality, we obtain |z} — 2°(|? < (Vf(2°),2° — 2l) /4L, which,
combined with Cauchy-Schwarz inequality, yields

lz = 2l < IV f(2°)]1/(4L). (64)
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Now, let z* € X* be such that dy = ||2° — 2*||. Since ¥ is strongly convex and x! is its minimizer
over X, we have

\Ifl (1'*)

v

Wy (a )+Hw zp||?
= o (Iy( + 5llap — 2®l?) + fla* — 277 (65)
f

> %( )+Hﬂf %,

where the last inequality is due to (4). On the other hand, since [f(-,2°) < f, it follows from the
definition of ¥y that Wy (z*) < f(2*)/2L + d3, and then (65) implies that

1
o7 @) +d > o f(ah) + o — .

Thus, since f(z*) < f(zl) we obtain ||z* — 2| < do, which implies by the triangle inequality that
|zt — 2% < 2do. Therefore, (a) follows by combining the last inequality with (64).
Now let us prove that (b) holds. It follows from (63) that, for any u € X,

(Vf(2°) + 4L (2, — 2°),u — 2°) > (Vf(2?), 2 — 2°) + 4L]|z; — 2|,
which implies from the definition of y; and by letting v := 4L(z" — z!) that
(V") u—2% > (wu—2% —pu VueX.
Therefore, from the previous estimate and the convexity of f, we obtain
flu) = f(@%) > (v,u—2) = Vue X,
which trivially implies that (b) holds. O

Lemma B.2. Let My > 2, R >0 and z € Z(R) be given, where Z(R) is defined in (54). Consider
x} as defined in (62). Then,

a) if ||z — 2°|| > R/2 then R < :/L L do;

b) if ||z — 2% < R/2 then x! € B(2°, R).

Proof. First, let us consider the auxiliary point

zp:= argmin VUq(u), (66)
u€XNB(z%,R)

where W, is defined in (62). Since ¥, is a quadratic function and z € Z(R), we have
Ui(zr) > Wi(2) — 2 + lzn — 2|2

2
> Wi(zg) + Iz — 2I° = 4 + llzr — 217,
where in the last inequality we also applied the first order optimality condition for zg. Hence, from

the previous estimate, we obtain
HZR—ZH SR/\/ 2M1. (67)
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For proving (a), first note that using ||z — 2°|| > R/2 and (67), we obtain

R R 2M —2)R
N fom -l 2 2 K - 2 _DR,

2M, 24/2M,

ler = 2°ll > ||z — =

which implies that

On the other hand, from the definition of x! and zg we easily see that

lzr — 2°|| < [lzp — 2.
Therefore, statement (a) follows now from the last two inequalities and Proposition B.1(a).
Now, let us prove (b). Combining (67) with ||z — 2°|| < R/2 and M; > 2, we have
R R
0
<—+ 5 <R
I'< VoM, 2
Thus, 2y is an interior point of convex set X N B(x, R). Hence, since ¥ is convex, it follows from
the definition of z! and zp that 2} = zp, which implies that z! € B(2°, R). O

ler — 2l < llzr — 2l + Iz — =

We are now ready to prove Proposition 5.6.

Proof of Proposition 5.6. It is easy to see that the number of execution of the CondG method

IV.f (=)l
8Ly

Therefore, (56) follows now from Proposition 2.1 (see also Remark 5.4).

Let us prove that if the second stopping criterion of Procedure 5.5 holds, then in fact 2° is a
(p, €)-solution of (2). Indeed, the last computed R and z € Z(R) are such that ||z — 2°|| < R/2
and R < 6. As a consequence, it follows from Lemma B.2(b) that ||zl — 20| < §. Hence, letting
v:=4L(z° — z1) and py = (Vf(2°),2° — 2}), Lemma B.1(b) implies that v € 8,, (f + Zx)(z?).
Therefore, since ||v| < 4L5 < p and pu1 < ||V f(2°)||§ < €, the statement of the Proposition about
20 follows. Now, assume that Procedure 5.5 output R;. It is easy to see that the computed
2z € Z(R1/2) satisfies ||z — 2°|| > Ri/4, and then the second inequality in (57) follows from
Lemma B.2(a) with R = R;/2. On the other hand, if Procedure 5.5 stop in the first iteration,
then the first inequality in (57) follows from Lemma B.1(a), otherwise, as the computed z € Z(R;)
satisfies ||z — 2°|| < R1/2, the desired inequality follows from Lemma B.2(b) with R = R;. O

in Procedure 5.5 is at most

1+ log,
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