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Abstract

In this paper, we obtain global O(1/v/k) pointwise and O(1/k) ergodic convergence rates for
a variable metric proximal alternating direction method of multipliers (VM-PADMM) for solving
linearly constrained convex optimization problems. The VM-PADMM can be seen as a class of
ADMM variants, allowing the use of degenerate metrics (defined by noninvertible linear opera-
tors). We first propose and study nonasymptotic convergence rates of a variable metric hybrid
proximal extragradient (VM-HPE) framework for solving monotone inclusions. Then, the above-
mentioned convergence rates for the VM-PADMM are obtained essentially by showing that it falls
within the latter framework. To the best of our knowledge, this is the first time that global point-
wise (resp. pointwise and ergodic) convergence rates are obtained for the VM-PADMM (resp.
VM-HPE framework).
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1 Introduction
We consider the linearly constrained convex optimization problem

minimize  f(z) 4+ g(y) 1)
subject to Az + By = b,

where f : X — R := RU{+o00} and g :  — R are extended-real-valued proper closed and convex

functions, X',) and I' are finite-dimensional real vector spaces, and A : X - TI"and B: )Y — T

are linear operators. One of the most popular methods for solving (1) is the alternating direction

method of multipliers (ADMM) [4, 14, 15], for which many variants have been proposed and studied

in the literature; see, e.g., [1, 3, 7, 9, 10, 11, 12, 13, 17, 18, 19, 21, 25, 31].
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In this paper, we obtain global ergodic and pointwise convergence rates for a variable met-
ric proximal ADMM (VM-PADMM) which can be described as follows: given an initial point
(z0,Y0,7) € X x Y x I', compute a sequence {(x, yx, Vi) }, recursively, by

. 1 1
Ty € argmingcy {f(l") = (Yk-1, Az)x + 5 || Az + By — bl 1, + gllz— xleQX7Rk} ;o (2)

. 1 1
yr € argmingcy  9(y) — (-1, By)y + §||Af% + By = b|p. g, + glly - yk—l“%i,sk} : (3)
Yk = Yk—1 — Hi (Azy, + By, — b) , (4)

where Hj, Ry and Si are selfadjoint linear operators such that Hj is positive definite and Ry and
Sy, are positive semidefinite, and || - || g, = (Hk(-),)r, etc. We start by reviewing some existing
methods and works related to the above method.

VM-PADMM and some variants. The VM-PADMM (2)—(4) can be seen as a class of ADMM
variants, depending on the choices of the linear operators Hy, Ry and S;. Namely,

e by taking Hp = 81 with § > 0, R = 0 and S = 0, it reduces to the standard ADMM, whose
the ergodic convergence rate was established in [30];

e the ADMM in [21] (related to the Uzawa method [37]) consists of taking Hy = SI with § > 0,
Ry, constant and S = 0. Pointwise and ergodic convergence rates for this variant were obtained
in [21, 22];

e the proximal ADMM consists of choosing Hp = I with § > 0, Rx and S constant. This
method has been studied by many authors; see, for instance [8, 10, 16], where convergence
rates are analyzed;

e by choosing Hy = Sil, Ry = 0 and S = 0, it corresponds to a variable penalty parameter
ADMM, for which asymptotic convergence analysis was considered in [20, 23, 35];

e the VM-PADMM (2)-(4) with Ry and Sj, positive definite is closely related to the method stud-
ied in [19, 26] for solving (point-to-point) continuous monotone variational inequality problems
(in the setting of problem (1), it demands f and g to be continuously differentiable). We
mention that, contrary to our analysis, the latter references do not present nonasymptotic
convergence rates;

e by letting Hy, = I, B > 0, the resulting method becomes similar to Algorithm 7 in [2], where
a composite structure of f is considered and ergodic convergence rates were obtained under
the additional conditions that B = I in (1) and the dual solution set of (1) be bounded.

Contributions of the paper. We obtain an O(1/k) global convergence rate for an ergodic sequence
associated to the VM-PADMM (2)—(4), which provides, for given tolerances p,e > 0, triples (x,y,7),
(rz,7y,7) and scalars €., e, > 0 such that

e € 0, f(x) =A™y, ry€0.,9(y) — B, r,=Ax+ By—0b,
max {{|Irz[7, [rylly s [m15} < o, (5)

Extey <g,



in at most O (max {[do/p], [dg/e | }) iterations, where |||, |||l and [|-||* denote dual seminorms
associated to the linear operators Hy, Ry and Sk, and dj is a scalar measuring the quality of the initial
point. Moreover, we establish an O(1/v/k) pointwise convergence rate in which the inclusions in (5)
are strengthened, in the sense that ¢, = ¢, = 0, and the bound on the number of iterations becomes
@) ({d(% /p? W) Our study is done by first establishing global ergodic and pointwise convergence
rates for a variable metric hybrid proximal extragradient (VM-HPE) framework for finding zeroes
of maximal monotone operators, and then by showing that the VM-PADMM (2)—(4) can be seen as
an instance of the latter framework. To the best of our knowledge, this is the first time that global
pointwise (resp. pointwise and ergodic) convergence rates are obtained for the VM-PADMM (2)—(4)
(resp. VM-HPE framework). Besides, our analysis allows degenerate metrics (induced by positive
semidefinite linear operators) which makes the VM-PADMM (2)—(4) (and the VM-HPE framework)
more suitable for applications. We next briefly review some related works to the VM-HPE framework.

VM-HPE type frameworks. The VM-HPE framework proposed in this work is a generalization
of a special instance of the HPE framework [36] allowing variations in the metric (induced by positive
semidefinite linear operators) along the iterations. The iteration complexity of the HPE framework
was first analyzed in [28] and subsequently applied to the study of several methods; see, for example,
[24, 27, 29, 30]. An inexact variable metric proximal point type method was proposed in [32] but,
contrary to our VM-HPE framework, it demands the metrics to be nondegenerate (induced by
invertible linear operators). Moreover, the convergence analysis presented in [32] does not include
nonasymptotic convergence rates.

Outline of the paper. Subsection 1.1 presents our notation and basic results. Section 2 introduces
the VM-HPE framework and presents its nonasymptotic pointwise and ergodic convergence rates,
whose proofs are postponed to Appendix A. Section 3 contains two subsections. In Subsection 3.1,
we formally state the VM-ADMM (2)—(4) and presents its nonasymptotic pointwise and ergodic
convergence rates. In Subsection 3.2, we obtain the convergence rates of the VM-ADMM by viewing
it as an instance of the VM-HPE framework.

1.1 Basic results and notation

Let Z be a finite-dimensional real vector space with inner product (-, -) z and induced norm || - ||z :=
V(:,)z. Denote by Mf (resp. ./\/lf ) the space of selfadjoint positive semidefinite (resp. definite)
linear operators on Z. Each element M € M?% induces a symmetric bilinear form (M(-),-)z on
Z x Z and a seminorm || - ||z, := /(M(-),-)z on Z. Since (M(-),-)z is symmetric and bilinear,
the following hold, for all z, 2’ € Z,

1 1
(2. M2) < el a + 317 1B are ©
12+ 211 %0r <2 (I20%00 + 121%00) (7)

Moreover, each M € /\/lf also induces a (extended) dual seminorm on Z defined by

Izl = sup (z,2)z  (2€2).
2/l 2,0 <1
On the other hand, each M € M#%, induces an inner product (M(-),-)z and a norm | - |z :=

(M(-),-)z on Z, etc.
Next two propositions, whose proofs are omitted, will be useful in this paper.



Proposition 1.1. For every M € MZ, we have dom || - 1% 0 = R(M) and [[M()|[Z 0 = || | 2,05
where R(M) denotes the range of M.

Let the partial order < on Mf be defined by
M<N < N-MecM?
Proposition 1.2. Let M, N € ./\/lf and ¢ > 0. If M < cN, then
- llzar < Vell - |

A set-valued mapping T : Z == Z is said to be monotone if

zn and || [z < Vel - [z (8)

(v=1'2=2"Y>0 Vz,2e€ZVoveT(z),Vv eT().

Moreover, T' is mazimal monotone if it is monotone and, additionally, if S is a monotone operator
such that T(z) C S(z) for every 2 € Z then T = S. The inverse operator T~! : Z = Z of T is
given by T~ 1(v) := {2 € Z | v € T(z)}. Given ¢ > 0, the c-enlargement 7° : Z = Z of a set-valued
mapping T : Z =3 Z is defined as

T()={veZ|{(v-1\2-2)>— V/e€eZVVeT(?)} VzeZ

Recall that the e-subdifferential of a convex function f : Z — R is defined by 0.f(z) = {v €
ZIf(Z) > f(z2)+ (v,2/ —z) —e V' € Z} for every z € Z. When £ = 0, then 9y f(z) is denoted by
0f(z) and is called the subdifferential of f at z. The operator df is trivially monotone if f is proper.
If f is a proper closed and convex function, then Jf is also maximal monotone [34].

The following result is a particular case of the weak transportation formula in [6, Theorem 2.3]
combined with [5, Proposition 2(i)].

Theorem 1.3. Suppose T : Z = Z is maximal monotone and let Z;,r; € Z, fori =1,...,k, be
such that r; € T(Z;) and define

k
E Zi, ’l“g =
=1

| =
=
=

k k
2,% = E Ti, Ez = E <7“Z', 52‘ — §Z>
i=1 i=1

Then, the following hold:
(a) €¢ >0 and r¢ € Tk (z%);

(b) if, in addition, T = Of for some proper closed and convex function f, then ri € Oca f(Z}).

2 A variable metric HPE framework
Consider the monotone inclusion problem
0€T(z), 9)

where Z is a finite-dimensional inner product real vector space and T : Z = Z is maximal monotone.
Assume that the solution set 771(0) of (9) is nonempty.



In this section, we propose a variable metric hybrid proximal extragradient (VM-HPE) framework
for solving (9) and analyze its nonasymptotic convergence rates. The proposed framework finds
its roots in the hybrid proximal extragradient (HPE) framework of [36], for which the iteration
complexity was recently obtained in [28]. Our main results on pointwise and ergodic convergence
rates for the VM-HPE framework are presented in Theorems 2.2 and 2.3, respectively. In Section 3,
we will show how the VM-HPE framework can be used to analyze the nonasymptotic convergence
of a VM-PADMM for solving linearly constrained convex optimization problems.

We begin by stating the VM-HPE framework.

A variable metric hybrid proximal extragradient (VM-HPE) framework
(0) Let zo € Z, mo € Ry and o € [0,1) be given, and set k = 1.
(1) Choose My € ./\/lf and find (2, 2k, k) € Z X Z x Ry such that
Tk = Mi(zp—1 — 2z1) € T(Zk), (10)

2 = ZillZ an, + e < 0llzk1 — ZillZ 0z, + M1 (11)

(2) Set k < k+ 1 and go to step 1.

end

Remarks. 1) Letting M, = I and n; =0 in (10) and (11), respectively, we find that the sequences
{2z}, {2k} and {ry} satisfy

e €T (%), Itk + 2 — zi-1l|Z < 0|2k — 261112,

Rk = Zk—1 — Tk,

which is to say that in this case the VM-HPE framework reduces to a special case of the HPE
framework (see pp. 2763 in [28]) with Ay = 1 (in the notation of [28]) or, in other words, the VM-
HPE framework is a generalization of a special case of the HPE framework in which variations in
the metric are allowed along the iterations. 2) If the sequence { M} };>0 is taken to be constant, then
the VM-HPE framework reduces to a special case of the NE-HPE framework studied in [16]. 3) We
also mention that a variable metric inexact proximal point method with relative error tolerance was
proposed in [32] but, contrary to our framework, the method of [32] demands that every operator
M), must be positive definite. Moreover, the convergence analysis presented in [32] does not include
nonasymptotic convergence rates. The fact that the VM-HPE framework allows positive semidefinite
operators My, will be crucial for viewing the VM-PADMM of Section 3 as a special instance of it.
From now on in this section, we assume the following condition to hold:

Assumption 2.1. For the sequence {Mj}r>1 generated by the VM-HPE framework, there exist
My € Mf, 0 < Cg < oo and, for each k>0, ¢, > 0 such that {ci}r>0 and {My}r>0 satisfy

k
1
E ¢; < Cs, g My = My 2 (1 + )M, V>0 (12)
° Ck
=0



Remark. The above assumption (which is similar to condition (1.4) in [32]) is satisfied, for instance,
if the sequence { M}, }1>¢ is taken to be constant and ¢; = 0, in which case one can choose C's = 0.

It is easy to check that Assumption 2.1 implies the existence of a constant Cp > 0 such that
{ck}r>0 and { M} }i>o satisfy

k
[[@+e)<Cp and M; = CpM,, Vjk>0. (13)
=0

In the remaining part of this section, we present pointwise and ergodic convergence rates for the
VM-HPE framework. These results will depend on the quantity:

zum | 2 € T7H0)}, (14)

dp := inf{||z" — 2|

which measures the “quality” of the initial guess zg € Z in the VM-HPE framework with respect to
the solution set T1(0).

For technical reasons and for the convenience of the reader, the proofs of the next two theorems
will be given in Appendix A.

Theorem 2.2. (Pointwise convergence rate of the VM-HPE framework) Let {Z}, {7}
and {My} be generated by the VM-HPE framework. Let also Cp and dy be as in (13) and (14),
respectively. Then, for every k > 1, ri, € T(Z;) and there exists i < k such that

2(1 + 0)Cp(dg +mo) +2(1 — g)m) v , (15)

|| % <
Il < ot

Remarks. 1) If ¢, = 0 in Assumption 2.1 (in which case M} = My), then the upper bound in
(15) with Cs = 0 and Cp = 1 reduces essentially to a special case of [16, Theorem 3.3(a)] (with
M = 1,6 =0 and d(w).(2') = (1/2)]|z — #/||*). Additionally, if My = I and 79 = 0, then the bound
(15) becomes similar to the corresponding one in [28, Theorem 4.4(a)]. 2) For a given tolerance
p > 0, Theorem 2.2 ensures that there exists an index

o([ 1)
such that

r € T(z) and ril%, < p. (17)

In this case, Z; € Z can be interpreted as a p-approximate solution of (9) with residual r; € Z (see,
e.g., [28] for the definition of a related concept).

Before presenting the ergodic convergence of the VM-HPE framework, let us define the ergodic
sequences {Z7'}, {r{} and {e{} associated to {Z} and {7} as follows:

k k k

- 1 - 1 1 - -

Zy = Z E Zi, Th= % g ri, £f = Z g (riy Zi — Z1). (18)
i—1 i=1 i=1



Theorem 2.3. (Ergodic convergence rate of the VM-HPE framework) Let {Z}}, {r{} and
{e}} be given as in (18) and {M}} be generated by the VM-HPE framework. Let also C's, Cp and
do be as in (12), (13) and (14), respectively. Then, for every k > 1, we have r{ € Tk(2¢) and

a||* & V d2 + 7o
H’“kHz,Mk < 72 ) (19)

E(d3 + o)

0<er < 2 ,

(20)

where € := (14 Cp) (vCp + CsCp) + 0502/2 and € :=2Cp(1+ Cg) [cCp/(1 — o) + 2(1 + Cp)].

Remarks. 1) Similarly to the first remark after Theorem 2.2, Theorem 2.3 is also related to [16,
Theorem 3.4] and [28, Theorem 4.7]. 2) For given tolerances p,e > 0, Theorem 2.3 ensures that in

at most
(’)((I—FCS)szaX{{‘ dg-i—no-‘wdg-FT]o-‘}) (21)

P €
iterations there hold
€ TR, Irilsa <p and ef <e. (22)

Note that (21), in terms of the dependence on p > 0, is better than the bound in (16) by a factor
of O (p) but, on the other hand, since £} can be strictly positive, the inclusion in (22) is potentially
weaker than the one in (17).

3 A variable metric proximal alternating direction method of mul-
tipliers

This section contains two subsections. In Subsection 3.1, we formally state the VM-PADMM (2)—(4)

and present its nonasymptotic convergence rates. The main results are Theorems 3.2 and 3.3 in

which pointwise and ergodic convergence rates are obtained, respectively. The proofs of the latter

theorems are discussed separately in Subsection 3.2 by viewing the method as an instance of the
VM-HPE framework and by applying the results of Section 2.

3.1 VM-PADMM and its convergence rates

Let X, YV and I' be finite-dimensional real inner product vector spaces. Consider the convex opti-
mization problem (1), i.e.,

minimize f(z) + g(y) (23)
subject to Ax + By = b,

where the following assumptions are assumed to hold:

(01) f: X - Rand g:)Y — R are proper closed and convex functions;

(02) A: X T and B:Y — I are linear operators and b € I';



(03) the solution set of (23) is nonempty.

Under the above assumptions and standard constraint qualifications (see, e.g.,[33, Corollaries 28.2.2
and 28.3.1]), a vector (z*,3*) € X x ) is a solution of (23) if and only if there exists a (Lagrange
multiplier) v* € T" such that (z*,y*,7*) is a solution of

0€df(x)— A"y, 0€0g(y)— B*y, Azx+ By—b=0. (24)
Motivated by the above statement, we define
QF ={(z",y",7") e X x Y xT'| (2%, y*,~v") is a solution of (24)}, (25)

which is assumed to be nonempty.

The convergence rates of the VM-PADMM (stated below) for solving (23) will be obtained by
viewing the optimization problem (23) as the monotone inclusion (24), which is associated to a
certain maximal monotone operator (see (45)) in X x ) x I', and by applying the results of the
previous section.

Variable metric proximal alternating direction method of multipliers (VM-PADMM).
(0) Let (x0,y0,7) € X x Y x I" be given, and set k = 1.

(1) Choose Ry € M7, S, € M{ and H}, € M£+ and compute an optimal solution z; € X of
the subproblem

. 1 1
min {f(iﬂ) — (Yh—1, Az)x + §HA»’U + Byk—1 — blg.q, + §||3U - xkl”%f,Rk} (26)

and compute an optimal solution g € ) of the subproblem

) 1 1
min {a(0) = (s, Boly + 1A+ By = W, + 3l - s} @D

(2) Set
Vi = Ve—1 — H (Azy, + By — b), (28)

k< k+1, and go to step (1).

end

Remarks. 1) As already mentioned in Section 1, the VM-PADMM can be regarded as a class of
ADMM instances, allowing a unified study of different variants of ADMM. 2) An usual choice for
the linear operator Hy, is BiI, where 35 > 0 plays the role of a penalty parameter. 3) The proximal
terms in (26) and (27) defined by Ry and Sy, respectively, may have different roles. Namely, they
can be used to regularize the subproblems in (26) and (27), making them strongly convex (when Ry
and Sy are positive definite operators) and hence admitting unique solutions. Moreover, by a careful
choice of these operators, subproblems (26) and (27) may become much easier to solve; for instance,
if H, = 81, then Ry, = 7.1 — 8 A* A with 7, > ﬁkHA*AH and S, = 0,1 — 8;,B*B with 0, > BkHB*BH
eliminate the presence of quadratic forms associated to A*A and B*B in (26) and (27), respectively.
From now on in this section, the following conditions are assumed to hold:



Assumption 3.1. For the sequences { R }k>1, {Sk}x>1 and {Hy }x>1 generated by the VM-PADMM,
there exist Ry € MY, Sy € Mz, Hy e MI;JF, 0 < Cg < o0 and, for each k >0, ¢ € [0,1] such that
{ex} >0, {Qk,1 = Ritr>0, {Qr2 = Sktr>0 and {Qr3 = Hy}r>o satisfy

k
1 .

E ¢ < Cs, Trer Cka,j = Qk+1; 2 (1 +¢)Qr; VE>0, j=1,2,3. (29)

1=0

Analogously to condition (13), assumption 3.1 implies the existence of Cp > 0 such that {cx}r>0
satisfies

k
[[@+e)<Cp VE>o0. (30)
=0

We mention that Assumption 3.1 is similar to Condition C in [19] but, contrary to the latter reference,
none of the operators R and S} is assumed to be positive definite.
Similarly to the previous section, the following quantity will be needed:

1/2
do = inf { (20— "1y + 190 — 5713, 5oy + o = 77125t ) | (a777) € Q} |
(31)
where (g, y0,70) is given in Step (0) of the VM-PADMM, Ry € Mf, Sp € Mz and Hy € M£+ are
given in Assumption 3.1, and Q* is defined in (25).

Next we present the two main results of this paper, whose proofs are given in Subsection 3.2.

Theorem 3.2. (Pointwise convergence rate of the VM-PADMM) Let {(x, vk, V&) }, {Ri},
{Sk} and {Hy} be generated by the VM-PADMM and let

Vi = Vg1 — Hk(A.Tk + Byg_1 — b) Vk>1. (32)

Let also Cp and do be as in (30) and (31), respectively. Then, for all k > 1,

Tk R (wp—1 — ) Of(wr) — A"k
Tky | = | (B*HpB+ Sk)(yk—1 —wx) | € | 99(yx) — B* (33)
Tk,y H Y vee1 — ) Azg + By, — b

and there exists 1 < k such that

« . do /
Y,(B*H;B+5;) H""MHF,H;I} = ﬁ 2(15Cp + 4). (34)

Remark. For a given tolerance p > 0, Theorem 3.2 guarantees the existence of triples (x,y,7),

(rz, 7y, 1) and operators R € MY, S € M%’r and H € M£+ (generated by the VM-PADMM) such
that

max { rialli . IIriy

ry € 0f(x) — A*y, ry€0g(y) —B*y, ry=Ax+ By—Db,
(35)
max {Irs % m s Iroll3, 5 mpes) > Iralfss | <o



in at most

o([%)

iterations, where C'p and dy are as in (30) and (31), respectively. The triple (x,y,7) in (35) can be
seen as a p-approximate solution of the KKT system (24) with residual (rs, 7y, 7).

Before proceeding to present the ergodic convergence of the VM-PADMM we need to introduce
its associated ergodic sequences. Let {(z, yk,vx)} be generated by the VM-PADMM, let {#;} and
{("k2s Ty Tk)} be defined as in (32) and (33), respectively, and let the ergodic sequences associated
to them be defined by

k k
1
xk:')yk Zl 3717% ) %Z (37)
k

(T x?rkyJTk'y %Z Tixy,Ti yyrz'y (38)

k
a a 1 * ~ a * a

(EkarEhy) = T Z ((riw + A" 20 — a)xs (rig + B %40 — i)y )- (39)

i=1

Theorem 3.3. (Ergodic convergence rate of the VM-PADMM) Let {Ry}, {Sk} and {H}
be generated by the VM-PADMM and let {(zf, yi)}, {7} {(rf oo 7%, 7)) and {(gf o€k ,)} be the
ergodic sequences defined as in (37)—(39). Let also Cg, Cp, and dy be as in (29), (30) and (31),
respectively. Then, for all k > 1, we have €k 5%7?; >0,

ko Ofeq (xf) — A*3f
iy | €| do ) - Bag (40)
r,‘i},y Az + By —b
and
max { I s 7 35 11,5000 I 5 g b < (41)
Ed?

Eha T Ehy < (42)

=k
where & is defined as in Theorem 2.3 and & := 10Cp(1 + Cys) (24 3Cp).

Remark. Given tolerances p,e > 0, Theorem 3.3 guarantees that there exist scalars e;,e4 > 0,
triples (z,y,%), (7z,7y,7y) and operators R € MY, S € M{ and H € MEJF (generated by the
VM-PADMM) such that

re €0, f(x) — A*y, 1y € 0:,9(y) — B*y, r,=Ax+ By —b,

max {3 s Iroll3, e mes) > Iralias ) < o (43)

Extey <eg,

10



in at most

o ((1+CS)C§ max{[c?-‘ , [‘ﬂ }) (44)

iterations, where Cg,Cp and dp are as in Assumption 3.1, (30) and (31), respectively. Note that
while the dependence on the tolerance p in (44) is better than the corresponding one in (36) by a
factor of O(p), the inclusions in (43) are potentially weaker than the corresponding ones in (35).
The triple (z,y,7) in (43) can be seen as a (p, €)-approximate solution of the KKT system (24) with
residual (rg, 7y, 7).

3.2 Proof of Theorems 3.2 and 3.3

The main goal of this subsection is to prove Theorems 3.2 and 3.3 by viewing the VM-PADMM as
an instance of the VM-HPE framework of Section 2 for solving (9) with 7" : Z =2 Z defined by

of(x) — A™y
T(z)=| 0g(y) —B™ |, Va=(z,y,7)€Z (45)
Ax+ By —b

where Z := X' x Y x I is endowed with the usual inner product of vectors z = (z,y,7v), 2’ = («/,v/,7):
(2,2")z = (z, ") + (v, 9")y + (1,7 )1 (46)

The desired results will then follow essentially from Theorems 2.2 and 2.3, and from the identity
T740) = O, (47)

where T71(0) and Q* are the solution sets defined in (9) and (25), respectively. The following linear
operators will be needed in our analysis:

Ry, 0 0
My = 0 B*H.B+ S 0 2= Z Vk >0, (48)
0 0 H, ™1

where { Ry }k>1, {Sk}x>1 and {Hy }r>1 are generated by the VM-PADMM and Ry € /\/lff, Sy € Mz,
Hy € ME . are given in Assumption 3.1.
We begin by presenting a preliminary technical result.

Proposition 3.4. Let {(zg, yx,vx)} be generated by the VM-PADMM and let {7} be defined as in
(32). Let also {My} be defined as in (48). Then,

Th—1 — Tk Of (xr) — A*
Mp | vk—1—ur | €| 99(yx) — Bk VEk>1. (49)
Vh—1 — Vk Az + By, — b

Proof. From the first order optimality conditions for (26) and (27), we obtain, respectively,

0€0f(zk) — A" (We—1 — Hi(Azy + Byg—1 — b)) + Ry(zr — 2p-1),
0 € 99(yx) — B* (vk—1 — Hi(Azy, + Byr — b)) + Sk(yk — Yk—1),
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which, combined with (32), yields
Ry(zp—1 — xx) € Of (wr) — A"k, (B"HkB + Sk)(Yx—1 — yr) € 09(yr) — B (50)
On the other hand, (28) (and the assumption Hy € MY ) gives
H Y (ve—1 — ) = Azg, + Byy, — b (51)
Using (48), (50) and (51) we obtain (49). O

The next lemma will allow us to use the main results of Section 2 for analyzing the nonasymptotic
convergence of the VM-PADMM.

Lemma 3.5. The sequence {My}r>o defined in (48), the scalar Cs and the sequence {cy} given in
Assumption 3.1 satisfy condition (12) of Assumption 2.1.

Proof. Note that the first condition in (29) is identical to the first one in (12). To finish the proof,
note that the second condition in (29), which by Assumption 3.1 is assumed to hold for {Rj}x>0,
{Sk}x>0 and { Hy }r>0, combined with the (block) diagonal structure of M}, gives the second condition

in (12) for {cg}r>0 and { Mg }r>o. O

The following technical result will be used to prove that the VM-PADMM is an instance of the
VM-HPE framework.

Lemma 3.6. Let {(xk,yx,Vk)}, {Sk} and {Hy} be generated by the VM-PADMM and let {71} be
defined as in (32). Let also dy be defined as in (31). Then, the following hold:

(a) for any k > 1, we have
Ve — v = HpB(Yk — yr-1);

(b) we have
1
Sy —w0l3,5, = (Blyr —v0). v — 0)r < 4dg;

(c) for any k > 2, we have

1—ck

1
(Blyk = yr-1)s 7 = 1)1 = ——5— Iy = yr—1ll3, — g llyr-1 - Yr—2ll3, -

Proof. (a) This item follows trivially from (28) and (32).
(b) First note that

1
0< §||V1 =70 + H1B(y1 — yo)”%,Hl—l
1 1
=5l - ’70”121111—1 +(By1 = yo), 11 = v0)r + 5[ Blyr — Yo)lIF 1,
which combined with the property (7) yields, for all z* := (z*, y*,v*) € QF,

1 1
Sl = volls, = (Blur —0) 31 = v0dr < 5 (v = oll3s, + 1 = 70l2 -1 + 1B = 0)l )

<l =135 + lvo — ¥* 136, + 11 — V*H;Hl—l

170 = I g+ 1B = y)Em, + 1B o — v 1F, a1,

12



Direct use of the above inequality and (48) yields

1
§Hy1 —yol3.5, — (Byr —v0), 71 — vo)r < llz1 — 2% an, + 120 — 2° 1 Z 01, » (52)

where 2 := (20, Y0,7) and z1 := (x1,y1,71). Note now that letting 21 := (x1,y1,%1), it follows from
(48), item (a) and some direct calculations that

ler = 210% 00, = I = 21T o = 1B — )P, (53)
Moreover, using (48) with k = 1, we find
120 = 201 % s, = llwo — 21013 5, + llyo — w113 + o = 7l
Z,M; 0 1lx,Ry Yo — Yilly,(B*H,B+S51) Y0 — M rH!
> llyo = 11ll3 (5o, 151y = 1B w1 = v0) IF - (54)

From Proposition 3.4 and (48) with k = 1, we have 1 := Mj(20—21) € T(Z1), where T'is given in (45).
Using this fact, (47) and the monotonicity of T we obtain (Z; —z*,71) > 0 for all 2* = (z*, y*, 2*) € Q*.
Hence, from the latter inequality, Lemma A.1 with (z,z4,2) = (20,21,21) and M = My, (53) and
(54) we have, for all z* = (z*, y*, z*) € QF,

1" = 20lZ0n = 2" = 210l 0r, + 120 = 21200 — ll21 = ZillE
> (12 = 21l %0, + 1B — 00) P, — 1B — w0) 2, = 12" = z1ll2ar. (55)

From Assumption 3.1 and Lemma 3.5 we know that M; < (1 + ¢o) My < 2My, which combined with
Proposition 1.2 and (55) yields

l=* = 21l an < 12" = 20l%an < 212" = 200130, (56)

Combining (31), (52), (55), (56) and taking the infimum over all z* € Q* we find the desired
inequality, whence item (b).
(c) Using the first order optimality condition for (27), and (28), we obtain

B*vi, — Sk(yr — yx—1) € Og(yr) Yk > 1.

For any k > 2, using the above inclusion with k « k and k < k — 1, the monotonicity of d¢ and the
property (6), we find

(B*(Vk — Yh=1)s Yk — Yk—1)y = (Se(Wk — Ye—1) Yk — Yk—1) — (Sk—1(Yh—1 — Yk—2), Yk — Yk—1)

1 1
>y — yk—l”%‘k - §Hyk—1 - yk—?”%k_l - §||yk - yk—l’%k_l,

1+cp_q 1
> (1 220 e = gl — oo — sl

where the last inequality is due to Proposition 1.2 and Assumption 3.1, and so the proof of the
lemma follows. O

Next we show that the VM-PADMM can be regarded as an instance of the VM-HPE framework.
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Proposition 3.7. Let {(x, yi,vk)} be generated by the VM-PADMM and let {7} and {My} be
defined as in (32) and (48), respectively. Let also dy and T be defined as in (31) and (45), respectively.
Define zo := (20, Y0,%0), Mo := 4d3 and, for all k > 1,

- - 1
2= (@ Y )y B = (@ e )y = Mi(aeor —zi)s = Gl — ullys,-  (57)
Then, for all k > 1,
Tk € T(gk)v
(58)

- 1 .
2 = ZillZ ar, + 0 < Sllzk—1 — ZellZ 0z, + M1

As a consequence, the VM-PADMM falls within the VM-HPE framework (with input zo, no and
o =1/2) for solving (9) with T as in (45).

Proof. First note that the inclusion in (58) follows from (45), (49) and the definitions of zy, Z; and
ri in (57). Now, using (46), (48), (57) and some direct calculations, we obtain

21 — ZellZ 0, = llok—1 — 2ill% gy, + 1BWk—1 — ve)IE.m, + 101 — I35,

+ [[yk-1 — %H%,H;l- (59)
Using the same reasoning and Lemma 3.6(a), we also find
2k = Zell% ar, = vk — %H%H;l = B(Wr—-1 — yi)lIF 1, - (60)

Hence, from the first identity in (60), Lemma 3.6(a) and some algebraic manipulations, we obtain

1 B 5 1 1 5
=1 = WH%,H;I — N2k = ZllZar, = -1 = 7’4”%,1{;1 + 5l = ’7k||?7Hk—1
+ (Vem1 — Yo Hy o = 300t — 2k — ZllZ
1 , 1 o
= g1 =l = Sl = Tl
— (Yh—1 = V> BYk — Yr—1))1>

which in turn, combined with (59) and (60), yields
1 - - 1 1
llek-1- ZellZ o, — 2w — ZlZar, = DL vl %k, + -1 = ukll3.s,
1
+ 5 llve-1 = %H%,H,;l + (B(Uk — Yk=1)> Tk — Yr—1)T
1
> 5”3/19—1 — kI35, + (BWk — Ye-1); Yk — Yh—1)T- (61)

We will now consider two cases: k=1 and k£ > 1. In the first case, it follows from Lemma 3.6(b),
(57), (61) with k =1 and 7y = 4d3 that

1 5 5 1
5 llz0 = 2 Z a0 = llzr — A3, —m > (Blyr — vo), 1 — Yo)r = Sl = yoll3,s, —4dg = —no,
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which gives (58) for £ = 1. On the other hand, assuming k > 1, from Lemma 3.6(c), (57), (61) and
some manipulations, we have

1 - - 2 — Cl—1 1
Sl = %, = o = 2l Zar, 2 = oot = w3 s, — 5 lun—2 — w1 s,

Z Mk — M1,

where the last inequality is due to the fact that cy_; < 1 (see Assumption 3.1). Hence, we conclude
that (58) holds for all £ > 1. The last statement of the proposition follows directly from (58) and
VM-HPE framework’s definition. O

We are now ready to prove Theorems 3.2 and 3.3.
Proof of Theorem 3.2: Using Proposition 3.7 and Theorem 2.2, we conclude that, for every k > 1,
(33) holds and there exists i < k such that

HMi(Zz‘—l — Zz) 2(15Cp + 4), (62)

do
* < 20
”Z,ML = \/E

where {M}} and {z;} are defined in (48) and (57), respectively. Hence, using Proposition 1.1, we
obtain

M;(zi-1 — 2) Iz 01, = ll2i-1 — 2ill 2,0

1/2
L) (63)

= <||1U1>1 —@il% g+ lvic1 = Yill3, (e ey + 1vie1 — il

On the other hand, using Proposition 1.1 and the definition in (33), we find

|zio1 — millx,r, = |Ri(wim1 — )| 5, = 1702l X Ry
lyi-1 = Yilly,(<m,B+s,) = [(B"HiB + Si)(Yi-1 — ¥l (51, 5+5,) = ITiwl| Y (5+ 1 B850

i1 = %illp gt = I1H7 (i = W5 gy = iy

‘;,H;“
which, combined with (62) and (63), proves (34). O

Proof of Theorem 3.3: Combining Proposition 3.7 and Theorem 2.3, and taking into account that
rg = (rf .71 y,rZ 7), we conclude that, for every k > 1,

V5E dy
max {11 oIl mye I8 1311, 5000 17l gt | < 008 0o 2 g, < 2, (64)
k k k 5
a_l . . @ . . a . - 5d%
kT L Z (ria,zi — xj)x + Z (rigy,vi — i)y + Z (riqs i — V)T | < L (65)
=1 =1 =1

where £ and & are defined as in Theorem 2.3 and Theorem 3.3, respectively. On the other hand,
(33), (37) and (38) yield

Az + Byr, =1+,  Azy+ Byg =g, +0.
Additionally, (37), (38) and some algebraic manipulations give

k k k

S Gistig —Th T =Y G = Al rin — T =3 _(Fi — A Tin)T

=1 i=1 i=1
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Hence, combining the identity in (65) with the last two displayed equations, we also find

k
1 -
(s i = afdae + (i e = w2) + 3 2 (Firriy =)
=1

Q)
>e

Il
| =
]~

-
I
—

Il
el
ndle

s
Il
i

(s s = ) + (i s = w0y + (o Aws = Aaf + By: - Byf)r)

(rig + A™i, 2 — af)x +

Il
e
Ingle

Il
N

k
D iy + B i,y — Yty = s + el
1=1

=

)

where the last equality is due to the definitions of ef  and ef / in (39). Therefore, the inequalities
in (41) and (42) now follows from (64) and (65), respectively.

To finish the proof of the theorem, note that direct use of Theorem 1.3(b) (for f and g), (33)
and (37)-(39) give e ., e, > 0 and (40). O

A  Proof of Theorems 2.2 and 2.3

We start by presenting the following two Lemmas.
Lemma A.1. For any z*,2,24,2 € Z and M € Mi, we have
12° = 2l% ar = 12" = 2% 00 = NIz = 2l Z 0 — Mz = 2T 00 + 202 = 2%, M (2 = 24)) 2.
Proof. Direct calculations yield
12" = zl|Zar — 12* — 24|20 = 2(24 — 2", M(z — 23.)) 2 + |2 — 2[|Z s
=202y —Z,M(z—24))z +2(Z — 2", M (2 — 24)) 2
+ 2t = 2lZ
=202 =2 M(z = 2))z + |2 = 2lZ 0 — 12 = 2| F 0 -
O

Lemma A.2. Let {z,}, {My}, {Zx} and {nx} be generated by the VM-HPE framework. For every
k>1and 2* € T71(0) :

(a) we have
12 = 2kllZ ag, < 12" = 2o lZ g, + e — 0 — (1= 0) l2—1 = Zel1Z 0,

(b) we have

k

12 = 2kl Z 0, + e+ (1= 0) > llzie1 = ZillZar, < Cp(l12* = 2001 %010 +0) s
i=1

where Cp and My are as in (13) and Assumption 2.1, respectively.
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Proof. (a) From Lemma A.1 with (z, 24, 2) = (2k—1, 2k, 2x) and M = My, (10) and (11), we obtain

l* = 21l ag, = 1127 = 20l Z g + -1 > (1= )zt = Zll% ag, + 0 + 202 — 27, 7).

Hence, (a) follows from the above inequality, the fact that 0 € T'(2*) and 7, € T'(Z;) (see (10)), and
the monotonicity of T.
(b) Using (a), (8) and Assumption 2.1, we find
12" = 2lZ 0, < (U im0l = 2zk-1llZ agey + -1 — 6 — (1= 0)l|2e1 = 201 %, 0gy.-
Thus, the result follows by applying the above inequality recursively and by using (13). O
We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2: First, note that the desired inclusion holds due to (10). Now, using (7)
and (11), we obtain, respectively,

Zon, <2 (l2e-1 — ZllZan, + 12 — 2l Z00,) »

126 — 26llZ ar, < 0llzk—1 — Z6llZ0r, + M1 — M-

llzk—1 — 2]

Combining the above inequalities, we find

21 — 26l % ar, < 2[(1+ 0)|2k-1 — ZellZ0r, + o1 — 0] S

which in turn, combined with Lemma A.2(b), yields

k * 2
2(1+0)Cp(||z" = 20lIZ ag, +m0) +2(1 — 0)no
> llzicr =zl < — (66)
i=1

1-o0) ’
for all z* € T71(0). Hence, (15) follows from Proposition 1.1, (10), (14), (66) and the fact that
St > kming—y g {t:}. O

Before proceeding to the proof of the ergodic convergence of the VM-HPE framework, let us first
present an auxiliary result.

Proposition A.3. Let {z}, {My} and {ny} be generated by the VM-HPE framework and consider
{ZL} and {e}} as in (18). Then, for every k > 1,

k

1 - -

< of <?70 112 — 20llZ a0 + D cim1llZE — Zi—1||2Z,Mi_1> : (67)
i=1

where My and {ci} are given in Assumption 3.1.

Proof. Using Lemma A.1 with (2,2, 24, 2) = (2}, 2i—1, 2, %) and M = M;, (10) and (11), we find,
forevery i =1,...,k,

12 — zical 2, — 1128 = zillZar, + mie1 = (1= 0))|Z — zica | s, + M0 + 2(rs, % — Z4)
>+ 2(ri, Z — ZL),
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where the second inequality is due to the fact that 1 — o > 0. Hence, using Assumption 2.1 and
simple calculations, we obtain

128 = zill 2 ar, < U+ )12 = 2ialZ g, + 01 —mi = 2(ri, 5 = 2) Vi=1,...,k.
Summing up the last inequality from 7 = 1 to ¢ = k and using the definition of £f in (18), we have

k

0< 12— 2elsnn < 3 cimtllZ — 2ol Zoar,, + 128 — 20l 0, + 1m0 — 2k,
=1

which clearly gives (67). O
Proof of Theorem 2.3: Note first that the desired inclusion and the first inequality in (20) follow
from (10), (18) and Theorem 1.3(a). Take z* € T—1(0). Now, let us prove the second inequality in

(20), which will follow by bounding the term in the right-hand side of (67). Note that, using the
convexity of || - ||?V[i_1, inequality (7) and (18), we find

Ea

k
- - 2 -
128 =zl < 7 D5 = mimalEan, < 2 00 (15 = #lE ., + 12— ol ) - (68)
j=1

J=1

x| =

From (13), we have M;_1 < CpM; for all j = 1,..., k. Hence, using Proposition 1.2, inequality (11),
Lemma A.2(b) and (14), we find

k
Doz = 2ilE 12 = 2%,
j=1

k
oy
j=1
k
<Cp) (Ullij — zj-1lE o, -1 — 77j)
j=1
< %Cz(dg +1m0) + Cpo. (69)

On the other hand, using (7), M;—1 < CpM; for all j = 1,...,k, Proposition 1.2, Lemma A.2(b)
and (14), we obtain

k k
Sz zialEans, <23 (1= 21, + 12 = 21l Za, )
=1 i=1
k
<23 (Crllzs = =% ar, + 15" = 5im1lE )
j=1
< 2(1+ Cp)Cp(d2 + no)k. (70)

It follows from inequalities (68)—(70) and the fact that k£ > 1 that

- oC
158 = 551, < (725 + 2014 Cr) ) 2000+ m) + 2Crm

which, combined with Proposition A.3 and the first condition in (12), yields
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1

— [QC’p(l + Cs) <1 oCr

ok +2(1 +Cp)> (d2 +m0) + (1 +2(1 + Cs5)Cp) o -

Therefore, the second inequality in (20) now follows from definition of & and simple calculus.
To finish the proof of the theorem, it remains to prove (19). Assume first that k > 2. Using (18)
and simple calculus, we have

k

k—1
krg:ZTiZMl(ZO_Z ) Mk Zk;—Z +Z i+1 — Zi_Z*)' (71)
=1 i=1

From (13), we obtain M; < CpM} and M; < CpMy. Hence, it follows from Propositions 1.1 and
1.2 that

[M1(z0 — 2)Z 01, < VCOPIMi(20 — 2%)Z 01,

=/ Cpll20 — 2| z.m,

< Cpllzo — 2"l z,mp- (72)
Direct use of Proposition 1.1 yields
1My (2 — 2z 0, = M2k — 2" 2,0 (73)

Next step is to estimate the general term in the summation in (71). To do this, first note that using
Assumption 2.1, we find

0= L;:=M;y1 — M; +c; M1 jcl(2+cl)Ml, Vi=1,...,k—1, (74)
and so
[(Miy1 — Mi)(zi — 2°)|z pr, = [(Li — ciMig1)(zi — 27|15 0,
< NLi(zi = 29)|z 0, + cill Miva (2 = 2°) |2 0 - (75)
From (13) and the last inequality in (74), we obtain, respectively, M; < C, My and L; < ¢;(24 ¢;) M,;.
Hence, using Propositions 1.1 and 1.2, we have
I Li(zi — 2z, < VCPILi(2i — 2%) |z 0,
<VCpVei(2+ )l Li(zi — 2°) % 1,
= \/Cp\/ci 2+¢ ||ZZ —z ||Z,Li

CP Ci(2 + ci)||zl-

Again, from (13), we obtain M;11 = CpMj and M;1 < (1 + ¢;)M;, and consequently

M1 (zi = 2) 2 ar, < V/Col Mia(zi = 2°) 15 0,4
= \/@”Zi — 2%z, M4
< VCOp(1+c)lzi — 2% 2,0, (77)
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Hence, using (13) and (75)—(77), we find

[(Mig1 — Mi)(zi — 250, < ci/Cp (1 + (T 4c) + VIt e) 2z — 2%z m,

<¢iv/Cp (1 +Cp+ v CP) l2i — 2" 2,0, (78)

Finally, using the definition of dy in (14), (71)—(73), (78) and Lemma A.2(b), we conclude that

k-1
kil zan, < I1Mi(z0 = )z g + 1Mi(zr = 2 2 an, + D 1(Mix = M) (zi = 2%) Iz,

i=1

< (Cp+1+4Cs/Cp (14 Cp + VCp)) max [z = ="z

i=0,...,

<V/Cp (Cp+1+Csv/Cp (14 Cp+ VCr) ) \/ B+ 0
= ((1 + Cp) (@ + CSCP> + CSC?D/Q> \ 45 + 1m0,

which gives (19) for the case k& > 2. Note now that by (13), we have M; < CpMj and so using
Propositions 1.1 and 1.2, Lemma A.2(b), (14) and the second identity in (18) with k = 1, we find

171z, 00 = lIrallz nn = [1M1(20 — 202,00,

= |lz0 — z1ll 2,01,

<|lzo — 2" ||z.0m, + |21 — 27|

< VCpllzo = 2%l 2.0 + 21 = 2"l 201y
<(1+ \/Cp)\/Cp\/d% + 7o,

which in turn, combined with the fact that Cp > 1, gives (19) for k = 1. O

Z,M;
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