
Shortcuts to adiabaticity  
in quantum thermodynamics 

Adolfo del Campo 
 

Department of Physics 
University of Massachusetts Boston 

 
 
 
 
 
 
 
 

São Carlos, Brazil 
 Feb 23rd 2015 

   Adolfo del Campo 







Contents 
 

  
  Finite-Time thermodynamics 

  Shortcuts to adiabaticity   
 
  Implications and ultimate bounds 

 
 

 
Adolfo del Campo 



 
 PART I:  

Finite-time thermodynamics 

Adolfo del Campo 



Quantum Heat Engine: Otto cycle 
Nanodevice converting thermal energy into work (quantum dynamics) 
 
Example: lifting an ion in a trap [Abah et al. PRL 109, 203006 (2012)]  

Adolfo del Campo 



Nanodevice converting thermal energy into work (quantum dynamics) 
 
Example: lifting an ion in a trap 

Quantum Heat Engine: Otto cycle 

Adolfo del Campo 

Unitary dynamics 
 



Nanodevice converting thermal energy into work (quantum dynamics) 
 
Example: lifting an ion in a trap 

Unitary dynamics 
 

Open quantum dynamics 

Quantum Heat Engine: Otto cycle 

Adolfo del Campo 



Maximum efficiency of an Otto cycle 

E = �hW i1 + hW i3
hQi4

Quantum efficiency 

Work probability distribution [Talkner, Lutz , Hanggi, PRE 75, 050102(R) (2007)] 
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      Attainable in the adiabatic limit   
     Vanishing output power! 
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Finite-time thermodynamics 

E = �hW i1 + hW i3
hQi4

The play dramatizes the trade-off  
 
between the output-power of a QHE  
 
 
 
 
 
and its efficiency 

P = �hW i1 + hW i3P4
j=1 ⌧j
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Shortcuts as a way out of the tragedy 

Shortcuts to adiabaticity 

For a complementary approach:  
D. Gelbwaser-Klimovsky, R. Alicki, G. Kurizki, Phys. Rev. E 87, 012140 (2013) 
For  related approach: 
 

•  AdC, J. Goold, M. Paternostro, Sci. Rep. 4, 6208 (2014) 

•  J. Deng, G.-H. Wang, X. Liu, P. Hanggi, J. Gong, Phys. Rev. E 88, 062122 (2013) 



Shortcuts to adiabaticity: Why speeding things up? 

Defect 
suppression in 

condensed matter 
systems and 

quantum 
simulation 

Quantum 
thermodynamics 

heat engines 
ground state cooling 

Quantum Information 
Quantum annealing 

Quantum Optics 
Control of 

decoherence, noise 
and perturbations 
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Shortcuts to adiabaticity: Why speeding things up? 

Shortcut to adiabaticity: 
 

Fast non-adiabatic process to prepare a state mimicking adiab. dynamics  
 
Review: Adv. At. Mol. Opt. Phys. 62, 117 (2013) 

Processes: Expansion, transport, splitting, adiabatic passage, phase transitions, … 
 
Systems: ultracold atoms, ions chains, quantum dots, spin systems, NVC, … 
 
Experiments: Nice, NIST, Mainz, PTB, MPQ, Florence, Trento, Tsukuba, … 
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Ground state loading  
In an optical lattice 

Masuda, Nakamura, AdC PRL 113, 063003 (2014) 
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Ion transport 
Deffner, Jarzynski, AdC PRX 4, 021013 (2014)  

 

Adiabatic crossing of  
quantum phase transition 

AdC, Rams, Zurek PRL 109, 115703 (2012) 
 Saberi, Opatrný, Mølmer, AdC, PRA 90, 060301(R)  

AdC & Sengupta, EPJ ST 224, 189 (2015) 
 

Topological Defect suppression  
AdC et al. PRL105, 075701 (2010)  

Pyka et al. Nat. Commun. 4, 2291 (2013) 
AdC, Kibble, Zurek, JPCM 25, 404210 (2013) 

AdC & Zurek Int. J. Mod. Phys. A 29, 1430018 (2014) 

Ultracold Atom microscopy 
AdC, EPL 96, 60005 (2011) 

AdC, PRA 84, 031606(R) (2011) 
AdC, PRL 111, 100502 (2013) 

Quantum thermodynamics 
Chen et al, PRL 104, 063002 (2010) 

AdC & Boshier, Sci. Rep. 2, 648 (2012) 
AdC, Goold, Paternostro Sci. Rep. 4, 6208 (2014) 

Shortcuts to adiabaticity 

And  many other applications 
(chemical rate processes, quantum logic gates,  soliton dynamics, atom interferometry, …)  



Otto cycle: Shortcuts to adiabatic expansions? 
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Standard expansion 

 Excitation of the breathing mode of the cloud 

    Opening the trap 

    from sudden to adiabatic 

: width of the cloud 
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1. Consider a time-dependent Hamiltonian harmonic oscillator 
 
 
 
 
2. Impose a self-similar dynamical ansatz 
 
 
 
3. Get the consistency equation: scaling factor as function of trap frequency 
 
 
 
 
 
 
 
 
 
 

 

Self-similar dynamics 

Lewis & Riesenfeld J. Math. Phys. 10,1458 (1969) 
Chen et al., Phys. Rev. Lett. 104, 063002 (2010) 
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1. Take a somewhat general many-body time-dependent Hamiltonian 
 
 
 
 
   With a potential satisfying 
 
2. Impose a self-similar dynamical ansatz 
 
 
 
3. Get the consistency equations, i.e. 
 
 
 
 
 
 
 
 
 
 
 

 

Self-similar dynamics 

 
AdC, PRA 84, 031606(R) (2011); PRL 111, 100502 (2013) 
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1. Reduce the scaling ansatz to the desired  initial and final states 
      

 Boundary conditions: 
 
 
2. Determine an ansatz for the scaling factor (e.g. a polynomial) 
 
3. Find the driving frequency and coupling strength from the consistency 

equations 
 
 
 
 
 
 
 

Design of a shortcut to adiabaticity 
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AdC, PRA 84, 031606(R) (2011); PRL 111, 100502 (2013) 



 
 
 
 
 

Linear vs shortcut BEC decompression Protocol: shortcuts to adibaticity 

Suppression of breathing mode excitation 

Experiments: expansion of a thermal cloud & BEC 

Labeyrie’s group @ Nice 
Theory (single-particle)  
Chen et al.  Phys. Rev. Lett. 104, 063002 (2010)  
Experiments (single-particle / mean-field BEC) 
J.-F. Schaff et al. EPL 93, 23001 (2011)  
J.-F. Schaff et al. Phys. Rev. A 82, 033430 (2010) 
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Experiment:+many.body+shortcuts

Shortcut     vs      standard expansion 

Adolfo del Campo 

Theory (quantum fluids)  
AdC PRA 84, 031606(R) (2011); PRL 111, 100502 (2013) 
Experiments (1D Bose gas) 
Rohringer et al. arXiv:1312.5948 
 



Example: superadiabatic quantum piston 
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AdC & Boshier, Sci. Rep 2, 648 (2012) 
Jarzynski, PRA 88, 040101 (2013); AdC, PRL 111, 100502 (2013) 

!  Condensed'ma*er/quantum'simula2on:'Defect'suppression'

! 'Classical'&'Quantum'thermodynamics:'cooling,'engines'

! 'Quantum'informa2on'&'op2cs:'decoherence,'noise'

Shortcuts'to'adiab2city'(STA):'
Fast'nonEadiaba2c'processes'that'mimic'adiaba2c'dynamics''

by'controlling'excita2ons'

!!normal!expansion!!!!!!!!!!!shortcut!to!adiaba3city!!!
Quantum!Piston!!

UT Austin all optical box  
at Raizen’s Lab   
PRA, 71, 041604(R) (2005)  
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Nanodevice converting thermal energy into work 
 
Example: lifting an ion in a trap 
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Unitary dynamics 
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Shortcuts to adiabaticity 

Quantum Heat Engine: Otto cycle 

•  AdC, J. Goold, M. Paternostro, Sci. Rep. 4, 6208 (2014) 

•  J. Deng, G.-H. Wang, X. Liu, P. Hanggi, J. Gong, Phys. Rev. E 88, 062122 (2013) 
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Superadiabatic quantum engine 
STA in steps 1 & 2 
Thermalization time << adiabats 
 
Thermodynamic cycle at finite power and zero friction 
i.e., maximum efficiency 
 
 
Thermal state at t=0 in stroke 1) 
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which can be recast as DSirr = S(rt ||req
t ) [22] with

S(rA||rB) = Tr(rAlnrA � rAlnrB) the relative entropy be-
tween two density matrices rA and rB [23], rt the time-
evolving state, and req

t = e�bĤ (t)/Tr[e�bĤ (t)] the corre-
sponding equilibrium reference state at the initial temperature
1/b . Here, hWirri quantifies the degree of friction caused by
the finite-time protocol on the expansion or compression stage
of the engine cycle at hand. When a bath is reconnected this
friction is manifested by dissipation into the bath and hence
the decrease in the overall efficiency of the motor. For sim-
plicity and for the point of demonstration we allow only this
form of irreversibility in our engine cycle although in princi-
ple the same analysis can be done for fluctuating heat flows
[24, 25].

III. FRICTION-FREE FINITE-TIME ENGINE

Recently there has been a significant amount of work de-
voted to the design of so-called super-adiabatic protocols, i.e.
shortcuts to states which are usually reached by slow adia-
batic processes [6, 7, 9]. A typical approach for shortcuts
to adiabaticity is to use ad hoc dynamical invariants to engi-
neer a Hamiltonian model that connects a specific eigenstate
of a model from an initial to a final configuration determined
by a dynamical process. Here we will rely on an approach
based on engineered non-adiabatic dynamics achieved using
self-similar transformations [8, 26].

Let us consider a quantum harmonic oscillator with time-
dependent frequency w(t) as the working medium of the en-
gine cycle [8]. The Hamiltonian model that we consider is
thus Ĥ (t) = Ĥ [w(t)] = p̂2/(2m) + mw2(t)x̂2/2, where x̂
and p̂ are the position and momentum operators of an oscil-
lator of mass m. Inspired by the scheme put forward in [19],
we will use the tunable harmonic frequency to implement the
compression and expansion steps of the Otto cycle. In line
with the experimental proposal for the realisation of a mi-
croscopic Otto motor put forward in [19], the frequency of
the harmonic trap embodies the volume of the chamber into
which the working medium is placed, while the correspond-
ing pressure is defined in terms of the change of energy per
unit frequency.

Needless to say, in the compression or expansion stage of
the Otto cycle, the frequency of the trap will have to be varied,
so that w(t) takes here the role of the work parameter l (t) in-
troduced when discussing FTs. We now suppose to subject the
working medium to a change in the work parameter occurring
in a time t and corresponding to, say, one of the friction-prone
steps of the Otto cycle. Our goal is to design an appropriate
shortcut to adiabaticity to arrange for a fast, frictionless evo-
lution between the equilibrium configuration of the working
medium at t = 0 and that at t = t . In order to do this, we re-
mind that the wavefunction fn(x, t = 0) = hx|n(0)i of an initial
eigenstate |n(0)i of Ĥ (0) is known to follow the self-similar
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FIG. 2: Work fluctuations along a shortcuts to an adiabaticity ex-
pansion. (a) Average work; (b) Standard deviation of the work; (c)
Nonequilibrium deviations from the adiabatic average mean work;
(d) We show S(rt ||req

t )/b (•) and S(rad
t ||req

t )/b (⇧) [cf. Eq. (9)]
for the same processes shown in the other panels. All quantities are
plotted in units of h̄w0 (b = 1).

evolution [8]

fn(x, t)=
1p
b(t)

exp
✓

i
mḃ(t)x2

2h̄b(t)
� i

en(0)h(t)
h̄

◆
hx/b(t)|n(0)i,

(6)
where h(t) =

R t
0 dt 0/b2(t 0), en(0) is the energy of the eigen-

state being considered at t = 0, and the scaling factor b is the
solution of the Ermakov equation

b̈(t)+w2(t)b2(t) = w2
0/b3, (7)

with the initial conditions b(0) = 1 and ḃ(0) = 0. The short-
cut to adiabaticity that we seek is then found by inverting
the Ermakov equation and complementing the previous set
of boundary conditions with ḃ(0) = b̈(0) = ḃ(t) = b̈(t) = 0,
and b(t) =

p
w0/w f with w0 = w(0) and w f = w(t). In-

stances of solutions to this problem can be found as illustrated
in the Appendix, where we give the explicit form of the scal-
ing factor b(t) such that the finite-time dynamics that takes
the initial state fn(x, t = 0) = hx|n(0)i to the final one fn(x, t =
t) = hx|n(t)i= hx/b(t)|n(t = 0)i/

p
b(t) actually mimics the

wanted adiabatic evolution (albeit for any t 2 (0,t), fn(x, t) is
in general different from the eigenstate |n(t)i of Ĥ (t)). The
choice of a harmonic oscillator is not a unique example as
similar self-similar dynamics can be induced in a large fam-
ily of many-body systems [26] and other trapping potentials,
such as a quantum piston [27].

Let us consider the fluctuations induced in the expansion
and compression stages of the Otto cycle when the above
shortcut to adiabaticity is implemented. Let us consider a
driving Hamiltonian with instantaneous eigenstates |n(t)i and
eigenvalues en(t). In the adiabatic limit, the corresponding
transition probabilities pt

nk tend to |hn(t)|k(t)i|2 = dk,n(t) for
all t 2 [0,t]. The average work simplifies then to hWad(t)i =
Ân[en(t)� en(0)]pn =

h̄[w(t)�w0]
2 coth b h̄w0

2 . On the other hand,

�W = hW i � hWadi =
1

�t
S(⇢t||⇢adt ), �t = �0✏n(0)/✏n(t)

E
max
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!(0)
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Energy cost: time average excitation energy 
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in a shortcut to adiabaticity, only the weaker condition pt
nk =

|hfn(t)|k(t)i|2 ! dk,n(t ! 0,t) holds. For the time-dependent
harmonic oscillator, it follows that

hW i= h̄
2


ḃ2(t)+w2(t)b2(t)+w2

0/b2(t)
2w0

�w0

�
coth

b h̄w0

2
.(8)

In the adiabatic limit ḃ(t) ! 0 and b(t) ! bad(t) =
[w2

0/w2(t)]1/4.
Figure 2(a) shows that the average work hW i along a short-

cut to an adiabatic expansion in comparison with in the cor-
responding adiabatic processes hWad(t)i (the behaviour ob-
served during a shortcut to a compression is mirrored in time).
It is very important to stress that hW i is the work done on ei-
ther adiabat until the reconnection with the bath, i.e. just prior
to the isochoric heating or cooling stage. The standard devi-
ation of the work distribution DW = [hW 2i� hW i2]1/2 is dis-
played in Fig. 2(b). In turn, this provides a further characteri-
sation of the work fluctuations along the shortcut through the
width of P(W ; t). It is interesting to notice that upon comple-
tion of the stroke, the non-equilibrium deviation of both the
average work and the standard deviation from the adiabatic
trajectory disappear.

We shall now analyse the non-equilibrium deviation dW =
hW i � hWad(t)i with respect to the adiabatic work hWad(t)i.
Note that this expression is equivalent to the deviation of the
mean energy of the motor along the super-adiabats from its
(instantaneous) adiabatic expression. For an isothermal re-
versible process hWadi= DF and dW = hWirri. Differently, for
the adiabatic dynamics associated to stages 1 and 3 of the Otto
cycle, conservation of the population in |n(t)i is satisfied pro-
vided that bt = b0en(0)/en(t), as it is the case for a large-class
of self-similar processes (here, bt is introduced by noticing
that the physical adiabatic state at time t is characterised by the
occupation probabilities pt

n = e�bt et
n/Ân e�bt et

n ) [8, 26, 27].
As a result, the reference state req

t is not the physical instanta-
neous equilibrium state rad

t =Ân p0
n|n(t)ihn(t)| resulting from

the adiabatic dynamics, and we find

dW =
1
b
[S(rt ||req

t )�S(rad
t ||req

t )]. (9)

From this result, it is clear that, in general, dW 6= 0. However,
it is straightforward to check that, at the final time of the pro-
cess t = t , we have pt

nk = dk,n, which implies dW = 0 and,
in turn, the frictionless nature of the process [cf. Fig. 2(c)].
The time-evolution of the different contribution to dW , i.e.
S(rt ||req

t )/b and S(rad
t ||req

t )/b , are displayed in Figure 2(d).
This result is remarkable in the context of the quantum Otto
cycle: If the baths are reconnected at just the right time t
after both the compression and expansion stages, then the ef-
ficiency of an ideal reversible engine can be reached in finite-
time, therefore implementing a perfectly frictionless finite-
time cycle. As we have built our engine so that friction is
the only source of irreversibility, the super-adiabatic engine
clearly reaches the maximum efficiency of an ideal quasi-
static engine in a finite-time only.

Let us address a final important point. The efficiency in
Eq. (1) of an Otto cycle diminishes explicitly with the break-

10 100
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0
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0

<
δW

>

β = 1, γ = 2
β = 1, γ = 4
β = 5, γ = 2

FIG. 3: Quantum cost of running the super-adiabatic expansion stage
of the quantum Otto cycle. We plot the time-averaged deviation
hdW i of the mean energy of the system from the adiabatic eigenen-
ergies. In all cases there is an effective power-law scaling of the
form hdW i ⇠ 1/t . The cut-off time is such that the confining poten-
tial remains a trap along the process, without the need for transiently
inverting it to achieved the required speed up.

down of adiabaticity [19]. In contrast, the super-adiabatic en-
gine put forward in this proposal does achieve the maximum
possible value E = 1�w(t)/w(0). It should be noted, quite
strikingly, that if unlimited resources are available, there is no
fundamental lower-bound on the running time of the adiabats
t1,3. However, it is worth taking a pragmatic approach here
and attempt at the quantification of the energy costs associ-
ated with the running of our super-adiabatic engine. To this
end, we have considered the time-averaged dissipated work
hdW i = t�1 R t

0 dWdt for t > tc, ensuring w2(t) > 0 for all
t 2 [0,t]. The cut-off time tc was taken to be the maximum
running time along the shortcut of the super-adiabat before
the trap is inverted. Indeed, when this occurs, the adiabatic
eigenenergies are not well defined, implying the break-down
of our formalism. The explicit expression for hdW i are re-
ported in the Appendix. Figure 3 shows that the cost of run-
ning the super-adiabatic engine exhibits a neat power-law be-
haviour hdW i ⇠ 1/t for a wide range of parameters. An ex-
plicit upper bound for the power of an engine run can be calcu-
lated using the fundamental limitations set by quantum speed
limit, as shown in the Appendix.

IV. CONCLUSIONS

We have demonstrated the possibility to perform a fully
frictionless quantum cycle working in a finite-time only. Our
proposal exploits the idea of shortcuts to adiabaticity, which
allowed us to bypass the detrimental effects of friction on the
compression and expansion stages in an important thermody-
namical cycle such as the Otto cycle. We believe that our
study embodies only one example of the potential brought
about by the fascinating combination of shortcuts to adiabatic-
ity and the framework for out-of-equilibrium dynamics of a
quantum system. The possibilities to achieve maximum ef-
ficiency of a quantum engine with virtually no friction, yet

�W = hW i � hWadi h�W i = 1
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haviour hdW i ⇠ 1/t for a wide range of parameters. An ex-
plicit upper bound for the power of an engine run can be calcu-
lated using the fundamental limitations set by quantum speed
limit, as shown in the Appendix.

IV. CONCLUSIONS

We have demonstrated the possibility to perform a fully
frictionless quantum cycle working in a finite-time only. Our
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allowed us to bypass the detrimental effects of friction on the
compression and expansion stages in an important thermody-
namical cycle such as the Otto cycle. We believe that our
study embodies only one example of the potential brought
about by the fascinating combination of shortcuts to adiabatic-
ity and the framework for out-of-equilibrium dynamics of a
quantum system. The possibilities to achieve maximum ef-
ficiency of a quantum engine with virtually no friction, yet
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The two expressions for dW , Eqs. (13) and (17), agree for
self-similar processes and vanish at the end of the stroke (ei-
ther 1 or 3 in Fig. 1 of the main Letter) both for a shortcut and
in the adiabatic limit.

Upper bound to power through the quantum speed limit

The quantum speed limit for a driven quantum system [28]
allows us to derive an upper bound for the power of the engine.
For simplicity, we can consider a equal-time shortcuts along
the two super-adiabats so that t = t1 = t3. Then, it follows
that

P �
hWad,1(t)i+ hWad,3(t)i

h̄L
�
req

t ,r0
� max

�
Et ,DEt

 
. (18)

where Et = t�1 R t
0 dtTr[rtĤ (t)] with respect to the

ground state energy, DEt = t�1 R t
0 dt {Tr[rtĤ 2(t)] �

Tr[rtĤ (t)]2}1/2, and the angle in Hilbert space between
initial and target states is

L
�
r0,req

t
�
= arccos

✓q
F
�
r0,req

t
�◆

(19)

in terms of the fidelity F
�
r0,req

t
�
=
hqpr0 req

t
pr0

i2
. In a

super-adiabatic engine, hW iad,1 + hW iad,3 equals

Â
j=1,3

hWad,j(t)i=
h̄
2
(w0 �wt)

⇥
coth

bch̄w(t)
2

� coth
b h̄w0

2
⇤
,

(20)
where bc is the inverse temperature of the cold bath during
stage 2.
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Summary 

Shortcuts to adiabaticity speed up processes by tailoring excitations 
 
 
Thermodynamic cycle working at finite power and zero friction  
 
 
Quantum speed limits impose ultimate performance bounds 

 

 
 

Adolfo del Campo 



Adolfo del Campo 



Quantum Heat Engines 
John Goold (ICTP) 

Mauro Paternostro (Belfast) 

 

STA in quantum fluids 
Malcolm Boshier (LANL) 

Sebastian Deffner (LANL) 

Chris Jarzynski (UMD) 

 

Quantum Speed limits 
Inigo L. Egusquiza (Bilbao) 

Martin B. Plenio (Ulm) 

Susana F. Huelga (Ulm) 

 

 
 
 
 

 
 
  

Adolfo del Campo:   adolfo.delcampo@gmail.com 

Opening: PhD & 
Postdoctoral 

Position 
 



Quantum Heat Engines 
John Goold (ICTP) 

Mauro Paternostro (Belfast) 

 

STA in quantum fluids 
Malcolm Boshier (LANL) 

Sebastian Deffner (LANL) 

Chris Jarzynski (UMD) 

 

Quantum Speed limits 
Inigo L. Egusquiza (Bilbao) 

Martin B. Plenio (Ulm) 

Susana F. Huelga (Ulm) 

 

 
 
 
 

 
 
  

Adolfo del Campo:   adolfo.delcampo@gmail.com 

Opening: PhD & 
Postdoctoral 

Position 
 


