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Abstract. In this work we consider Filippov systems on a two-dimensional
manifold with finite number of tangency points. We prove that topological transitivity implies chaos if the Filippov system has non-empty
sliding or escaping regions. We also prove that in this setting, as it happens for continuous flows, topological transitivity is equivalent to the
existence of a Gδ set of transitive points.

1. Introduction
It is widely accepted that ordinary differential equations (ODE) are very
accurate for modeling problems emerging from real world applications. Accordingly, a large range of models from physics, engineering, biology, economics, medicine, among others, can be studied by assuming that some distinguished variables of them evolving in time according to some dynamical
rule. In the case of ODE such rules are flows associated to some C r -vector
field and the time is assume to vary continuously. However, in recent decades
the assumption that trajectories may experience a discontinuity have gained
traction within the theory of dynamical systems.
The presence of discontinuities in ODE modeling concrete phenomena are
mainly due to abrupt changes in the dynamics. It may occur, for instance,
when certain object suffers an impact or change its motion from frictionless movement to some rough dynamic, the former sometimes refereed as
stick-slip process. Another situation that can be modeled in terms of discontinuities are those under the effects of fast switches as occurs in some
electronic circuits or relay systems. In such case, the change of the dynamics occurs so fast that it can be assumed to be instantaneous although
the movement itself is continuous. A non-exhaustive list of applications of
discontinuous ODE, besides the ones described before includes control theory, the dynamics of a bouncing ball and foraging predators, the anti-lock
braking system (ABS), mechanical devices in which components collide to
each other, problems with friction, sliding or squealing, etc. See the referred
applications and others in [2], [3], [4], [6], [8], [10], [11], [12], [13] as well as
references therein.
We stress that when considering discontinuous ODEs the solution (i.e. a
trajectory) does not present “jumps”, in other words the trajectory itself is
not discontinuous, the discontinuity happens in the velocity. In this context
what can happen is a non-uniqueness of solution. Therefore, some classical
results based on uniqueness of trajectories can easily fail and non typical
behavior could emerge. It is interesting to not that the discontinuous ODEs
present similarities to the so-called impulsive differential equations (IDE)
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but in general the results are different since IDEs allow solutions to be
discontinuous.
Discontinuous ODE may be treated under distincts points of view as
differential inclusions, hybrid systems or into the area of complementarity
problems. Even assuming the same scenario, different interpretations of
solutions may appear in the literature, maybe the most studied has been
the Filippov convention, see [7]. Filippov assume that solutions can slide
through the discontinuity region according to some rule involving the systems governing the dynamics around where the switching takes place, see
Section 2 to details. We will call ODE with discontinuities Filippov systems
as we shall follows Filippov’s convention.
A classical result from continuous flows states that topological transitivity
is equivalent to the existence of a Gδ set of transitive points. In order to
provide the theory of Filippov systems with a solid theory we address the
topological transitivity for Filippov systems in this work. In particular we
obtain that the same result holds for two-dimensional manifold. We prove
the following:
Theorem 1.1. Assume that M is a two-dimensional manifold with a Filippov system having a finite number of tangency points. Then, the Filippov
system is topologically transitive on M if, and only if, there is a Gδ set of
points which admits a dense Filippov orbit through each of these points.
Filippov systems have important sets associated to the discontinuous
manifold, namely escaping and sliding region (see §2). We prove that if
one of these sets are non-empty and the Filippov system is transitive, then
it admits chaotic behavior.
Theorem 1.2. Assume that M is a two-dimensional manifold with a transitive Filippov system having a finite number of tangency points. If the sliding
or escaping regions are non-empty, then the following statements hold:
(i) There is a Gδ set ∆ such that:
– if x ∈ ∆, then there is a dense orbit through x which is dense;
– if x ∈ ∆, then the periodic orbits through x form a dense set.
(ii) The Filippov system is sensitive to initial conditions on M ;
This paper is organized as follows: Section 2 presents the first concepts
and definitions of Filippov systems which are going to be used throughout
the paper. In Section 3 we prove Theorem 1.2 and the proof of Theorem 1.1
is done in Section 4.
2. Preliminars
Let M be a 2-dimensional C k closed manifold and Σ ⊂ M a set formed
by the union of n smooth curves Σi which are disjoint pairwise, where Σi =
h−1
hi : M −→ R is a smooth function having 0 as
i (0) with i = 1, . . . , n and S
regular value. We write Σ = ni=1 Σi and assume that Σ splits M into n + 1
disjoint regions Ri , on which we define n + 1 vector fields Xi , . . . , Xn+1 .
We call Σ the switching manifold and assume that it is contained on the
boundary of the regions Ri .
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Figure 1. A Filippov system on S 2 . The continuous path
between the tangency points are sliding one except by the
pseudo equilibrium reached by the two dashed orbits.
We call χ the space of Cr -vector fields X : M −→ T M with 1 ≤ r ≤ k
where k is sufficiently large. Call Ω the space of non-smooth vector fields
Z : M → T M such that
(1)

Z(x) = Xi (x), if x ∈ Ri , i = 1, . . . , n + 1
Yi2 hi (x)Yi1 − Yi1 hi (x)Yi2
if x ∈ Σi
Z(x) =
Yi2 hi (x) − Yi1 hi (x)

where Yi1 and Yi2 are some of the vectors Xi where Yi1 is the vector field
associated to the the positive part of hi and Yi2 associated to the negative
part of hi .
There are five kind of points on Σ. They can be classified as follows:
(i) At crossing points both vector fields points to the same side of
Σ, so trajectories reaching such points immediately crosses from one
side to another.
(ii) At sliding points vectors fields point in opposite direction but towards Σ so that trajectories reach sliding in finite future time.
(iii) At escaping points vectors fields point in opposite direction but
now away from Σ so that trajectories reach escaping in finite past
time.
(iv) At tangency points one of the vector fields is tangent to Σ and
the other may be tangent or not. In this first case we refer to it as
regular tangency and in the second one it is called a double tangency.
(v) At pseudo equilibrium points the vector fields are linearly dependent pointing toward or away to Σ but in opposite directions.
At those points trajectories run away from Σ for future or past time.
The above set of points are defined respectively as Σe , Σs , Σe , Σt and Σp .
Some of these points are represented in the picture below.
From equation (1) we note that a non-smooth vector field Z is also defined
on points of sliding and escaping type through a convex combination of Yi1
and Yi2 . Those orbits sliding on Σ are formed by points on which trajectories
collide to it for forward or backward finite time (see Figure 1).
The following definition can be found in [9].
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Figure 2. Defining a vector field on the switching manifold.
Definition 2.1. By a Filippov orbit we mean a map γ : R → M such that
γ is a solution of the Filippov system, that is, if γ(t) is outside Σ then the
orbit is locally determined by the vector field, once the orbit touches Σ then
its orbit is determined by the vector on Σ as defined in 1. In the case the
orbit goes through a escaping region it may exit at any arbitrary moment.
Definition 2.2. The saturation of a set A will be denoted Aϕ , that is, Aϕ
is the union of every Filippov orbit with initial condition on A.
Since we are interested in chaotic aspects of Filippov orbits, we next
introduce the definition of chaotic Filippov systems. It is based on the
classical definition of Devaney for chaos, see [5].
Definition 2.3. We define topological transitivity, sensitive dependence on
initial conditions and chaoticity for Filippov system 1 as follows:
• Z is topologically transitive on a set N ⊂ M if given any two
open set U and V of M , there exist a Filippov orbit which intersects
U and V .
• Z exhibits sensitive dependence with respect to initial condition
if if there is a fixed r > 0 such that for any open set U there exist
x, y ∈ U and two Filippov systems γx and γy which starts at x and y
respectively and such that there is some time t with d(γx (t), γy (t)) >
r.
• A Filippov orbit γ is periodic is there is τ such that γ(t) = γ(t +
τ ), ∀t ∈ R.
• Z is chaotic if it is topologically transitive, has sensitive dependence
with respect to initial condition and the union of all Filippov periodic
orbits form a dense set.
3. Proof of Theorem 1.2
Proof. We shall proof a number of interesting lemmas that will be needed
for the proof of our result. We first prove the theorem for the case the sliding
region is non-empty (i.e. Σs 6= ∅).
Lemma 3.1. Assume topological transitivity and M s 6= ∅. Then int(Mϕs ) 6=
∅ and Mϕs is dense in M .
Proof. First note that the interior of Mϕs is not empty because both sliding
and escaping regions always have a segment that saturated has non empty
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interior, see Figure 3.. To prove the second statement, note that if Mϕs is
not dense, then the interior of (Mϕs )c is not empty. Now consider open sets
U ⊂ int(Mϕs ) and V ⊂ int[(Mϕs )c ]. By topological transitivity there is a
Filippov orbit from U to V, which is an absurd since these two sets are
inside disjoint invariant ones.


bi

Wi

Vi
ai

Figure 3.
Lemma 3.2. Assume that M s 6= ∅ and more precisely that Σs 6= ∅. Then
there is a dense set {ai }i∈N of M such that {ai }i∈N ⊂ Mϕs and open sets
Vi ⊂ Mϕs containing ai such Vi flows into the sliding region as illustrated by
Figure 3.
Proof. Let W ⊂ Mϕs be the set of points whose first loss of positive uniqueness occurs on a tangency point. That is if x ∈ W , then there exists a
Filippov orbit γ such that γ(t0 ) = x and γ(t) for t ∈ [0, t0 ) do not contain
tangency points, sliding or escaping points. Notice that this set is a meager
set since M has a finite number of tangency points.
Therefore, W c is a Gδ set. By the construction of W c , notice that the
possible choice for the Filippov orbit starting on a point of it is one of the
following: either it looses the uniqueness after entering the sliding region
Σs , call this set A, or it does not loose uniqueness, call this set B. Notice
that by Lemma 3.1 we get int(B) = ∅.
Given x ∈ W c and an open set Ux ⊂ M containing x there is a point
a ∈ A such that a ∈ Ux . But because the first break of uniqueness of a is
entering a sliding we can consider an open set Ua ⊂ Ux such that all points
of Ua loose uniqueness of trajectory entering the sliding Σs . Hence consider
a dense countable number of point ai ∈ W c . We obtain from the previous
method an open set Vai =: Vi with the desirable property.

For the next two lemmas we shall consider the additional hypothesis that
Σs 6= ∅, also in this case we fix a point q0 ∈ Σs and U an open set with the
following property: if q ∈ U then the orbit starting from q will touch q0 as
shown in Figure 4.
Lemma 3.3. Assume topological transitivity and Σs 6= ∅. Given any point
q ∈ Σs , then there is a Filippov orbit segment from q0 to q.
Proof. Let q 0 ∈ Σs be a point close to q such that the positive orbit from
q 0 has to touch q similar to what was done above, see Figure 4. Now let
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Figure 4.

Σe
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T0

Figure 5.

U 0 be a neighborhood of q 0 small enough so that it does not intersect q and
such that every point in U 0 the forward trajectory has to intersect q. By
topological transitivity there is an orbit from U to U 0 and by our choices of
U and U 0 there is a trajectory from q0 to q.

Lemma 3.4. Assume topological transitivity and Σs 6= ∅, then there is a
Filippov orbit segments γi : [0, ti ] → M such that q0 = γi (0) = γi (ti ) and
γi ([0, ti ]) ∩ Vi 6= ∅ where ti > 0 for all i = 0, 1, 2, . . . and Vi as in Lemma
3.2.
Proof. By topological positive transitivity there is an orbit from U to Vi and
by the choice of U it means that this orbit passes through q0 , but Lemma
3.2 implies that this orbits goes to a sliding piece and from Lemma 3.3 this
orbit reaches point q0 , so the result is proved.

For the proof assuming that the escaping region is non-empty is a very
similar argument which we point out briefly.
Lemma 3.5. Assume that M s 6= ∅ and more precisely that Σe 6= ∅. Then
there is a dense set {bi }i∈N of M such that {bi }i∈N ⊂ Mϕs and open sets Wi ⊂
Mϕs containing bi such Wi flows through backward time into the escaping
region as illustrated by Figure 3.
Proof. The proof follows the similar ideas as in the proof of Lemma 3.2.
Consider the meager sets of points which touches the tangency points for
the first time in backwards time and after construct the sets Wi in the same
manner as Vi .

We now fix a point T0 which is a tangency point for a sliding region, in
particular we assume that a point entering the escaping region which T0
belongs has to enter though T0 , see Figure 5.
Lemma 3.6. Assume topological transitivity and Σe 6= ∅. Given any point
q ∈ Σu , then there is a Filippov orbit segment from T0 to q.
Proof. As observed before, to enter a escaping region one has to go through
a tangency. Consider a set Wi and Wj with the properties as in Lemma 3.5
such that W0 is associated to the escaping region of T0 and Wj associated to
the escaping region of p then topological transitivity implies these two set
are connected but for that the orbit has to enter both escaping region one
can now easily fine an orbit connecting both point T0 and q.
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Lemma 3.7. Assume Σe 6= ∅, then there is a Filippov orbit segments γi :
[0, ti ] → M such that T0 = γi (0) = γi (ti ) and γi ([0, ti ]) ∩ Wi 6= ∅ where ti > 0
for all i = 0, 1, 2, . . . and Wi as in Lemma 3.5.
Proof. Let W0 the open set associated to T0 with the properties as in Lemma
3.5. Now given Wi by topological transitivity there is a Filippov curve which
connects Wi to W0 and since we can connect T0 to any point in a escaping
region we close a curve by going from T0 to the tangency point that is the
entrance of the associated escaping region of Wi and leave this escaping in
order to go through Wi and back to W0 by is one goes back to W0 has to
have entered through T0 and when that happens we get the periodic segment
as wanted.

The proof of the theorem is completed with the above lemmas.



4. Proof of Theorem 1.1
Proof. If M s 6= ∅, then the result follows from Theorem 1.2. The case
M s = ∅ will follow from the two lemmas below. We now assume that the
Filippov systems is topologically transitive, since the converse is trivial.
Lemma 4.1. Assume topological transitivity, M s = ∅ and Σtϕ is dense.
Then there is a Gδ set of M such that each point in this set has some dense
Filippov orbit.
Proof. Now, recall that we are assuming a finite number of tangency points
and our space is two dimensional. Hence, we may construct a Filippov orbit
inside Σtϕ which is dense.
Let us call this dense Filippov orbit as γ(t) and let t0 the time such that
γ(t0 ) ∈ Σt and γ(t) ∩ Σt = ∅ for all t > t0 . Therefore γ([t0 , ∞]) is dense in
M and it does not intersect any tangency point.
Let g : M → [0, 1] be a smooth function such that g −1 (0) = Σt . Now let
us change the velocity of the Filippov orbit associated to the vector field of
system by multiplying it by the positive map g. Hence the new vector field
gZ is in fact a continuous vector field whose orbits coincide to the previous
one, with the exception that now the tangency points are fixed ones. But
now this new Filippov system is in fact a continuous flow, and for this new
flow, γ[t0 , ∞] is the image of some trajectory of it (which is dense).
Hence, in particular because there is a dense orbit for a continuous flows
we guarantee from classical results of continuous flows that there is a Gδ set
D of points with dense orbit. Notice that none of this dense orbits can pass
through the singular points of gZ, hence these are also dense orbits for the
Filippov system.
Notice that Σtϕ is a meager set, hence D\Σtϕ is a Gδ set and the image
of the orbit of these points for the flow gZ is the same as for the original
Filippov system.

Lemma 4.2. Assume topological transitivity, M s = ∅ and Σtϕ is not dense.
Then there is a Gδ set of M such that each point in this set has some dense
orbit. Moreover, these dense orbits are regular orbits.
c
Proof. If Σtϕ is not dense, then the interior of its complement Σtϕ is
c
nonempty. Let us take U ⊂ int[ Σtϕ ] =: A. Now we prove that A is
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dense. Indeed, given an open set V ⊂ M , from the topological transitivity
of the Filippov system there is a point x ∈ V and an orbit from x to U which
is a regular since it outside the set where the break of uniqueness occurs.
Hence there is an open set V0 ⊂ V containing x such that every segment of
orbit from V0 to U is regular, which is true for V0 sufficiently small. Therefore from the invariance of the set A, we get that V0 ⊂ A. That means the
Filippov system on A is topologically transitive, but on this invariant set A
the Filippov system determines a continuous flow since A ∩ Σ ⊂ Σc because
M s = ∅. Thus there is a Gδ set of points whose orbit is dense in A.
The lemma is proved, since Z on A is a continuous flows, A is an open
and dense set and Z restricted to A has a dense orbit.

The above lemmas prove the result.
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