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“You should call it entropy, for two reasons. In the first place 

your uncertainty function has been used in statistical 

mechanics under that name [...]. In the second place, and 

more important, no one really knows what entropy really is, 

so in a debate you will always have the advantage.”

(John von Neumann to Shannon, as quoted in Scientific American Vol. 225 No. 3, (1971), p. 180)
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Overview
• The different notions of entropy: previous connections

• Thermodynamic entropy: Lieb & Yngvason’s approach

• Noisy operations: a resource theory framework in 

information theory

• Results: applying Lieb & Yngvason to information theory

• Further applications

• Future work
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Statistical Mechanics and 
Thermodynamics

Common Features Statistical MechanicsThermodynamics

• Additivity

• Max. entropy principle

• Additivity

• Max. entropy principle

Consistency with respect to:

- equilibrium parameters T & µ

- definitions of work and heat

- no fluctuations in thermodynamic limit



RESTORE TO ONE, which leaves the particle in the ONE 
state,  regardless of its  initial  location. If we are told that 
the  particle is in  the ONE state, then  it is easy to leave it in 
the ONE state, without spending  energy. If on  the  other 
hand we are told that  the particle is in the ZERO state, we 
can  apply a force  to  it, which will push it over the  barrier, 
and  then,  when it has passed the  maximum, we can apply 
a retarding  force, so that when the particle  arrives at ONE, 
it will have no  excess kinetic  energy, and we  will not  have 
expended any energy in  the whole process, since we ex- 
tracted energy from  the particle in its  downhill  motion. 
Thus  at first sight it seems possible to RESTORE TO ONE 
without any  expenditure of energy. Note, however, that 
in order  to avoid energy  expenditure we have used two 
different routines,  depending on  the initial state of the 
device. This is not how  a computer operates. In most 
instances a computer pushes information  around in  a 
manner  that is independent of the  exact  data which are 
being handled,  and is only  a function of the physical 
circuit  connections. 

Can we then construct a single time-varying  force, 
F ( t ) ,  which when  applied to  the conservative system of 
Fig. 1 will cause the particle to  end  up in the ONE state, 
if it was initially in either the ONE state or the ZERO state? 
Since the system is conservative,  its  whole  history can be 
reversed in  time, and we will still have a system satisfying 
the laws of motion. In  the time-reversed system we then 
have the possibility that for a single initial  condition 
(position  in the ONE state, zero velocity) we can  end  up 
in  at least two places: the ZERO state  or  the ONE state. 
This,  however, is impossible. The  laws of mechanics are 
completely  deterministic and a trajectory is determined 
by an initial  position and velocity. (An initially unstable 
position can, in a sense, constitute an exception.  We can 
roll  away from  the unstable point  in  one of at least  two 
directions. Our initial point ONE is, however, a point of 
stable  equilibrium.)  Reverting to  the original  direction 
of time  development, we see then that  it is not possible to 
invent a single F (  t )  which causes the particle to  arrive  at 
ONE regardless of its  initial  state. 

If, however, we  permit  the potential well to be lossy, 
this becomes easy. A very strong positive initial force 
applied slowly enough so that  the  damping prevents oscil- 
lations will push  the  particle  to  the right,  past ONE, re- 
gardless of the particle's initial  state. Then if the  force is 
taken away slowly enough, so that  the  damping  has a 
chance to prevent  appreciable oscillations, the particle is 
bound  to  arrive  at ONE. This example also illustrates  a 
point argued elsewhere2 in  more  detail: While  a  heavily 
overdamped system is obviously undesirable,  since it is 
made sluggish, an extremely underdamped  one is also not 
desirable for switching, since then  the system may  bounce 
back into  the wrong state if the switching force is applied 
and removed too quickly. 

2. Classification 

Before  proceeding to  the  more detailed arguments we 
will need to classify data processing equipment by the 

184 means used to hold information, when it is not interacting 
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Figure I Bistable potential well. 
x is a generalized coordinate representing 
quantity  which is switched. 

V 
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Figure 2 Potential well  in which ZERO and ONE state 
are not separated by barrier. 
Information is preserved because random 
motion is slow. 

or being processed. The simplest class and  the  one  to 
which all the arguments of subsequent  sections will be 
addressed consists of devices which can  hold  information 
without dissipating energy. The system illustrated  in 
Fig.  1 is in  this class. Closely related to  the mechanical 
example of Fig. 1 are ferrites,  ferroelectrics and  thin 
magnetic films. The  latter, which can switch  without 
domain wall motion,  are  particularly close to  the one- 
dimensional device shown  in  Fig. 1. Cryotrons  are also 
devices which show dissipation  only  when  switching. They 
do differ, however, from  the device of Fig. 1 because the 
ZERO and ONE states  are  not  particularly  favored  ener- 
getically. A cryotron is somewhat  like the mechanical 
device illustrated in Fig. 2,  showing a  particle in a box. 
Two  particular positions in  the  box  are chosen to repre- 
sent ZERO and ONE, and  the preservation of information 
depends on  the  fact  that Brownian motion in the box is 
very slow. The reliance on  the slowness of Brownian 
motion rather  than  on restoring  forces is not only charac- 
teristic of cryotrons,  but of most of the  more familiar 
forms of information storage:  Writing, punched cards, 
microgroove  recording,  etc. It is clear from  the  literature 
that all essential logical functions  can be performed by 

Landauer’s principle

• connection between information-theoretic entropy and 

thermodynamics / statistical mechanics

• microscopic model, well-defined notions of heat & work

• shows that erasure costs work



This work

• New link between thermodynamic and information theoretic entropy

→ based on axiomatic approach (Lieb & Yngvason1)

→ no heat & work!

• “Thermodynamics is about large systems and equilibrium”

→ out-of-equilibrium thermodynamics?

→ connections to single-shot information theory

1Reference: Lieb & Yngvason, Phys. Rep. 310 (1999), Lieb & Yngvason, Proc. R. Soc. A. 469 (2013)



Thermodynamic Entropy: Lieb 
& Yngvason

• Derivation of thermodynamic entropy

→ pre-order (adiabatic accessibility)

→ entropy as unique monotone function that 

is additive and extensive

• equivalent to other frameworks for 

thermodynamics & definitions of entropy

+ +adiabatic process

1 kg

1 kg

Adiabatic process:

interaction with weight and 

extra devices s.t. the only effect 

outside the system is to have 

the weight risen or fallen• same state descriptions

• same thermodynamic notions & principles

• can derive all of thermodynamics from L-Y.



Lieb & Yngvason: details

General requirements:

• State space Γ:
Set of all equilibrium states ρ of a (thermodynamic) system

• Order relation      (Adiabatic accessibility)

• Composition: 

(ρ, ρ') ϵ Γ x Γ' for ρ ϵ Γ and ρ' ϵ Γ'
• Scaling:

λ ρ ϵ λ Γ for ρ ϵ Γ and λ >= 0

In addition, any element ⇢ 2 � can be scaled, i.e. for any � > 0 one can
define a scaled element denoted as �⇢ 2 ��. The scaling is required to obey
1⇢ = ⇢ as well as �1(�2⇢) = (�1�2)⇢. For the sets �, the required properties
are 1� = � and �1(�2�) = (�1�2)�, where �� symbolically denotes the
space of scaled elements �⇢. Note that this scaling should not be confused
with usual multiplication, as the notation unfortunately suggests.

The order relation � satisfies by assumption the following six axioms
E1-E6 as well as the Comparison Hypothesis.

• Reflexivity (E1): ⇢ ⇠ ⇢.

• Transitivity (E2): ⇢ � � and � � ⌧ ) ⇢ � ⌧ .

• Consistent composition (E3): ⇢ � ⇢0 and � � �0 ) (⇢,�) � (⇢0,�0).

• Scaling invariance (E4): ⇢ � � ) �⇢ � �� 8 � > 0.

• Splitting and recombination (E5): For 0 < � < 1, ⇢ ⇠ (�⇢, (1� �)⇢).

• Stability (E6): If (⇢, "⌧0) � (�, "⌧1) for a sequence of scaling factors
" 2 R tending to zero, then ⇢ � �.

• Comparison Hypothesis: Any two elements in a set (1��)�⇥�� with
0  �  1 are comparable.

Lieb and Yngvason derive the Comparison Hypothesis from nine more rea-
sonable axioms, mainly about the structure of the sets �. The derivation of
the Comparison Hypothesis is an essential and inspiring part of their work.

Having in mind that the second law of thermodynamics relies on an
entropy function S, the following properties, characterizing thermodynamic
entropy, have to be recovered.

• Additivity: For any two states ⇢ 2 � and ⇢0 2 �0, S((⇢, ⇢0)) = S(⇢) +
S(⇢0) holds.

• Extensivity: For any � > 0 and any ⇢ 2 �, S(�⇢) = �S(⇢) holds.

• Monotonicity: If two states ⇢ and ⇢̃ are comparable, then ⇢ � ⇢̃ ,
S(⇢)  S(⇢̃).

Lieb and Yngvason’s second law is informally summarized in the following
theorem.
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Lieb & Yngvason: details

• Physically motivated, can be derived from more basic axioms

• Adiabatic accessibility in Thermodynamics satisfies these axioms
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Lieb & Yngvason: details

Properties of an entropy function S

• Additivity:

S((ρ, ρ')) = S(ρ) + S(ρ') for any two states ρ ϵ Γ, ρ' ϵ Γ'
• Extensivity:

S(λρ) = λS(ρ) for any λ > 0 and ρ ϵ Γ
• Monotonicity:

For comparable states ρ and ρ', ρ      ρ' iff S(ρ) ≤ S(ρ')

In addition, any element ⇢ 2 � can be scaled, i.e. for any � > 0 one can
define a scaled element denoted as �⇢ 2 ��. The scaling is required to obey
1⇢ = ⇢ as well as �1(�2⇢) = (�1�2)⇢. For the sets �, the required properties
are 1� = � and �1(�2�) = (�1�2)�, where �� symbolically denotes the
space of scaled elements �⇢. Note that this scaling should not be confused
with usual multiplication, as the notation unfortunately suggests.

The order relation � satisfies by assumption the following six axioms
E1-E6 as well as the Comparison Hypothesis.

• Reflexivity (E1): ⇢ ⇠ ⇢.

• Transitivity (E2): ⇢ � � and � � ⌧ ) ⇢ � ⌧ .

• Consistent composition (E3): ⇢ � ⇢0 and � � �0 ) (⇢,�) � (⇢0,�0).

• Scaling invariance (E4): ⇢ � � ) �⇢ � �� 8 � > 0.

• Splitting and recombination (E5): For 0 < � < 1, ⇢ ⇠ (�⇢, (1� �)⇢).

• Stability (E6): If (⇢, "⌧0) � (�, "⌧1) for a sequence of scaling factors
" 2 R tending to zero, then ⇢ � �.

• Comparison Hypothesis: Any two elements in a set (1��)�⇥�� with
0  �  1 are comparable.

Lieb and Yngvason derive the Comparison Hypothesis from nine more rea-
sonable axioms, mainly about the structure of the sets �. The derivation of
the Comparison Hypothesis is an essential and inspiring part of their work.

Having in mind that the second law of thermodynamics relies on an
entropy function S, the following properties, characterizing thermodynamic
entropy, have to be recovered.

• Additivity: For any two states ⇢ 2 � and ⇢0 2 �0, S((⇢, ⇢0)) = S(⇢) +
S(⇢0) holds.

• Extensivity: For any � > 0 and any ⇢ 2 �, S(�⇢) = �S(⇢) holds.

• Monotonicity: If two states ⇢ and ⇢̃ are comparable, then ⇢ � ⇢̃ ,
S(⇢)  S(⇢̃).

Lieb and Yngvason’s second law is informally summarized in the following
theorem.
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Lieb & Yngvason: details

Theorem:

If the axioms are fulfilled, there exists a function S that is additive, extensive 

and monotonic wrt      . S is unique up to affine transformations.

In addition, any element ⇢ 2 � can be scaled, i.e. for any � > 0 one can
define a scaled element denoted as �⇢ 2 ��. The scaling is required to obey
1⇢ = ⇢ as well as �1(�2⇢) = (�1�2)⇢. For the sets �, the required properties
are 1� = � and �1(�2�) = (�1�2)�, where �� symbolically denotes the
space of scaled elements �⇢. Note that this scaling should not be confused
with usual multiplication, as the notation unfortunately suggests.

The order relation � satisfies by assumption the following six axioms
E1-E6 as well as the Comparison Hypothesis.

• Reflexivity (E1): ⇢ ⇠ ⇢.

• Transitivity (E2): ⇢ � � and � � ⌧ ) ⇢ � ⌧ .

• Consistent composition (E3): ⇢ � ⇢0 and � � �0 ) (⇢,�) � (⇢0,�0).

• Scaling invariance (E4): ⇢ � � ) �⇢ � �� 8 � > 0.

• Splitting and recombination (E5): For 0 < � < 1, ⇢ ⇠ (�⇢, (1� �)⇢).

• Stability (E6): If (⇢, "⌧0) � (�, "⌧1) for a sequence of scaling factors
" 2 R tending to zero, then ⇢ � �.

• Comparison Hypothesis: Any two elements in a set (1��)�⇥�� with
0  �  1 are comparable.

Lieb and Yngvason derive the Comparison Hypothesis from nine more rea-
sonable axioms, mainly about the structure of the sets �. The derivation of
the Comparison Hypothesis is an essential and inspiring part of their work.

Having in mind that the second law of thermodynamics relies on an
entropy function S, the following properties, characterizing thermodynamic
entropy, have to be recovered.

• Additivity: For any two states ⇢ 2 � and ⇢0 2 �0, S((⇢, ⇢0)) = S(⇢) +
S(⇢0) holds.

• Extensivity: For any � > 0 and any ⇢ 2 �, S(�⇢) = �S(⇢) holds.

• Monotonicity: If two states ⇢ and ⇢̃ are comparable, then ⇢ � ⇢̃ ,
S(⇢)  S(⇢̃).

Lieb and Yngvason’s second law is informally summarized in the following
theorem.

15

reference states, fixing a gauge

X0      X1

In addition, any element ⇢ 2 � can be scaled, i.e. for any � > 0 one can
define a scaled element denoted as �⇢ 2 ��. The scaling is required to obey
1⇢ = ⇢ as well as �1(�2⇢) = (�1�2)⇢. For the sets �, the required properties
are 1� = � and �1(�2�) = (�1�2)�, where �� symbolically denotes the
space of scaled elements �⇢. Note that this scaling should not be confused
with usual multiplication, as the notation unfortunately suggests.

The order relation � satisfies by assumption the following six axioms
E1-E6 as well as the Comparison Hypothesis.

• Reflexivity (E1): ⇢ ⇠ ⇢.

• Transitivity (E2): ⇢ � � and � � ⌧ ) ⇢ � ⌧ .

• Consistent composition (E3): ⇢ � ⇢0 and � � �0 ) (⇢,�) � (⇢0,�0).

• Scaling invariance (E4): ⇢ � � ) �⇢ � �� 8 � > 0.

• Splitting and recombination (E5): For 0 < � < 1, ⇢ ⇠ (�⇢, (1� �)⇢).

• Stability (E6): If (⇢, "⌧0) � (�, "⌧1) for a sequence of scaling factors
" 2 R tending to zero, then ⇢ � �.

• Comparison Hypothesis: Any two elements in a set (1��)�⇥�� with
0  �  1 are comparable.

Lieb and Yngvason derive the Comparison Hypothesis from nine more rea-
sonable axioms, mainly about the structure of the sets �. The derivation of
the Comparison Hypothesis is an essential and inspiring part of their work.

Having in mind that the second law of thermodynamics relies on an
entropy function S, the following properties, characterizing thermodynamic
entropy, have to be recovered.

• Additivity: For any two states ⇢ 2 � and ⇢0 2 �0, S((⇢, ⇢0)) = S(⇢) +
S(⇢0) holds.

• Extensivity: For any � > 0 and any ⇢ 2 �, S(�⇢) = �S(⇢) holds.

• Monotonicity: If two states ⇢ and ⇢̃ are comparable, then ⇢ � ⇢̃ ,
S(⇢)  S(⇢̃).

Lieb and Yngvason’s second law is informally summarized in the following
theorem.

15

SpXq “ sup t� : pp1 ´ �q X0, � X1q † Xu (1)
“ inf t� : X † pp1 ´ �q X0, � X1qu (2)

1



Lieb & Yngvason: states out of 
equilibrium

• not scalable

• do not satisfy all axioms

BUT: Any monotone must lie between the two functions S+ and S-!

                 (necessary)

  (sufficient condition)

2

dynamic processes involving reservoirs and relate them
to information-theoretic counterparts.

Lieb and Yngvason’s approach.—In their axiomatic
framework, Lieb and Yngvason [22–24] consider the set �
of all equilibrium states of a thermodynamic system and
equip this space with an order relation, denoted �. For
X and Y 2 �, X � Y means that Y 2 � is “adiabati-
cally accessible” from the state X 2 � “by means of an
interaction with some device consisting of some auxiliary
system and a weight in such a way that the auxiliary sys-
tem returns to its initial state at the end of the process,
whereas the weight may have risen or fallen” [22] (see Fig-
ure 1). The framework also describes the composition of
systems as well as their scaling, corresponding to taking
an arbitrary amount of a substance. Within this frame-
work, an entropy measure, S, is a function on � that has
certain natural properties. In particular, Lieb and Yng-
vason demand that S should be monotonic with respect
to the order relation �, additive with respect to the com-
position operation, and extensive in the scaling (we refer
to the Appendix for a more detailed description of these
properties). They show that, provided the order � obeys
thermodynamically reasonable axioms, S is determined
uniquely by these properties, up to an a�ne transforma-
tion that may be fixed by choosing the entropy of two
(arbitrary) reference states X

0

and X
1

. Specifically, S is
given by

S(X) = sup {� : ((1� �)X
0

,�X
1

) � X} (1a)

= inf {� : X � ((1� �)X
0

,�X
1

)} , (1b)

where �X denotes the state of a system obtained by scal-
ing a system in stateX by a factor �, and (X,X 0) denotes
the state of the system obtained by composing systems
in state X and X 0, respectively. Intuitively, if the state
X can be reached adiabatically from X

0

, and X
1

can be
attained from X, then the entropy S(X) is defined as the
optimal � such that the state X can be created from X

0

and X
1

combined at a ratio (1 � �) : � by an adiabatic
process. Physically, S corresponds to the usual thermo-
dynamic entropy as defined by Clausius via the reversible
heat dissipated �Q

rev

as S = �Q
rev

/T . This can be in-
tuitively understood from Clausius’ explanation of the
second law [1, 2] combined with the uniqueness result in
[23]; Clausius’ physical processes agree with the picture of
an adiabatic process in Lieb and Yngvason’s framework.
The connection is formally established through Lieb and
Yngvason’s re-derivation of thermodynamics [23].

The framework can be extended to include non-
equilibrium states [24]. The states of the corresponding
extended state space, �

ext

generally obey weaker axioms
than those of �. For instance, they may not be scal-
able. The entropy S can thus not be uniquely extended
to �

ext

. Instead, it can be shown that all monotonic ex-
tensions S

ext

of S to the space �
ext

are contained within
two bounds, namely

S�(X) = sup {S(X 0) : X 0 2 �, X 0 � X} (2a)

S
+

(X) = inf {S(X 00) : X 00 2 �, X � X 00} . (2b)

These entropy measures can be used to characterise the
(im)possibility of state transformations by adiabatic pro-
cesses (according to the definition above). In particular,
they provide a su�cient condition for the possibility to
transform X 2 �

ext

to Y 2 �
ext

,

S
+

(X)  S�(Y ) =) X � Y. (3)

Similarly, they also provide a necessary condition for such
a transformation,

X � Y =) S�(X)  S�(Y ) and S
+

(X)  S
+

(Y ).
(4)

We can also use Equations (1a) and (1b) to define two
further entropy measures as

S̃�(X) = sup {� : ((1� �)X
0

,�X
1

) � X} (5a)

S̃
+

(X) = inf {� : X � ((1� �)X
0

,�X
1

)} . (5b)

These have the advantage that their definition does not
involve neighbouring states X 0 and X 00. While in ther-
modynamics the intervals [S̃�, S̃+

] and [S�, S+

] coincide,
the interval [S̃�, S̃+

] is generally — and especially for
quantum states — smaller. A detailed analysis is pro-
vided in the Appendix.

Information-theoretic entropy measures.—Information
theory is concerned with data and their processing. In
quantum information theory, which we consider here for
generality, data is encoded in quantum systems (which
include classical systems as a special case), whose states
we describe by the usual density operator formalism. In
order to quantify the information content of data, we
appeal to a family of information measures, the Rényi
entropies [34] (cf. Appendix). Two important members
of this family are the min- and the max-entropy. The
min-entropy is defined as

H
min

(⇢) = � log k⇢k1, (6)

where k⇢k1 denotes the maximal eigenvalue of ⇢. Op-
erationally, it describes the amount of randomness that
can be extracted deterministically from data in state ⇢
[35, 36]. The max-entropy is defined as

H
max

(⇢) = log rank ⇢, (7)

and quantifies the number of (qu)bits needed to store
data in state ⇢ [25].

An Information-Theoretic Description of Adiabatic
Processes.—In order to apply Lieb and Yngvason’s
framework to an information-theoretic description of
thermodynamic systems, we need to formally specify the
various ingredients (such as the order relation) which the
abstract framework requires. First, we identify the set of
“equilibrium states” of an information-bearing quantum
system. We define these as those quantum states rep-
resented by flat density operators (i.e., operators whose
non-zero eigenvalues are all equal). This, in turn, al-
lows us to derive the notion of an “adiabatic process,” in

→ no unique monotone S

3

Figure1.(a)AdiabaticprocessaccordingtoLiebandYng-
vason’sdefinition.Asystem,representedasacube,interacts
withsomedeviceandaweight.Aftertheprocessthedevice
hastobeinitsinitialstateagainandtheweightcanonly
havechangeditsrelativeheight.Thechangeofthestateof
thesystemitselfisrepresentedasadeformationofthecube
here.(b)Thesystemisconnectedtoaheatbathattem-
peratureT.Adiabaticprocesseswiththeaidofanauxiliary
systemandaweightareappliedtothiscombinedsystem.

thesenseofLiebandYngvason,formicroscopicsystems.
Theirnotionofanadiabaticprocess(seeFigure1(a)),
here,translatestothefollowingthreequantumopera-
tions:

•additionofanextraancillasystem(“device”),in
anequilibriumstate;

•interactionofthesystemandtheextradevicewith
aweightsystemwithajoint,energy-preservinguni-
tary;

•removaloftheextradevice,restoredtoitsoriginal
state.

Considerforsimplicityasystemwithatrivial,i.e.fully
degenerateHamiltonian:energyandthustheweightit-
selflosetheirrelevanceandtheinteractionsreduceto
arbitraryunitarytransformationsonthesystemandthe
extradevice.IntheAppendix,weshowthattheseop-
erationsachievethesamestatetransformationsasthe
setofnoisyoperations,aclassofoperationsknownin
informationtheory[37].Theseareprocessesthatcanbe
describedasasequenceofthefollowingbasicsteps:

•additionofanancillarysysteminamaximally
mixedstate;

•reversibletransformationofthesystemwithany
jointunitary;

•removalofasubsystem.
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dynamic processes involving reservoirs and relate them
to information-theoretic counterparts.

Lieb and Yngvason’s approach.—In their axiomatic
framework, Lieb and Yngvason [22–24] consider the set �
of all equilibrium states of a thermodynamic system and
equip this space with an order relation, denoted �. For
X and Y 2 �, X � Y means that Y 2 � is “adiabati-
cally accessible” from the state X 2 � “by means of an
interaction with some device consisting of some auxiliary
system and a weight in such a way that the auxiliary sys-
tem returns to its initial state at the end of the process,
whereas the weight may have risen or fallen” [22] (see Fig-
ure 1). The framework also describes the composition of
systems as well as their scaling, corresponding to taking
an arbitrary amount of a substance. Within this frame-
work, an entropy measure, S, is a function on � that has
certain natural properties. In particular, Lieb and Yng-
vason demand that S should be monotonic with respect
to the order relation �, additive with respect to the com-
position operation, and extensive in the scaling (we refer
to the Appendix for a more detailed description of these
properties). They show that, provided the order � obeys
thermodynamically reasonable axioms, S is determined
uniquely by these properties, up to an a�ne transforma-
tion that may be fixed by choosing the entropy of two
(arbitrary) reference states X

0

and X
1

. Specifically, S is
given by

S(X) = sup {� : ((1� �)X
0

,�X
1

) � X} (1a)

= inf {� : X � ((1� �)X
0

,�X
1

)} , (1b)

where �X denotes the state of a system obtained by scal-
ing a system in stateX by a factor �, and (X,X 0) denotes
the state of the system obtained by composing systems
in state X and X 0, respectively. Intuitively, if the state
X can be reached adiabatically from X

0

, and X
1

can be
attained from X, then the entropy S(X) is defined as the
optimal � such that the state X can be created from X

0

and X
1

combined at a ratio (1 � �) : � by an adiabatic
process. Physically, S corresponds to the usual thermo-
dynamic entropy as defined by Clausius via the reversible
heat dissipated �Q

rev

as S = �Q
rev

/T . This can be in-
tuitively understood from Clausius’ explanation of the
second law [1, 2] combined with the uniqueness result in
[23]; Clausius’ physical processes agree with the picture of
an adiabatic process in Lieb and Yngvason’s framework.
The connection is formally established through Lieb and
Yngvason’s re-derivation of thermodynamics [23].

The framework can be extended to include non-
equilibrium states [24]. The states of the corresponding
extended state space, �

ext

generally obey weaker axioms
than those of �. For instance, they may not be scal-
able. The entropy S can thus not be uniquely extended
to �

ext

. Instead, it can be shown that all monotonic ex-
tensions S

ext

of S to the space �
ext

are contained within
two bounds, namely

S�(X) = sup {S(X 0) : X 0 2 �, X 0 � X} (2a)

S
+

(X) = inf {S(X 00) : X 00 2 �, X � X 00} . (2b)

These entropy measures can be used to characterise the
(im)possibility of state transformations by adiabatic pro-
cesses (according to the definition above). In particular,
they provide a su�cient condition for the possibility to
transform X 2 �

ext

to Y 2 �
ext

,

S
+

(X)  S�(Y ) =) X � Y. (3)

Similarly, they also provide a necessary condition for such
a transformation,

X � Y =) S�(X)  S�(Y ) and S
+

(X)  S
+

(Y ).
(4)

We can also use Equations (1a) and (1b) to define two
further entropy measures as

S̃�(X) = sup {� : ((1� �)X
0

,�X
1

) � X} (5a)

S̃
+

(X) = inf {� : X � ((1� �)X
0

,�X
1

)} . (5b)

These have the advantage that their definition does not
involve neighbouring states X 0 and X 00. While in ther-
modynamics the intervals [S̃�, S̃+

] and [S�, S+

] coincide,
the interval [S̃�, S̃+

] is generally — and especially for
quantum states — smaller. A detailed analysis is pro-
vided in the Appendix.

Information-theoretic entropy measures.—Information
theory is concerned with data and their processing. In
quantum information theory, which we consider here for
generality, data is encoded in quantum systems (which
include classical systems as a special case), whose states
we describe by the usual density operator formalism. In
order to quantify the information content of data, we
appeal to a family of information measures, the Rényi
entropies [34] (cf. Appendix). Two important members
of this family are the min- and the max-entropy. The
min-entropy is defined as

H
min

(⇢) = � log k⇢k1, (6)

where k⇢k1 denotes the maximal eigenvalue of ⇢. Op-
erationally, it describes the amount of randomness that
can be extracted deterministically from data in state ⇢
[35, 36]. The max-entropy is defined as

H
max

(⇢) = log rank ⇢, (7)

and quantifies the number of (qu)bits needed to store
data in state ⇢ [25].

An Information-Theoretic Description of Adiabatic
Processes.—In order to apply Lieb and Yngvason’s
framework to an information-theoretic description of
thermodynamic systems, we need to formally specify the
various ingredients (such as the order relation) which the
abstract framework requires. First, we identify the set of
“equilibrium states” of an information-bearing quantum
system. We define these as those quantum states rep-
resented by flat density operators (i.e., operators whose
non-zero eigenvalues are all equal). This, in turn, al-
lows us to derive the notion of an “adiabatic process,” in
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Applying the axiomatic 
approach to Information Theory
General requirements in the case of quantum states:

• Equilibrium state space Γ: density operators on Hilbert space H, fully 

mixed on a subspace

• Composition: Tensor product

• Scaling: Coincides with composition for λ ϵ N

What is the analogue of an

“adiabatic process” in the

quantum setting?

+ +adiabatic process

1 kg

1 kg



Noisy Operations & Resource 
Theories

Noisy operations

• Add an ancilla in a maximally mixed state (“equilibrium state”)

• Apply joint unitary

• Remove (trace out) a subsystem

Majorization: ρ majorizes σ iff for all 1 ≤ k ≤ d, with pi and pi the ordered 

eigenvalues of ρ and σ (pi ≥ pj for i ≤ j):

1Horodecki, Horodecki & Oppenheim, Phys. Rev. A (2003)

Theorem1: The following are equivalent:
1. ρ → σ by noisy operations
2. ρ majorizes σ

7

Proposition 5. On condition that N1 and N2 hold for
any non-equilibrium state X 2 �

ext

, the two functions
S� and S

+

defined as

S�(X) = sup {S(X 0) : X 0 2 �, X 0 � X} (A4)

S
+

(X) = inf {S(X 00) : X 00 2 �, X � X 00} (A5)

bound all possible extensions S
ext

of S to the set �
ext

which are monotonic with respect to the relation �.

This implies that for a state X 2 �
ext

, the attained
value S

ext

(X) of such an extension always lies in between
the values S(X 0) and S(X 00) of its neighboring scalable
elements according to the order relation �: S�(X) 
S
ext

(X)  S
+

(X).
We will prefer to work with the following alternative

quantities, which only rely on the state X and not on
any “neighbouring” equilibrium states X 0 and X 00:

S̃�(X) = sup {� : ((1� �)X
0

,�X
1

) � X} (A6)

S̃
+

(X) = inf {� : X � ((1� �)X
0

,�X
1

)} , (A7)

rather than using Lieb and Yngvason’s bounds (A4) and
(A5). Operationally, S̃� specifies the portion of the sys-
tem that can maximally be in state X

1

if one wants to
create the state X by composing subsystems in states X

0

and X
1

. The minimal portion of X
1

one can obtain by
transforming X into a composition of two smaller sys-
tems in states X

0

and X
1

is characterized by S̃
+

.
Note that in thermodynamics the two sets of bound-

ing quantities {S�, S+

} and {S̃�, S̃+

} coincide, as due to
the continuity of the thermodynamic quantities an equi-
librium state X 0 2 � with X 0 ⇠ ((1 � �)X

0

,�X
1

) exists
for any �. However, this does not directly follow from the
axioms and the interval [S̃�, S̃+

] is generally smaller than
[S�, S+

] and may not contain all monotonic extensions
S
ext

of the entropy function S. We will see in Appendix C
that our quantities S̃� and S̃

+

are advantageous in the
quantum case.

Appendix B: A short introduction to selected

resource theoretic aspects

In general, a resource theory deals with an agent that is
only allowed to execute operations of a predefined class,
and investigates which tasks can be accomplished.

For quantum resource theories, the state space on
which these operations act consists of density operators
⇢, i.e. positive semidefinite operators of unit trace on a
Hilbert space H. We denote the set of all density opera-
tors on H as S(H).

In a resource theory, the value of a state as a means to
achieve a certain task can be quantified by a monotone,
a measure that is monotonic under the selected class of
operations. A state is said to be a resource if it can not
be prepared with operations of the allowed class only.

1. The resource theory of noisy operations

The resource theory of noisy operations [37, 43, 44] can
be defined by allowing the following operations:

• Addition of an ancillary system in a maximally
mixed state.

• Unitary transformation of the system.

• Removal of any subsystem (by taking the partial
trace).

Horodecki and Oppenheim [37] have shown that, for fi-
nite dimensional systems, a state ⇢ 2 S(H) can be trans-
formed into a state ⇢̃ 2 S(H) by noisy operations if and
only if the spectrum of ⇢ majorizes the spectrum of ⇢̃.

Definition 6. Let ⇢, ⇢̃ 2 S(H) with d = dimH and
eigenvalues p

1

� p
2

� . . . � pd and p̃
1

� p̃
2

� . . . � p̃d.
The spectrum of ⇢ majorizes the spectrum of ⇢̃, denoted
as ⇢ �

M

⇢̃, i↵ for all k 2 {1, 2, . . . , d}
k

X

i=1

pi �
k

X

i=1

p̃i (B1)

with equality for k = d.

Note that to avoid confusion with Lieb and Yngvason’s
order relation later, we use a non-standard notation for
the majorization �

M

, which in particular di↵ers from the
notational convention from Bahtia [39].

Majorization can just as well be expressed by means
of the step functions f⇢ introduced in the main text:

⇢ �
M

⇢̃ ,
Z k

0

f⇢(x)dx �
Z k

0

f⇢̃(x)dx 8 k 2 �0

.

(B2)
As f⇢(x) is monotonically decreasing in x and due to
the normalization

R1
0

f⇢(x)dx = 1, the condition k 2
{1, 2, . . . , d} from Definition 6 is equivalently replaced
with k 2 �0

.
Noisy operations and majorization are furthermore re-

lated to the unital operations [44–46].

Definition 7. A unital quantum operation on S(H) is a
completely positive trace preserving map (CPTPM) that
preserves the identity operator

dim(H)

.

Proposition 8. For two density operators ⇢ and ⇢̃ 2
S(H) the following are equivalent:

• There exists a noisy operation achieving the tran-
sition ⇢ ! ⇢̃.

• There exists a unital quantum operation achieving
the transition ⇢ ! ⇢̃.

• The spectrum of ⇢ majorizes the spectrum of ⇢̃, de-
noted by ⇢ �

M

⇢̃.
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“Adiabatic Processes” in 
Information Theory

Adiabatic Processes (LY)

• add an auxiliary system

• joint interaction with a weight

• remove unchanged auxiliary 

system

Noisy operations

• add an ancilla in a maximally 

mixed state (“equilibrium state”)

• apply joint unitary

• remove (trace out) a subsystem

N.O. can be shown to be the analogue to adiabatic processes for quantum states

→ Majorization is a good candidate for the order relation

In addition, any element ⇢ 2 � can be scaled, i.e. for any � > 0 one can
define a scaled element denoted as �⇢ 2 ��. The scaling is required to obey
1⇢ = ⇢ as well as �1(�2⇢) = (�1�2)⇢. For the sets �, the required properties
are 1� = � and �1(�2�) = (�1�2)�, where �� symbolically denotes the
space of scaled elements �⇢. Note that this scaling should not be confused
with usual multiplication, as the notation unfortunately suggests.

The order relation � satisfies by assumption the following six axioms
E1-E6 as well as the Comparison Hypothesis.

• Reflexivity (E1): ⇢ ⇠ ⇢.

• Transitivity (E2): ⇢ � � and � � ⌧ ) ⇢ � ⌧ .

• Consistent composition (E3): ⇢ � ⇢0 and � � �0 ) (⇢,�) � (⇢0,�0).

• Scaling invariance (E4): ⇢ � � ) �⇢ � �� 8 � > 0.

• Splitting and recombination (E5): For 0 < � < 1, ⇢ ⇠ (�⇢, (1� �)⇢).

• Stability (E6): If (⇢, "⌧0) � (�, "⌧1) for a sequence of scaling factors
" 2 R tending to zero, then ⇢ � �.

• Comparison Hypothesis: Any two elements in a set (1��)�⇥�� with
0  �  1 are comparable.

Lieb and Yngvason derive the Comparison Hypothesis from nine more rea-
sonable axioms, mainly about the structure of the sets �. The derivation of
the Comparison Hypothesis is an essential and inspiring part of their work.

Having in mind that the second law of thermodynamics relies on an
entropy function S, the following properties, characterizing thermodynamic
entropy, have to be recovered.

• Additivity: For any two states ⇢ 2 � and ⇢0 2 �0, S((⇢, ⇢0)) = S(⇢) +
S(⇢0) holds.

• Extensivity: For any � > 0 and any ⇢ 2 �, S(�⇢) = �S(⇢) holds.

• Monotonicity: If two states ⇢ and ⇢̃ are comparable, then ⇢ � ⇢̃ ,
S(⇢)  S(⇢̃).

Lieb and Yngvason’s second law is informally summarized in the following
theorem.
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Results: Entropy in Information 
Theory

Main Result: 

Majorization satisfies Lieb & Yngvason’s axioms.

→ Unique monotone for equilibrium states: von Neumann entropy H

→ For non-equilibrium states, S- and S+ correspond to well-known 

quantities in single-shot information theory:
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A remark on scaling

Explicit expressions for the bounds on non-equilibrium monotones:

2

dynamic processes involving reservoirs and relate them
to information-theoretic counterparts.

Lieb and Yngvason’s approach.—In their axiomatic
framework, Lieb and Yngvason [22–24] consider the set �
of all equilibrium states of a thermodynamic system and
equip this space with an order relation, denoted �. For
X and Y 2 �, X � Y means that Y 2 � is “adiabati-
cally accessible” from the state X 2 � “by means of an
interaction with some device consisting of some auxiliary
system and a weight in such a way that the auxiliary sys-
tem returns to its initial state at the end of the process,
whereas the weight may have risen or fallen” [22] (see Fig-
ure 1). The framework also describes the composition of
systems as well as their scaling, corresponding to taking
an arbitrary amount of a substance. Within this frame-
work, an entropy measure, S, is a function on � that has
certain natural properties. In particular, Lieb and Yng-
vason demand that S should be monotonic with respect
to the order relation �, additive with respect to the com-
position operation, and extensive in the scaling (we refer
to the Appendix for a more detailed description of these
properties). They show that, provided the order � obeys
thermodynamically reasonable axioms, S is determined
uniquely by these properties, up to an a�ne transforma-
tion that may be fixed by choosing the entropy of two
(arbitrary) reference states X

0

and X
1

. Specifically, S is
given by

S(X) = sup {� : ((1� �)X
0

,�X
1

) � X} (1a)

= inf {� : X � ((1� �)X
0

,�X
1

)} , (1b)

where �X denotes the state of a system obtained by scal-
ing a system in stateX by a factor �, and (X,X 0) denotes
the state of the system obtained by composing systems
in state X and X 0, respectively. Intuitively, if the state
X can be reached adiabatically from X

0

, and X
1

can be
attained from X, then the entropy S(X) is defined as the
optimal � such that the state X can be created from X

0

and X
1

combined at a ratio (1 � �) : � by an adiabatic
process. Physically, S corresponds to the usual thermo-
dynamic entropy as defined by Clausius via the reversible
heat dissipated �Q

rev

as S = �Q
rev

/T . This can be in-
tuitively understood from Clausius’ explanation of the
second law [1, 2] combined with the uniqueness result in
[23]; Clausius’ physical processes agree with the picture of
an adiabatic process in Lieb and Yngvason’s framework.
The connection is formally established through Lieb and
Yngvason’s re-derivation of thermodynamics [23].

The framework can be extended to include non-
equilibrium states [24]. The states of the corresponding
extended state space, �

ext

generally obey weaker axioms
than those of �. For instance, they may not be scal-
able. The entropy S can thus not be uniquely extended
to �

ext

. Instead, it can be shown that all monotonic ex-
tensions S

ext

of S to the space �
ext

are contained within
two bounds, namely

S�(X) = sup {S(X 0) : X 0 2 �, X 0 � X} (2a)

S
+

(X) = inf {S(X 00) : X 00 2 �, X � X 00} . (2b)

These entropy measures can be used to characterise the
(im)possibility of state transformations by adiabatic pro-
cesses (according to the definition above). In particular,
they provide a su�cient condition for the possibility to
transform X 2 �

ext

to Y 2 �
ext

,

S
+

(X)  S�(Y ) =) X � Y. (3)

Similarly, they also provide a necessary condition for such
a transformation,

X � Y =) S�(X)  S�(Y ) and S
+

(X)  S
+

(Y ).
(4)

We can also use Equations (1a) and (1b) to define two
further entropy measures as

S̃�(X) = sup {� : ((1� �)X
0

,�X
1

) � X} (5a)

S̃
+

(X) = inf {� : X � ((1� �)X
0

,�X
1

)} . (5b)

These have the advantage that their definition does not
involve neighbouring states X 0 and X 00. While in ther-
modynamics the intervals [S̃�, S̃+

] and [S�, S+

] coincide,
the interval [S̃�, S̃+

] is generally — and especially for
quantum states — smaller. A detailed analysis is pro-
vided in the Appendix.

Information-theoretic entropy measures.—Information
theory is concerned with data and their processing. In
quantum information theory, which we consider here for
generality, data is encoded in quantum systems (which
include classical systems as a special case), whose states
we describe by the usual density operator formalism. In
order to quantify the information content of data, we
appeal to a family of information measures, the Rényi
entropies [34] (cf. Appendix). Two important members
of this family are the min- and the max-entropy. The
min-entropy is defined as

H
min

(⇢) = � log k⇢k1, (6)

where k⇢k1 denotes the maximal eigenvalue of ⇢. Op-
erationally, it describes the amount of randomness that
can be extracted deterministically from data in state ⇢
[35, 36]. The max-entropy is defined as

H
max

(⇢) = log rank ⇢, (7)

and quantifies the number of (qu)bits needed to store
data in state ⇢ [25].

An Information-Theoretic Description of Adiabatic
Processes.—In order to apply Lieb and Yngvason’s
framework to an information-theoretic description of
thermodynamic systems, we need to formally specify the
various ingredients (such as the order relation) which the
abstract framework requires. First, we identify the set of
“equilibrium states” of an information-bearing quantum
system. We define these as those quantum states rep-
resented by flat density operators (i.e., operators whose
non-zero eigenvalues are all equal). This, in turn, al-
lows us to derive the notion of an “adiabatic process,” in

λ non-integer → not quantum states 

11

We define the composition of two states ⇢ 2 S(H) and
⇢̃ 2 S(H̃) as their tensor product ⇢⌦ ⇢̃ 2 S(H⌦ H̃). The
scaling of an equilibrium state ⇢ is assumed to coincide
with its composition for scaling factors � 2 . The step
function of a scaled state �⇢ 2 �S(H), which is thus
defined as ⇢⌦� 2 S(H⌦�), is

f�⇢(x) =

8

<

:

⇣

1

rank ⇢

⌘�

0  x  (rank ⇢)�

0 otherwise

= f⇢(x
1

� )�.

(C10)

To obtain a continuous scaling operation, this way of
scaling the step function is applied for any � 2 >0

. For
most values of � the scaled copies �⇢ do not represent
physical states and no actual space �S(H) exists. How-
ever, any normalized, but possibly unphysical, function
f(x), can be turned into a physical state by actually con-
sidering the function 1

nf(x/n) for a large enough n: the
step now coincides to a good approximation with an in-
teger abcissa and the function now represents to a good

approximation a physical state on a larger system. Now,
notice that we can always combine states with a fully
mixed state of a given rank, and that the following rules
apply:

�

✓

⇢,
n

n

◆

=

✓

�⇢, n�

n�

◆

; (C11a)

✓✓

⇢⌦ n

n

◆

,

✓

⇢̃⌦ m

m

◆◆

=

✓

(⇢, ⇢̃) , n·m
n ·m

◆

. (C11b)

These rules are easily seen with the representation in
terms of the step function. They allow now to give a
precise signification to any relative statements between
states which would be required to be scaled in an un-
physical way: for example, we have (�⇢, µ⇢̃) � � if and

only if
�

�
�

⇢, n
n

�

, µ
�

⇢̃, m
m

�� �
⇣

�,
⇣

n�mµ

n�mµ

⌘⌘

. Thus, if

�⇢ does not actually correspond to a physical state, then
the second expression should in fact be considered; in-
deed for large enough n the state �

�

⇢, n
n

�

is actually
physical to a good approximation.
The entropy function (A1) can thus be equivalently

rewritten as

S (⇢) = sup {� : ((1� �) ⇢
0

,�⇢
1

) � ⇢} = sup

⇢

� :

✓

(1� �)

✓

⇢
0

,
n

n

◆

,�

✓

⇢
1

,
n

n

◆◆

�
✓

⇢,
n

n

◆�

. (C12)

The last expression, for n large enough, only involves
physical states.

We now proceed to show that this order relation along
with its scaling operation fulfills Lieb and Yngvason’s
axioms.

Proposition 15. Consider the majorization relation �
M

between the ordered spectra of states ⇢ 2 S(H). and de-
fine the composition operation as well as the scaling of
non-equilibrium states as introduced above. Then, for
equilibrium states, i.e. states with a flat spectrum, the
six axioms E1 to E6 as well as the Comparison Hypothe-
sis hold. Moreover, for non-equilibrium states axioms N1
and N2 are satisfied.

Proof. As axiom N2 requires that axioms E1 to E3 as well
as E6 also hold for non-equilibrium states, we directly
show that they hold for non-equilibrium states as well.

Reflexivity (E1): �
M

is clearly reflexive: For ⇢ 2 S(H)

Z k

0

f⇢(x)dx =

Z k

0

f⇢(x)dx 8 k 2 �0

(C13)

and ⇢ �
M

⇢.

Transitivity (E2): Let ⇢, � and � 2 S(H). Then,

⇢ �
M

� and � �
M

� is equivalent to

Z k

0

f⇢(x)dx �
Z k

0

f�(x)dx �
Z k

0

f�(x)dx 8 k 2 �0

.

(C14)
Thus, ⇢ �

M

�.
Consistent composition (E3): Let � �

M

�0 2 S(H)
with eigenvalues q

1

� q
2

� . . . � q
dim(H)

and q0
1

� q0
2

�
. . . � q0

dim(H)

and let ⇢ �
M

⇢0 2 S(H0) with eigenvalues

p
1

� p
2

� . . . � p
dim(H0

)

and p0
1

� p0
2

� . . . � p0
dim(H0

)

.

Note that the composed state (⇢,�) with eigenvalues xl =
piqj ordered according to x

1

� x
2

� . . . � x
dim(H) dim(H0

)

has an associated step function

f
(⇢,�)(x) =

(

xl l � 1  x  l

0 otherwise
, (C15)

for l = 1, 2, . . . , dim(H) dim(H0). Then one can find
m

1

� m
2

� . . . � m
dim(H0

)

� 0 such that

Z k

0

f
(⇢,�)(x)dx =

dim(H0
)

X

j=1

qj

Z

mj

0

f⇢(x)dx


dim(H0

)

X

j=1

qj

Z

mj

0

f⇢0(x)dx

(C16)

BUT: e.g.

→ Expression with integer scaling only (of equilibrium states)

3

Figure 1. (a) Adiabatic process according to Lieb and Yng-
vason’s definition. A system, represented as a cube, interacts
with some device and a weight. After the process the device
has to be in its initial state again and the weight can only
have changed its relative height. The change of the state of
the system itself is represented as a deformation of the cube
here. (b) The system is connected to a heat bath at tem-
perature T. Adiabatic processes with the aid of an auxiliary
system and a weight are applied to this combined system.

the sense of Lieb and Yngvason, for microscopic systems.
Their notion of an adiabatic process (see Figure 1(a)),
here, translates to the following three quantum opera-
tions:

• addition of an extra ancilla system (“device”), in
an equilibrium state;

• interaction of the system and the extra device with
a weight system with a joint, energy-preserving uni-
tary;

• removal of the extra device, restored to its original
state.

Consider for simplicity a system with a trivial, i.e. fully
degenerate Hamiltonian: energy and thus the weight it-
self lose their relevance and the interactions reduce to
arbitrary unitary transformations on the system and the
extra device. In the Appendix, we show that these op-
erations achieve the same state transformations as the
set of noisy operations, a class of operations known in
information theory [37]. These are processes that can be
described as a sequence of the following basic steps:

• addition of an ancillary system in a maximally
mixed state;

• reversible transformation of the system with any
joint unitary;

• removal of a subsystem.

This can be extended to systems with a non-trivial
Hamiltonian, by modeling the weight as a quantum sys-
tem in a coherent superposition state of many energy
levels [38]. Any unitary evolution of the system can then
be achieved to good approximation by an appropriately
chosen energy-preserving interaction with the weight. (A
more detailed explanation of this fact can be found in the
Appendix.)

Thermodynamics of our Information-Theoretic
Model.—We now seek to apply Lieb and Yngvason’s

framework to quantum information systems. As we
have just seen, an adiabatic process, which defines the
order relation �, corresponds to accessibility by noisy
operations, i.e. ⇢ � ⇢0 if and only if ⇢0 can be reached
from ⇢ via noisy operations.
Noisy operations are characterized by the mathemat-

ical notion of majorization: the existence of a noisy op-
eration transforming a state ⇢ to a state ⇢0 is equivalent
to the condition that ⇢ majorizes ⇢0 [37]. This is de-
fined as follows. Let {pi}i and {p0i}i be the eigenvalues
of ⇢ and ⇢0 arranged in decreasing order. Then ⇢ ma-
jorizes ⇢0, denoted ⇢ �

M

⇢0, i↵
Pk

i=1

pi �
Pk

i=1

p0i for all
k = 1, 2, . . . , dim(H). (Note that we use a di↵erent no-
tation than the conventional “�” used e.g. in Ref. [39],
to avoid confusion with Lieb and Yngvason’s adiabatic
processes.)
We define the composition of states naturally as their

tensor product; establishing a reasonable scaling oper-
ation is more involved. We assume scaling a quantum
system by a natural factor � 2 to mean combining �
such systems. Thus, the scaling coincides with the com-
position operation. We generalize this concept to non-
integer scaling factors by extending the space of equilib-
rium states to be continuous. For simplicity, consider
only states ⇢ 2 S(H) which are diagonal in a common
eigenbasis, which does not restrict the generality of our
considerations, as explained in the Appendix. Represent
⇢’s eigenvalues p

1

� p
2

� . . . � p
dimH as a step function

f⇢(x) =

(

pi i� 1  x  i

0 otherwise
. (8)

For an equilibrium state �, for which by assumption all
non-zero eigenvalues are equal, the step function

f�(x) =

(

1

rank(�) 0  x  rank(�)

0 otherwise
, (9)

is scaled as f��(x) = f�(x
1

� )�, which coincides with the
composition for � 2 but allows for a formal continu-
ation to any � 2 �0

. This scaled state might be un-
physical if � is not an integer. However, we show in the
Appendix that, by considering larger systems, the frame-
work can be reformulated in such a way that only scaling
by an integer factor is needed.
Main Results.—Consider a Hilbert space H, and con-

sider the order relation �
M

which corresponds to acces-
sibility by noisy operations, as defined above. We may
now state our main results.

Proposition 1. The ordering �
M

on H obeys Lieb and
Yngvason’s axioms with respect to the operations of com-
position and scaling defined above.

The axioms can be checked through a straightforward
calculation, which we carry out in the Appendix.

only 

equilibrium 

states are 

scaled



Interpretation of Results

Both Thermodynamic and Information theoretic entropy are built on 

the same conceptual basis:

→ unique monotone function under a pre-order relation resembling 

adiabatic operations that satisfies additivity and extensivity

→ single-shot entropies Hmin and Hmax correspond to bounds on 

extended entropy functions to states out of equilibrium



Further application: system 
coupled to heat bath

Thermal operations

• Add an ancilla in a Gibbs state γ = e-βE(i) |Ei⟩⟨Ei| (“equilibrium state”)

• Apply joint unitary

• Remove (trace out) a subsystem

Thermo-Majorization:

1Reference: Horodecki & Oppenheim, Nat. Comm. 4 (2012)

Theorem1: The following are equivalent:
1. ρ → σ by thermal operations
2. ρ thermo-majorizes σ



Further application: system 
coupled to heat bath

Thermo-majorization satisfies Lieb & Yngvason’s axioms

→ Unique monotone for equilibrium states (Gibbs states):

Free energy F = - kT ln Z

→ Non-equilibrium states: S- and S+ correspond to “single-shot” free energies1

with Zρ the partition function with same support and Hamiltonian as ρ.
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Proposition 21. For block diagonal states ⇢ 2 S(H)
the quantities S̃

T� and S̃
T+

correspond to the quantities
F
max

and F
min

defined in Equations (B13) and (B12) up
to a�ne transformations.

Proof. Let ⇢ 2 S(H) be block diagonal state with
rescaled eigenvalues presi = pi

e��Ei
ordered as pres

1

� pres
2

�
. . . � pres

dim(H)

and let ⌧
0

��
T

⌧
1

be two equilibrium

states. Let � be such that ((1� �)⌧
0

,�⌧
1

) �
T

⇢. Then,

Z k

0

fT

((1��)⌧
0

,�⌧
1

)

(x)dx �
Z k

0

fT

⇢ (x)dx 8k 2 �0

. (D9)

As ⌧
0

and ⌧
1

are equilibrium states, for any 0  k 
Z1��
⌧
0

Z�
⌧
1

Z k

0

fT

((1��)⌧
0

,�⌧
1

)

(x)dx =

Z k

0

✓

1

Z⌧
0

◆

1��✓ 1

Z⌧
1

◆�

dx.

(D10)
Therefore, (D9) implies

✓

1

Z⌧
0

◆

1��✓ 1

Z⌧
1

◆�

� pres
1

, (D11)

which can be rewritten as

a
T

· ln 1

pres
1

+ b
T

� �. (D12)

with a
T

= 1

ln

Z⌧
1

Z⌧
0

and b
T

= �a
T

· lnZ⌧
0

depending on the

gauge states ⌧
0

and ⌧
1

. On the other hand, (D11) implies

✓

1

Z⌧
0

◆

1��✓ 1

Z⌧
1

◆�

min
n

k, k̃
o

� pres
1

·min

⇢

k,
1

pres
1

�

�
Z k

0

fT

⇢ (x)dx. (D13)

for all k 2 �0

; the second inequality holds as fT

⇢ (x) is
monotonously decreasing and normalised. Therefore, the
conditions (D9) and (D11) are equivalent.

For a state ⇢ that is block diagonal in the energy eigen-
basis

F
max

(⇢) = �k
B

T lnZ⌧ + k
B

TD1(⇢||⌧) ln(2)
= �k

B

T lnZ⌧ + k
B

T lnmin{� : ⇢  �⌧}
= k

B

T lnmin{µ : ⇢  Z⌧µ⌧}
= k

B

T ln pres
max

,

(D14)

where pres
max

is the maximal rescaled eigenvalue of the
state ⇢. Thus, taking the supremum over � in (D12)
implies that S̃

T�(⇢) = F
max

(⇢) up to a�ne transforma-
tions.

For S̃
T+

the proof works similarly. Let ⇢ 2 S(H) and
let ⌧

0

��T ⌧
1

be two equilibrium states. Now let � be

such that ⇢ �
T

((1� �)⌧
0

,�⌧
1

) and thus

Z k

0

fT

((1��)⌧
0

,�⌧
1

)

(x)dx 
Z k

0

fT

⇢ (x)dx 8 k 2 �0

.

(D15)
First we show by contradiction that

Z1��
⌧
0

Z�
⌧
1

� Z⇢. (D16)

Assume for now that Z1��
⌧
0

Z�
⌧
1

< Z⇢. For k̃ = Z1��
⌧
0

Z�
⌧
1

we therefore find

Z

˜k

0

fT

⇢ (x)dx < 1. (D17)

This contradicts Equation (D15) as

Z

˜k

0

fT

((1��)⌧
0

,�⌧
1

)

(x)dx = 1. (D18)

Thus we have k̃ � Z⇢, which can be rewritten as

� � a
T

· lnZ⇢ + b
T

, (D19)

with a
T

and b
T

defined as above. Moreover, (D16) im-
plies

✓

1

Z⌧
0

◆

1��✓ 1

Z⌧
1

◆�

min
�

k, Z1��
⌧
0

Z�
⌧
1

 

 1

Z⇢
min {k, Z⇢} 

Z k

0

fT

⇢ (x)dx, (D20)

for all k 2 �0

, i.e. implies (D15); the second inequality
holds as fT

⇢ (x) is monotonously decreasing and normal-
ized.
For F

min

we find

F
min

(⇢) = �k
B

T lnZ⌧ + k
B

TD
0

(⇢||⌧) ln(2) (D21)

= �k
B

T lnZ⌧ � k
B

T ln tr⇧⇢⌧ (D22)

= �k
B

T ln (Z⌧ tr⇧⇢⌧) (D23)

= �k
B

T lnZ⇢. (D24)

where ⇧⇢ is the projector onto the support of ⇢. Tak-
ing the infimum over � in (D19) implies that S̃

T+

(⇢) =
F
min

(⇢) up to a�ne transformations and concludes the
proof.

In particular, for constants a
T

= �k
B

T and b
T

= 0
corresponding to states with partition functions Z⌧

0

= 1
and Z⌧

1

= e�� as above, we obtain precisely

S̃
T�(⇢) = �k

B

T ln
1

pres
max

= F
max

(⇢) (D25)

S̃
T+

(⇢) = �k
B

T lnZ⇢ = F
min

(⇢). (D26)

1Reference: Horodecki & Oppenheim, Nat. Comm. 4 (2012)



Further applications
5

Setting Processes Equilibrium States

Poten-

tial S
Bounds

˜S�,

˜S
+

Isolated

system

Noisy oper-

ations, �
M

X

i

1

rank ⇢
|Xii hXi| Entropy

H
H

min

,

H
max

Interaction

with a heat

bath

Thermal

operations,

�
T

X

i

e��Ei

Z
|Eii hEi|

Free En-

ergy F
F

min

,

F
max

Interaction

with a heat

bath and a

particle

reservoir

N,T-

operations,

�
N,T

X

i

e��(Ei�Niµ)

Z

⇥ |Ei, Nii hEi, Ni|

Grand

potential

⌦

⌦

min

,

⌦

max

Interaction

with an

angular

momentum

reservoir

J-

operations,

�
J

X

i

e�h̄�Ji

Z
J

|Jii hJi|
Potential

S
J

˜S
J�,

˜S
J+

Table I. An overview on the application of Lieb and Yng-
vason’s framework to various scenarios. In the first line we
describe Lieb and Yngvason’s original scenario in the case of
quantum states. The rest of the table contains adapted sce-
narios, where the systems have additional interactions with
reservoirs, as denoted in the first column. In the second col-
umn, we present the corresponding resource theoretic scenar-
ios, the selected class of processes as well as their associated
order relation. The remaining columns detail the equilibrium
states and the entropic quantities S, S̃� and S̃+ correspond-
ing to each setting.

Information Theory

Statistical Mechanics

Thermodynamics

identification of 
relevant quantities

   Landauer’s
principle

this work

Figure 3. The contribution of this work is to draw an explicit
connection between thermodynamic and information theo-
retic entropy without the need for microscopic notions of heat
and work. In contrast, those usually need to be specified for
proofs of Landauer’s principle, which thus rely on an under-
lying model of (quantum) statistical mechanics. Finally, on
a macroscopic scale, the connection between thermodynamics
and statistical mechanics is traditionally drawn by identifying
the physical quantities from both frameworks.

principle [5, 6, 12, 17], which relies on an underlying mi-
croscopic model of work, our axiomatic approach directly
relates information theory to phenomenological thermo-
dynamics without the need for statistical mechanics (see
diagram in Figure 3). We thus avoid the conceptual di�-
culties of defining microscopic notions of heat and of ap-
pealing to particular models of work storage. Instead, our
approach immediately points out the formal and concep-
tual parallels of phenomenological thermodynamics and
information theory.
Furthermore, we can apply our approach to models of

di↵erent possible interactions of a system with a reser-
voir, represented by an appropriate mathematical order
relation. For each of the considered scenarios we find
that the unique “entropy function” for equilibrium states
predicted by Lieb and Yngvason coincides with a well-
known corresponding resource monotone such as the von
Neumann entropy for isolated systems and the free en-
ergy for a system connected to a heat bath. Moreover,
we may directly apply Lieb and Yngvason’s results for
thermodynamic non-equilibrium states. Possible exten-
sions of the unique entropy function to non-equilibrium
states are bounded, for an isolated system, by the infor-
mation theoretic min- and max-entropy. Note also that,
in addition to modeling microscopic adiabatic processes,
the majorization relation is tightly related to informa-
tion processing: an encoding operation can be expressed
as a noisy operation, while the inverse of a randomness
extraction process is such an operation as well.
We expect that this approach can be extended further;

by slightly changing the order relation to a “smoothed
majorization relation”, we presume it to yield the corre-
sponding smoothed entropy measures. Also, for a non-
isolated system, our approach is limited to states that are
block diagonal in a corresponding eigenbasis, e.g. in the
particular case of a heat bath, in the energy eigenbasis
[15]. We leave the question of generalizing our results for
interacting systems to states with nonzero o↵-diagonal
entries open for further investigation. In addition, we
have not allowed the agent carrying out the processes to
be assisted by side information about the system, which
could be useful for performing thermodynamic operations
[12]. We might expect that an appropriate extension of
Lieb and Yngvason’s framework would provide an ax-
iomatic and operationally well-justified definition of the
conditional entropy.
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Summary

• Interpretation of single-shot entropies 

• Similar considerations apply for Free Energy and various other 

thermodynamic potentials

• Thermodynamic and information 

theoretic entropy:

Same conceptual foundation (using 

Lieb & Yngvason’s axiomatization)

Thermodynamic
Entropy

Lieb & Yngvason’s axioms

Information 
Theoretic 
Entropy
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Further research

• introducing a probability of error: smooth entropies?

• transformations conditioned on side information: 

conditional entropies?

• coherences over energy-levels

• other pre-order relations, e.g. trumping


